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NAME Secret Number Score

h̄ = 1.05× 10−27 erg sec c = 3.00× 1010 cm/sec e = 1.602× 10−19 coulomb

1eV = 1.602× 10−12 erg α = e2

h̄c
= 1/137 h̄c = 1973 eV Å= 197.3 MeV F

1 Å= 1.0× 10−8 cm 1 Fermi = 1.0× 10−13 cm a0 = h̄
αmec

= 0.529× 10−8 cm

mp = 938.3 MeV/c2 mn = 939.6 MeV/c2 me = 9.11× 10−28 g = 0.511 MeV/c2

kB = 1.38× 10−16 erg/◦K ge = 2 + α
π

gp = 5.6

µBohr = eh̄
2mec

= 0.579× 10−8 eV/gauss
∞∫

−∞
dx f(x) δ(g(x)) =

[
1

| dg
dx
|
f(x)

]
g(x)=0

∞∫
−∞

dx f(x) δ(x− a) = f(a)
∞∫

−∞
dx e−ax

2
=

√
π
a

use ∂
∂a

for other forms

eA =
∞∑
n=0

An

n!
sin θ =

∞∑
n=1,3,5...

θn

n!
(−1)

n−1
2 cos θ =

∞∑
n=0,2,4...

θn

n!
(−1)

n
2

P (x) = 1√
2πσ2

e−x
2/2σ2

∞∫
0
dr rne−ar = n!

an+1 E =
√
m2c4 + p2c2

GENERAL WAVE MECHANICS

E = hν = h̄ω λ = h/p p = h̄k

∆p ∆x ≥ h̄
2

∆A ∆B ≥ 〈1
2
[A,B]〉 ∆A =

√
〈A2〉 − 〈A〉2

ψ(x) = 1√
2πh̄

∞∫
−∞

dp φ(p) eipx/h̄ φ(p) = 1√
2πh̄

∞∫
−∞

dx ψ(x) e−ipx/h̄

pop = h̄
i
∂
∂x

Eop = ih̄ ∂
∂t

xop = ih̄ ∂
∂p

Huj(x) = Ejuj(x) ψj(x, t) = uj(x)e
−iEjt/h̄ −h̄2

2m
∂2ψ
∂x2 + V (x)ψ = ih̄∂ψ

∂t

ψ(x) continuous dψ
dx

continous if V finite

∆dψ
dx

= 2mλ
h̄2 ψ(a) for V (x) = λδ(x− a)

〈φ|ψ〉 =
∞∫

−∞
dxφ∗(x)ψ(x) 〈ui|uj〉 = δij

∑
i
|ui〉〈ui| = 1

φ =
∑
i
aiui ai = 〈ui|φ〉 ψ(x) = 〈x|ψ〉

〈φ|A|ψ〉 = 〈ψ|A|φ〉∗ = 〈φ|Aψ〉 = 〈A†φ|ψ〉 φ(p) = 〈p|ψ〉

Hψ = Eψ

[px, x] = h̄
i

[Lx, Ly] = ih̄Lz [L2, Lz] = 0

ψi = 〈ui|ψ〉 Aij = 〈ui|A|uj〉 d〈A〉
dt

= 〈∂A
∂t
〉+ i

h̄
〈[H,A]〉



HARMONIC OSCILLATOR

H = p2

2m
+ 1

2
mω2x2 = h̄ωA†A+ 1

2
h̄ω En = (n+ 1

2
)h̄ω n = 0, 1, 2...

un(x) =
∞∑
k=0

aky
ke−y

2/2 ak+2 = 2(k−n)
(k+1)(k+2)

ak y =
√

mω
h̄
x

A = (
√

mω
2h̄
x+ i p√

2mh̄ω
) A† = (

√
mω
2h̄
x− i p√

2mh̄ω
) [A,A†] = 1

A† |n〉 =
√

(n+ 1) |n+ 1〉 A |n〉 =
√

(n) |n− 1〉 u0(x) = (mω
h̄π

)
1
4 e−mωx

2/2h̄

ANGULAR MOMENTUM

[Li, Lj] = ih̄εijkLk [L2, Li] = 0

L2Y`m = `(`+ 1)h̄2Y`m LzY`m = mh̄Y`m −` ≤ m ≤ `

L± = Lx ± iLy L±Y`m = h̄
√
`(`+ 1)−m(m± 1) Y`,m±1

Y00 = 1√
4π

Y11 = −
√

3
8π
eiφ sin θ Y10 =

√
3
4π

cos θ

Y22 =
√

15
32π

e2iφ sin2 θ Y21 = −
√

15
8π
eiφ sin θ cos θ Y20 =

√
5

16π
(3 cos2 θ − 1)

Y`` = ei`φ sin` θ Y`(−m) = (−1)`Y ∗
`m Y`m(π − θ, φ+ π) = (−1)` Y`m(θ, φ)

−h̄2

2µ

[
∂2

∂r2
+ 2

r
∂
∂r

]
Rn`(r) +

(
V (r) + `(`+1)h̄2

2µr2

)
Rn`(r) = ERn`(r)

j0(kr) = sin(kr)
kr

n0(kr) = − cos(kr)
kr

h
(1)
` (kr) = j`(kr) + in`(kr)

H = H0 − ~µ · ~B ~µ = e
2mc

~L ~µ = ge
2mc

~S

Si = h̄
2
σi

σx =
(

0 1
1 0

)
σy =

(
0 −i
i 0

)
σz =

(
1 0
0 −1

)

HYDROGEN ATOM

H = p2

2µ
− Ze2

r
ψn`m = Rn`(r)Y`m(θ, φ) En = −Z2α2µc2

2n2 = −13.6
n2 eV

n = nr + `+ 1 a0 = h̄
αµc

` = 0, 1, ..., n− 1

Rn`(ρ) = ρ`
∞∑
k=0

akρ
ke−ρ/2 ak+1 = k+`+1−n

(k+1)(k+2`+2)
ak ρ =

√
−8µE
h̄2 r = 2r

na0

R10 = 2( Z
a0

)
3
2 e

−Zr
a0 R20 = 2( Z

2a0
)

3
2 (1− Zr

2a0
) e

−Zr
2a0 R21 = 1√

3
( Z

2a0
)

3
2 (Zr

a0
) e

−Zr
2a0

Rn,n−1 ∝ rn−1 e−Zr/na0 µ = m1m2

m1+m2
〈ψn`m| e

2

r
|ψn`m〉 = Ze2

n2a0
= Zα2µc2

n2



1. What is the maximum wavelength of electromagnetic radiation which can eject electrons from
a metal having a work function of 3 eV? (3 points)

2. A nucleus has a radius of 4 Fermis. Use the uncertainty principle to estimate the kinetic
energy for a neutron localized inside the nucleus. Do the same for an electron. (3 points)



3. Use the uncertainty principle to estimate the ground state energy of Hydrogen. (4 points)

4. A particle is confined to a box of length L in one dimension. It is initially in the ground state.
Suddenly, one wall of the box is moved outward making a new box of length 3L. What is the
probability that the particle is in the ground state of the new box? You may find it useful to
know that

∫
sin(Ax) sin(Bx)dx = sin((A−B)x)

2(A−B)
− sin((A+B)x)

2(A+B)
(5 points)



5. A beam of particles of wave-number k (this means eikx) is incident upon a one dimensional
potential V (x) = aδ(x). Calculate the probability to be transmitted. Graph it as a function
of k. (5 points)

6. A particle of mass m is in a 1 dimensional potential V (x). Calculate the rate of change

of the expected values of x and p, (d〈x〉
dt

and d〈p〉
dt

). Your answer will obviously depend on the
state of the particle and on the potential. (6 points)



7. Derive the commutators [L2, L+] and [Lz, L+]. Now show that L+Y`m = CY`(m+1), that is, L+

lowers the Lz eigenvalue but does not change the L2 eigenvalue. (8 points)

8. Write the (normalized) state which is an eigenstate of L2 with eigenvalue `(` + 1)h̄2 = 2h̄2

and also an eigenstate of Lx with eigenvalue 0h̄ in terms of the usual Y`m. (6 points)



9. Compute the commutators [A†, An] and [A, eiHt] for the 1D harmonic oscillator. (6 points)

10. Assuming un represents the nth 1D harmonic oscillator energy eigenstate, calculate 〈un|p|um〉.
(5 points)



11. Evaluate the “uncertainty” in x for the 1D HO ground state
√
〈u0|(x− x̄)2|u0〉 where x̄ =

〈u0|x|u0〉. Similarly, evaluate the uncertainty in p for the ground state. What is the product
∆p∆x? (10 points)

12. Calculate the Fermi energy for N particles of mass m in a 3D cubic “box” of side L. Ignore
spin for this problem. (8 points)



13. A Hydrogen atom is in its 4D state (n = 4, ` = 2). The atom decays to a lower state by
emitting a photon. Find the possible photon energies that may be observed. Give your
answers in eV. (5 points)

14. Using the ψn`m notation, list all the n = 1, 2, 3 hydrogen states. (Neglect the esistence of
spin.) (5 points)



15. At t = 0 a hydrogen atom is in the state 1√
2
(ψ100 − ψ200). Calculate the expected value of r

as a function of time. (12 points)


