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Preface

These notes represent an experiment in the use of information témology in teaching an advanced
undergraduate physics course, Quantum Physics at UCSD. The geriment has several goals.

To make all the class material including a complete set of lecture notg available to students
on the World-Wide Web.

To make use of some simple multimedia technology to enhance the clas®tes as a learning
tool compared to a conventional textbook.

To present a complex subject to students in several di erent wayg so that each student can
use the learning techniques best suited to that individual.

To get some experience with the use of multimedia technologies in tehing advanced courses.

To produce course material that might be appropriate for distance learning or self-paced courses
in the future.

The current set of notes covers a 3 quarter course at UCSD, fra the beginning of Quantum Me-
chanics to the quantization of the electromagnetic eld and the Dirac equation. The notes for the
last quarter should be considered to be a rst draft.

At this time, the experiment is in progress. One quarter is not su cient to optimize the course
material. While a complete set of html based notes has been produde only limited additional
audio and visual material is now available.

It is my personal teaching experience that upper division physics stdents learn in di erent ways.
Many physics students get very little more than an introduction to t he material out of the lecture
and prefer to learn from the textbook and homework. Some studets claim they cannot learn from
the textbook and rely on lectures to get their basic understanding Some prefer a rather verbose
exposition of the material in the text, while others prefer a concisediscussion largely based on
equations. Modern media have conditioned the students of today ira way that is often detrimental
to learning complex subjects from either a lecture or a textbook.

| chose to use html and the worldwide web as the primary delivery tob for enhanced class notes.
All of the standard software tools and information formats are usable from html. Every computer
can access this format using Internet browsers.

An important aspect of the design of the notes is to maintain a concis basic treatment of the physics,
with derivations and examples available behind hyperlinks. It is my goal,not fully met at this time,
to have very detailed derivations, with less steps skipped than in stadard textbooks. Eventually,
this format will allow more examples than are practical in a textbook.

Another important aspect is audio discussion of important equatiors and drawings. The browser
is able to concentrate on an equation while hearing about the details istead of having to go back
an forth between text and equation. The use of this needs to be g@anded and would bene t from
better software tools.

Because of the heavy use of complex equations in this course, théntl is generated from LaTeX
input. This has not proved to be a limitation so far since native html can be included. LaTeX
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has the ability to produce high quality equations and input is fast compared to other options. The
LaTeX2html translator functions well enough for the conversion

Projecting the notes can be very useful in lecture for introductians, for review, and for quick looks
at derivations. The primary teaching though probably still works best at the blackboard. One thing
that our classrooms really don't facilitate is switching from one mode b the other.

In a future class, with the notes fully prepared, | will plan to decrease the formal lecture time and add
lab or discussion session time, with students working moving at their wn pace using computers.
Projects could be worked on in groups or individually. Instructors would be available to answer
guestions and give suggestions.

Similar sessions would be possible at a distance. The formal lecture aldl be taped and available
in bite size pieces inside the lecture notes. Advanced classes with sthaumbers of students could
be taught based on notes, with less instructor support than is usal. Classes could be o ered more
often than is currently feasible.

Jim Branson
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1 Course Summary

1.1 Problems with Classical Physics

Around the beginning of the 20th century, classical physics, based on Newtonian Mechanics and
Maxwell's equations of Electricity and Magnetism described nature aswe knew it. Statistical Me-
chanics was also a well developed discipline describing systems with a ¢gr number of degrees of
freedom. Around that time, Einstein introduced Special Relativity which was compatible with
Maxwell's equations but changed our understanding of space-timeral modi ed Mechanics.

Many things remained unexplained. While the electron as a constituenof atoms had been found,
atomic structure was rich and quite mysterious. There were problens with classical physics, (See
section 2) including Black Body Radiation, the Photoelectric e ect, basic Atomic Theory, Compton
Scattering, and eventually with the di raction of all kinds of particle s. Plank hypothesized that EM
energy was always emitted in quanta

E=h =hl

to solve the Black Body problem. Much later, deBroglie derived the waelength (See section 3.4)

for particles.
h

p

Ultimately, the problems led to the development of Quantum Mechanics in which all particles are
understood to have both wave and a particle behavior.

1.2 Thought Experiments on Di raction

Di raction (See section 3) of photons, electrons, and neutrons ks been observed (see the pictures)
and used to study crystal structure.

To understand the experimental input in a simpli ed way, we consider some thought experiments on
the diraction (See section 3.5) of photons, electrons, and bulletsthrough two slits. For example,
photons, which make up all electromagnetic waves, show a diractio pattern exactly as predicted
by the theory of EM waves, but we always detect an integer nhumberof photons with the Plank's
relation , E = h , between wave frequency and particle energy satis ed.

Electrons, neutrons, and everything else behave in exactly the sae way, exhibiting wave-like di rac-

tion yet detection of an integer number of particles and satisfying = % This deBroglie wavelength
formula relates the wave property to the particle property p.

1.3 Probability Amplitudes

In Quantum Mechanics, we understand this wave-particle duality using (complex) probability
amplitudes (See section 4) which satisfy a wave equation.

(1) = ®x 1) = gpx Et)=n
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The probability to nd a particle at a position x at some timet is the absolute square of the
probability amplitude  (x;t).
POt =] (%)’

To compute the probability to nd an electron at our thought exper iment detector, we add the
probability amplitude to get to the detector through slit 1 to the amp litude to get to the detector
through slit 2 and take the absolute square.

_ 2
Pdetector =) 1t 2

Quantum Mechanics completely changes our view of the worldinstead of a deterministic world,

we now have only probabilities . We cannot even measure both the position and momentum of a
particle (accurately) at the same time. Quantum Mechanics will require us to use the mathematics
of operators, Fourier Transforms, vector spaces, and much me.

1.4 Wave Packets and Uncertainty

- . . . P
The probability amplitude for a free particle with momentum p and energyE = = (pc)2 + (mc?)2
is the complex wave function _
free particle (%;1) = g(Px EL=N:
Note that j j2 = 1 everywhere so this does not represent a localized particle. In t& we recognize
the wave property that, to have exactly one frequency, a wave rmast be spread out over space.

We can build up localized wave packets that represent single particldSee section 5.1) by adding
up these free particle wave functions (with some coe cients).

71
(x;t) = 1921: (p)e (P EV=hgp

h
1

(We have moved to one dimension for simplicity.) Similarly we can computethe coe cient for each
momentum 2

1 o
= p—— x)e P=Ndx:
(P F’ﬂ (x)

1

These coe cients, (p), are actually the state function of the particle in momentum space We can
describe the state of a particle either in position space with (x) or in momentum space with (p).
We can use (p) to compute the probability distribution function for momentum.

P(p)=j (pi°

We will show that wave packets like these behave correctly in the clascal limit, vindicating the
choice we made for free partice (%; t).

The Heisenberg Uncertainty Principle (See section 5.3) is a propertpf waves that we can deduce
from our study of localized wave packets.

.
P 2
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It shows that due to the wave nature of particles, we cannot localie a particle into a small volume
without increasing its energy. For example, we can estimate the grnond state energy (and the size
of) a Hydrogen atom very well from the uncertainty principle.

The next step in building up Quantum Mechanics is to determine how a wae function develops with
time { particularly useful if a potential is applied. The di erential equ ation which wave functions
must satisfy is called the Schredinger Equation.

1.5 Operators

The Schmdinger equation comes directly out of our understandilg of wave packets. To get from
wave packets to a di erential equation, we use the new concept oflinear) operators (See section 6).
We determine the momentum and energy operators by requiring thg when an operator for some
variable v acts on our simple wavefunction, we get times the same wave function.

oo = N @
x i @x
) _ h @ . _ ) _
(op)el(px Et)=h — __el(px Et)=h — el(px Et)=h
E(oP) = ih—@
@t

(op)ni(p % Et)=h _ : _@i(px Et)=h _ i(px Et)=h
E'°P’¢ ih=¢ Ee
@t

1.6 Expectation Values

We can use operators to help us compute the expectation value (8esection 6.3) of a physical
variable. If a particle is in the state (x), the normal way to compute the expectation value off (x)

is 2 2
H (x)i = P (x)f (x)dx = (x) OOf (x)dx:
1 1

If the variable we wish to compute the expectation value of (likep) is not a simple function of x, let

its operator act on (x)
2

hpi = )P (x)dx:
1

We have a shorthand notation for the expectation value of a varialte v in the state  which is quite
useful.

2

hjvj i (VP (x)dx:

1

We extend the notation from just expectation values to

2
hjvj i (x)v  (x)dx
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and
2

hiji (x) (x)dx
1
We use this shorthandDirac Bra-Ket notation a great deal.

1.7 Commutators

Operators (or variables in quantum mechanics) do not necessarilyammute. We can compute the
commutator (See section 6.5) of two variables, for example

: _h
[Pix] px xp= =
Later we will learn to derive the uncertainty relation for two variable s from their commutator. We
will also use commutators to solve several important problems.

1.8 The Schedinger Equation

Wave functions must satisfy the Schredinger Equation (See sed@bn 7) which is actually a wave
equation.
h> , @ (x1)
ﬁr (6t)+ V(%) (xt)=ih at

We will use it to solve many problems in this course. In terms of operatrs, this can be written as

H (t)=E (xt)

where (dropping the (op) label) H = % + V(%) is the Hamiltonian operator. So the Schmdinger
Equation is, in some sense, simply the statement (in operators) thiathe kinetic energy plus the
potential energy equals the total energy.

1.9 Eigenfunctions, Eigenvalues and Vector Spaces

For any given physical problem, the Schmdinger equation solutios which separate (See section 7.4)
(between time and space), (x;t) = u(x)T(t); are an extremely important set. If we assume the
equation separates, we get the two equations (in one dimension faimplicity)

L @Tt) _
ih=gr =ETO

Hu(x) = E u(x)

The second equation is called the time independent Schmdinger e@tion. For bound states, there
are only solutions to that equation for some quantized set of eneiigs

Hui(x) = Eiui(x):

For states which are not bound, a continuous range of energies idlawed.
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The time independent Schmdinger equation is an example of an eigemlue equation (See section
8.1).
H i(®)=Ei (%
If we operate on ; with H, we get back the same function ; times some constant. In this case
i would be called and Eigenfunction, andE; would be called an Eigenvalue. There are usually an
in nite number of solutions, indicated by the index i here.

Operators for physical variables must have real eigenvalues. Theare called Hermitian operators
(See section 8.3). We can show that the eigenfunctions of Hermitianperators are orthogonal (and
can be normalized).

hij ji=j
(In the case of eigenfunctions with the same eigenvalue, called deggrate eigenfunctions, we can
must choose linear combinations which are orthogonal to each otlig We will assume that the
eigenfunctions also form a complete set so that any wavefunctionan be expanded in them,

X
(%) = i (%)
[
where the ; are coe cients which can be easily computed (due to orthonormality) by
i =hij i

So now we have another way to represent a state (in addition to pagon space and momentum space).
We can represent a state by giving the coe cients in sum above. (N¢e that ,(x) = € EU=N jg

just an eigenfunction of the momentum operator and (p) = e (P ED= s just an eigenfunction

of the position operator (in p-space) so they also represent andxpansion of the state in terms of
eigenfunctions.)

Since the ; form an orthonormal, complete set, they can be thought of as theunit vectors of a
vector space (See section 8.4). The arbitrary wavefunction would then be a vector in that space
and could be represented by its coe cients.

0 1

B 8

The bra-ket h j ;i can be thought of as a dot product between the arbitrary vector and one of
the unit vectors. We can use the expansion in terms of energy eigstates to compute many things.
In particular, since the time development of the energy eigenstatg is very simple,

(6= (ge ="

we can use these eigenstates to follow the time development of ankairary state
0 L6 EiEh 1

e iE 2t=h
(1) = %) ze iE st=h X
simply by computing the coe cients ; att=0.

We can de ne the Hermitian conjugate (See section 8.2)OY of the operator O by
hjoj i=hjOo i=h ji:

Hermitian operators H have the property that HY = H.
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1.10 A Particle in a Box

As a concrete illustration of these ideas, we study the particle in a br (See section 8.5) (in one
dimension). This is just a particle (of massm) which is free to move inside the walls of a box
0 < x < a , but which cannot penetrate the walls. We represent that by a poential which is zero
inside the box and in nite outside. We solve the Schiedinger equation  inside the box and realize
that the probability for the particle to be outside the box, and hence the wavefunction there, must
be zero. Since there is no potential inside, the Schmdinger equatn is

2 42
Zh—mid ;;5)() = En Un(X)
where we have anticipated that there will be many solutions indexed § n. We know four (only 2
linearly independent) functions which have a second derivative whichs a constant times the same
function: u(x) = €, u(x) = e *  u(x) = sin(kx), and u(x) = cos(kx). The wave function must
be continuous though, so we require the boundary conditions

u(0)= u(a)=0:

The sine function is always zero atx = 0 and none of the others are. To make the sine function zero
at x = awe needka = n or k= °-. So theenergy eigenfunctions  are given by

Hun(x) =

. nXx
up(x) = Csin =

where we allow the overall constaniC because it satis es the di erential equation. Plugging sin -
back into the Schmdinger equation, we nd that

n2 2h2

2ma? -’

Only quantized energies are allowed when we solve this bound state problem. We have one
remaining task. The eigenstates should be normalized to represemne particle.

n =

7a
n x n x a
hupjuni = C sin — Csin — dx = jCj°=
njUni sin a sin a X 112
0
q_
So the wave function will be normalized if we choos€ = §
"2
. nx
up(x)= —sin —
n(x)= Zsin —

We can always multiply by any complex number of magnitude 1, but, it doesn't change the physics.
This example shows many of the features we will see for other boundtate problems. The one
di erence is that, because of an in nite change in the potential at the walls of the box, we did not
need to keep the rst derivative of the wavefunction continuous. In all other problems, we will have
to pay more attention to this.

1.11 Piecewise Constant Potentials in One Dimension

We now study the physics of severalsimple potentials in one dimension . First a series of
piecewise constant potentials (See section 9.1.1). for which the Seldinger equation is
h? d?u(x)

T + Vu(x) = Eu(x)
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or
d?u(x) 2m
+ — =
e -z (E Vu(x)=0
and the general solution , for E >V , can be written as either
u(x) = Ae** + Be ™

or
u(x) = Asin(kx) + B coskx)

,with k= Z2E YD we will also need solutions for the classically forbidden regions wherhe
total energy is less than the potential energyE <V .

u(x) = Ae* + Be *

q___
with = 2 Bl (Both k and are positive real numbers.) The 1D scattering problems are
often analogous to problems where light is re ected or transmittedwhen it at the surface of glass.

First, we calculate the probability the a particle of energy E is re ected by a potential step (See

p_p 2

section 9.1.2) of heightVo: Pr = sEp=—=¢ . We also use this example to understand the
0

probability current j = Sl-[u U du_y]

Second we investigate the square potential well (See section 9.1.3jjuare potential well V (xX) = Vo
for a<x<a andV(x) =0 elsewhere), for the case where the particle is not bounce > 0.
Assuming a beam of particles incident from the left, we need to matctsolutions in the three regions
at the boundaries at x = a. After some di cult arithmetic, the probabilities to be transmitted
or re ected are computed. It is found that the probability to be tr ansmitted goes to 1 for some
particular energies.
n2 2h2
E= Vot —
°" "8ma2
This type of behavior is exhibited by electrons scattering from atons. At some energies the scattering
probability goes to zero.

Third we study the square potential barrier (See section 9.1.5) Y(x) =+ VW, for a<x<a and
V (x) = 0 elsewhere), for the case in whichE < V. Classically the probability to be transmitted
would be zero since the particle is energetically excluded from being ifde the barrier. The Quantum
calculation gives the probability to be transmitted through the barr ier to be

. (2k )? 4k P
Tj?= ! e 42
W= 4@s ozsind@a)r @k )z @+ 2
wherek = 2 and = 206 B) study of this expression shows that the probability to

be transmitted decreases as the barrier get higher or wider. Nevtheless, barrier penetration is an
important quantum phenomenon.

We also study the square well for the bound state (See section 9.1.4case in whichE < 0. Here
we need to solve a transcendental equation to determine the bouhstate energies. The number of
bound states increases with the depth and the width of the well butthere is always at least one
bound state.
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1.12 The Harmonic Oscillator in One Dimension

Next we solve for the energy eigenstates of the harmonic oscillatoSee section 9.2) potential
V(x) = 3kx? = Zm! zxa, where we have eliminated the spring constantk by using the classical

. — k .
oscillator frequency! = . The energy eigenvalues are
1
En = n+ é h!:

The energy eigenstates turn out to be a polynomial (inx) of degreen timese ™* *=h S0 the ground
state, properly normalized, is just

Uo(X) = ——

We will later return the harmonic oscillator to solve the problem by operator methods.

1.13 Delta Function Potentials in One Dimension

The delta function potential (See section 9.3) is a very useful oned make simple models of molecules
and solids. First we solve the problem with one attractive delta funcion V(x) = aVy (x). Since
the bound state has negative energy, the solutions that are normlizable are Ce* for x < 0 and
Ce * for x > 0. Making u(x) continuous and its rst derivative have a discontinuity computed
from the Schredinger equation at x = 0, gives us exactly one bound state with

mazVZ
2h?

Next we use two delta functions to model a molecule (See section 9.4)V(x) = aVy (x + d)
a\p (x d). Solving this problem by matching wave functions at the boundariesat d, we nd
again transcendental equations for two bound state energies. He ground state energy is more
negative than that for one delta function, indicating that the molecule would be bound. A look at
the wavefunction shows that the 2 delta function state can lower he kinetic energy compared to the
state for one delta function, by reducing the curvature of the wavefunction. The excited state has
more curvature than the atomic state so we would not expect moleglar binding in that state.

Our nal 1D potential, is a model of a solid (See section 9.5).

X
V(X)= aVp (x na)
n=1

This has a in nite, periodic array of delta functions, so this might be applicable to a crystal. The
solution to this is a bit tricky but it comes down to

cos( ) = cos(ka) + % sin(ka):

Since the right hand side of the equation can be bigger than 1.0 (or lssthan -1), there are regions

of E = % which do not have solutions. There are also bands of energies with tions. These

energy bands are seen in crystals (like Si).



25

1.14 Harmonic Oscillator Solution with Operators

We can solve the harmonic oscillator problem using operator method¢See section 10). We write
the Hamiltonian in terms of the operator

r_—

m! . p
+
A P
H = p_2+ }ml 2)(2: h! (AYA+ 1')
2m 2 ' 2

We compute the commutators
i
SAYT = . . -
[A;A7] 2h( X;p]+[p;x]) =1

[H;A]= h! [AYA;A]= h! [AY;AJA = hIA
[H:AY] = h! [AYA;AY] = hIA Y[A;AY] = hiA Y

If we apply the the commutator [H; A] to the eigenfunction u,, we get H; AJu, = hl!Au , which
rearranges to the eigenvalue equation

H(Aun) =(En h!)(Aun):

This says that (Aup) is an eigenfunction ofH with eigenvalue (E, h!) so it lowers the energy
by h! . Since the energy must be positive for this Hamiltonian, the lowering nust stop somewhere,
at the ground state, where we will have

Aug=0:

This allows us to compute theground state energy like this
1 1
Hug = h! (AYA+ Z)ug = =h!
Uo ( 2)U0 > Uo

showing that the ground state energy is%h! . Similarly, AY raises the energy by h!. We can
travel up and down the energy ladder usingAY and A, always in steps ofh! . The energy eigenvalues

are therefore

1
En: n+§ h!:

A little more computation shows that
AUn = p HUn 1

and that P

AUy, = n+1upsr:

These formulas are useful for all kinds otomputations within the important harmonic oscillator

system. Both p and x can be written in terms of A and AY.

r—
h

X= 2m!

(A+ AY)
r .
p= i (A A
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1.15 More Fun with Operators

We nd the time development operator (See section 11.5) by solving lhe equamonlh@t =
(t=e™=M (t=0)

This implies that e M= " is the time development operator. In some cases we can calculate eh
actual operator from the power series for the exponential.

e
n!

We have been working in what is called the Schmdinger picture in whichthe wavefunctions (or
states) develop with time. There is the alternate Heisenberg pictue (See section 11.6) in which the
operators develop with time while the states do not change. For exaple, if we wish to compute the
expectation value of the operatorB as a function of time in the usual Schredinger picture, we get

h (0)jBj (t)i = he &M (0)jBje =M (0)i = h (0)je"'* "Be ME N (0)i:
In the Heisenberg picture the operatorB (t) = €H= hBe HE=h,

We use operator methods to compute the uncertainty relationshipbetween non-commuting variables
(See section 11.3)

i .
( AX B) 3HABI
which gives the result we deduced from wave packets fqv and x.

Again we use operator methods to calculate the time derivative of arexpectation value (See section

11.4).

d, ... . i, . @A

—h jAj i = -hjHA] i+ —

g A phHA] @t
(Most operators we use don't have explicit time dependence so theesond term is usually zero.)
This again shows the importance of the Hamiltonian operator for time development. We can use
this to show that in Quantum mechanics the expectation values forp and x behave as we would
expect from Newtonian mechanicgEhrenfest Theorem)

dwi i, . _i.p? . PDPpE

ot - R = i d =y
dhpi i hd, _ dv(x)
Tt optelE g Vel = 5

Any operator A that commutes with the Hamiltonian has a time independent  expectation value.
The energy eigenfunctions can also be (simultaneous) eigenfunctie of the commuting operatorA.

It is usually a symmetry of the H that leads to a commuting operator and hence an additional
constant of the motion.



27

1.16 Two Particles in 3 Dimensions

So far we have been working with states of just one particle in one diension. The extension to two
di erent particles and to three dimensions (See section 12) is straifgtforward. The coordinates and
momenta of di erent particles and of the additional dimensions commute with each other  as we
might expect from classical physics. The only things that don't comnute are a coordinate with its
momentum, for example,
h

[Peyz: 2] = T

while
Payx: X2 1 =[P@e)z: Y] = 0:

We may write states for two particles which are uncorrelated, likeuo(%1) )us(%2) ), or we may write
states in which the particles are correlated. The Hamiltonian for twoparticles in 3 dimensions simply

becomes | |

W @ @ @ W @ @ . @
H = + + + + +
amy  @f) @ Q@F 2my Qf Qf @
_ W F2g h?
- 2m(1) @ 2m(2)

+ V(X1 %))

r (21) + V(%1): %))

If two particles interact with each other, with no external potent ial,

=—h2r2+—h2r2+V(x X))
2m(1) 1) 2m(2) 1) (1) (2
the Hamiltonian has atranslational symmetry , and remains invariant under the translation x !
x+ a We can show that this translational symmetry implies conservation of total momentum
Similarly, we will show that rotational symmetry implies conservation of angular momentum, and
that time symmetry implies conservation of energy.

For two particles interacting through a potential that depends only on di erence on the coordinates,
H = ﬁ +
2m

we can make the usual transformation to the center of mass (Sesection 12.3) made in classical
mechanics

% + V(1 )

*rf 1
mif1 + Mot
mip + My
and reduce the problem to the CM moving like a free particle

R

M=mi+ m;

h2
H= 3
2M R
plus one potential problem in 3 dimensions with the usual reduced mas
1 1 1
_ = — 4 —
maq mo

h2
H= Jr?+ v

So we are now left with a 3D problem to solve (3 variables instead of 6).
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1.17 Identical Particles

Identical particles present us with another symmetry in nature. Electrons, for example, are indis-
tinguishable from each other so we must have a symmetry of the Haittonian under interchange
(See section 12.4) of any pair of electrons. Lets call the operatdhat interchanges electron-1 and
electron-2 Pq5.

[H;P12] =0

So we can make our energy eigenstates also eigenstatesRap. Its easy to see (by operating on
an eigenstate twice with P35), that the possible eigenvalues are 1. It is a law of physics that
spin % particles called fermions (like electrons) always areantisymmetric under interchange ,
while particles with integer spin called bosons (like photons) always are symmetric under
interchange . Antisymmetry under interchange leads to the Pauli exclusion prindple that no two
electrons (for example) can be in the same state.

1.18 Some 3D Problems Separable in Cartesian Coordinates

We begin our study of Quantum Mechanics in 3 dimensions with a few simie cases of problems that
can be separated in Cartesian coordinates (See section 13). Thisg®ssible when the Hamiltonian
can be written

H = Hy + Hy + Hy:

One nice example of separation of variable in Cartesian coordinates the 3D harmonic oscillator
1
V(r)= =m! ?r?
(=7
which has energies which depend on three quantum numbers.
3
Encngn, = Nx+ Ny +nz+ > h!

It really behaves like 3 independent one dimensional harmonic oscillats.

Another problem that separates is the particle in a 3D box . Again, energies depend on three
guantum numbers
— 2h2 2 2 2
En,nyn, = mL2 ny + ny+n;
for a cubic box of sideL. We investigate the e ect of the Pauli exclusion principle by lling our 3 D
box with identical fermions which must all be in di erent states. We can use this to model White
Dwarfs or Neutron Stars.

In classical physics, it takes three coordinates to give the locatiorof a particle in 3D. In quantum
mechanics, we are nding that it takes three quantum numbers  to label and energy eigenstate
(not including spin).
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1.19 Angular Momentum

For the common problem of central potentials (See section 14.1Y/ (r), we use the obviousotational
symmetry to nd that the angular momentum ,LC = % p, operators commute withH,

[HiLz]=[H;L«]= [H;Ly]:O
but they do not commute with each other.
[Lx;Ly]60

We want to nd two mutually commuting operators which commute with H, so we turn to
L?= L+ L7+ LZ which does commute with each component of..

[Lz; L.]=0
We chose our two operators to be.? and L.

Some computation reveals that we can write

p2=ri2 L2+(+ p? iht p:

With this the kinetic energy part of our equation will only have derivat ives in r assuming that we

have eigenstates of 2.
" #
1 @ 2+ 1@ L2

7 "@r Trer ne UM VOU()= Euen)

The Schiedinger equation thus separates into an angular part (the L? term) and a radial part
(the rest). With this separation we expect (anticipating the angular solution a bit)
Ue (F) = Re (NYm (; )
will be a solution. The Y-, (; ) will be eigenfunctions of L2
L2¥m (i )= "C+Dh*Ym (i)
so the radial equation becomes
1 ek
2 rz2  @r

#

@@r ‘(:1) Re () + V(r)Re (1) = ERg (1)

1
+ =
r
We must come back to this equation for eachv (r) which we want to solve.

We solve the angular part of the problem in general using angular momentum operators. We
nd that angular momentum is quantized
L;Ym(; )= mhYn(; )
L2¥m (5 )="C+D)h’Ym(; )
with * and m integers satisfying the conditon = m °. The operators that raise and lower
the z component of angular momentum are

L =L, iL,

p
L Ypn=h (+1) m(m 1)Y(m 1)

We derive the functional form of the Spherical Harmonics Y., (; ) using the di erential form
of the angular momentum operators.
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1.20 Solutions to the Radial Equation for Constant Potentia Is

Solutions to the radial equation (See section 15.1) in a constant p@mntial are important since they
are the solutions for larger in potentials of limitted range. They are therefore used in scatterirg
problems as the incoming and outgoing states. The solutions are thepherical Bessel and spherical
Neumann functions (See section 15.3).

sin o osin( &)

1d !
- !

rO=0 )

| =
Q.|Q_

cos | cos( )

n()= ( )

where = kr. The linear combination of these which falls o properly at larger is called the Hankel
function of the rst type.

. . . 1d  sin i cos i
WO =jpO+in()=( ) T35 ! -0 D
We use these solutions to do gartial wave analysis of scattering , solve forbound states of a
spherical potential  well, solve for bound states of ann nite spherical well (a spherical \box"),

and solve for scattering from a spherical potential well.

1.21 Hydrogen

The Hydrogen (Coulomb potential) radial equation (See section 16)is solved by nding the behavior
at large r, then nding the behavior at small r, then using a power series solution to get

R()=  a e =2
k=0

q
with = —ﬁf—r. To keep the wavefunction normalizable the power series must terinate, giving

us our energy eigenvalue condition.
72 2mc2
2n2

Here n is called the principle quantum number and it is given by

n=n+ " +1

where n; is the number of nodes in the radial wavefunction. It is an odd featwe of Hydrogen that
a radial excitation and an angular excitation have the same energy.

So a Hydrogenenergy eigenstate  m (%) = Ry (r)Y:m (; ) is described by three integer quantum
numbers with the requirements thatn 1, <n and also an integer,and I m . The ground
state of Hydrogen is 100 and has energy of -13.6 eV. We compute several of the lowest egr
eigenstates.

The diagram below shows the lowest energy bound states of Hydreg and their typical decays.
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1.22 Solution of the 3D HO Problem in Spherical Coordinates

As and example of another problem with spherical symmetry, we sok the 3D symmetric harmonic
oscillator (See section 17) problem. We have already solved this préém in Cartesian coordinates.
Now we use spherical coordinates and angular momentum eigenfutians.

The eigen-energies are
. 3
E= 2n + + > h!
where n; is the number of nodes in the radial wave function and’ is the total angular momentum
guantum number. This gives exactly the same set of eigen-energiess we got in the Cartesian

solution but the eigenstates are now states of de nite total angliar momentum and z component of
angular momentum.

1.23 Matrix Representation of Operators and States

We may de ne the components of a state vector as the projections of the state on a complete,
orthonormal set of states, like the eigenfunctions of a Hermitian perator.

i thij i

jio= ijuil
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Similarly, we may de ne the matrix element  of an operator in terms of a pair of those orthonormal
basis states
Oij h UijOjUjiZ

With these de nitions, Quantum Mechanics problems can be solved uisg the matrix representation
operators and states. (See section 18.1). An operator acting oa state is a matrix times a vector.

0 (O ) 1 0 011 012 . Olj 1
%(O )2% %OZI Oz :: Oz, %% §
(O )I -

The product of operators is the product of matrices. Operatorswhich don't commute are represented
by matrices that don't commute.

1.24 A Study of " =1 Operators and Eigenfunctions

The set of states with the same total angular momentum and the agular momentum operators
which act on them are often represented by vectors and matrices For example the di erent m
states for = 1 will be represented by a 3 component vector and the angular morantum operators
(See section 18.2) represented by 3X3 matrices. There are bothraxctical and theoretical reasons
why this set of states is separated from the states with di erent total angular momentum quantum
numbers. The states are often (nearly) degenerate and therefe should be treated as a group for
practical reasons. Also, a rotation of the coordinate axes will nothange the total angular momentum
guantum number so the rotation operator works within this group of states.

We write our 3 component vectors as follows.
0 1

=@ LA

The matrices representing the angular momentum operators for = 1 are as follows.

0 1 0 1 0 1

h 010 h 0 1 0 10 0
=p=@1 0 1A Ly=p=@ 1 0 1A L,=h@0 0 O0A
010 2 0 10 00 1

The same matrices also represent spin 15 = 1, but of course would act on a di erent vector space.

The rotation operators (See section 18.6) (symmetry operatorsare given by
Rz( 2) = e #be=h Rx( x)= & xbx= Ry(y)= e yby=h

for the di erential form or the matrix form of the operators. For ~ = 1 these are 3X3 (unitary)
matrices. We use them when we need to rede ne the direction of oucoordinate axes. Rotations of
the angular momentum states are not the same as rotations of véors in 3 space. The components
of the vectors represent di erent quantities and hence transfom quite di erently. The \vectors" we
are using for angular momentum actually should be called spinors whewe refer to their properties
under rotations and Lorentz boosts.



33

1.25 Spin 1/2 and other 2 State Systems

The angular momentum algebra de ned by the commutation relationsbetween the operators requires
that the total angular momentum quantum number must either be an integer or a half integer.
The half integer possibility was not useful for orbital angular momertum because there was no
corresponding (single valued) spherical harmonic function to repesent the amplitude for a particle
to be at some position.

The half integer possibility is used to represent the internal angularmomentum of some patrticles.
The simplest and most important case is spin one-half (See section . There are just two

possible states with dierent z components of spin: spin up é , with z component of angular

momentum + % and spin down Cl) , with % The corresponding spin operators are
_h 01 _h 0o i _h 1 o0
=3 10 =3 0 o =3 0 1

These satisfy the usual commutation relations from which we derivd the properties of angular
momentum operators.

It is common to de ne the Pauli Matrices, i, which have the following properties.

h
Si Ei:
h
S_§~
_ 01 _ 0 i 1 0
*7 10 y - i 0 270 1
[is 3] = 214k «
P =1
x ytP yx= xz¥t z x = zy+yz=0
fiiig = 25

The last two lines state that the Pauli matrices anti-commute. The matrices are the Hermitian,
Traceless matrices of dimension 2. Any 2 by 2 matrix can be written as a linear combination d
the matrices and the identity.

1.26 Quantum Mechanics in an Electromagnetic Field

The classical Hamiltonian  for a particle in an Electromagnetic eld is

1 e 2
H=_— p+-A e
2m P c
where e is de ned to be a positive number. This Hamiltonian gives the correct Lorentz force law.
Note that the momentum operator will now include momentum in the e Id, not just the particle's
momentum. As this Hamiltonian is written, p is the variable conjugate to ¥ and is related to the
velocity by p= mv  EA.
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In Quantum Mechanics, the momentum operator is replaced (See ston 20) in the same way to
include the e ects of magnetic elds and eventually radiation.

e
| =
p! p+ CA

Starting from the above Hamiltonian, we derive the Hamiltonian for a particle in a constant
magnetic eld

h? 2 e e 2R 2 2
- + + = +
2mr 2ch C — r-B (*r B) (E+e)

This has the familiar e ect of a magnetic moment parallel to the angular momentum vector, plus
some additional terms which are very small for atoms in elds realizalte in the laboratory.

So, for atoms, the dominant additional term is

e
Hg = —B C= ~ B;
87 2me
where~ = >2-L. This s, e ectively, the magnetic moment due to the electron's orbital angular

momentum.

The other terms can be important if a state is spread over a region mch larger than an atom. We
work the example of aplasma in a constant magnetic eld . A charged particle in the plasma
has the following energy spectrum
eBh 1 hK2
" .

En = n+ — :
" mec 2 2me

which depends on 2 quantum numbers.hk is the conserved momentum along the eld direction
which can take on any value.n is an integer dealing with the state in x and y. This problem can be
simpli ed using a few di erent symmetry operators. We work it two di erent ways: in one it reduces
to the radial equation for the Hydrogen atom; in the other it reduces to the Harmonic Oscillator
equation, showing that these two problems we can solve are somelieequivalent.

1.27 Local Phase Symmetry in Quantum Mechanics and the Gauge Sym-
metry

There is a symmetry in physics which we might call theLocal Phase Symmetry in quantum
mechanics. In this symmetry we change the phase of the (electrgrwavefunction by a di erent
amount everywhere in spacetime. To compensate for this changeye need to also make a gauge
transformation (See section 20.3) of the electromagnetic poteimls. They all must go together like
this.

(£t) | e ) (g1)
AR PHED
! +1'@f(f';t)
c @t

The local phase symmetry requires that Electromagnetism exist ad have a gauge symmetry so that
we can keep the Schredinger Equation invariant under this phase tansformation.
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We exploit the gauge symmetry in EM to show that, in eld free regions , the function f can be
simply equal to a line integral of the vector potential (if we pick the right gauge).
7
f(pp= dr A

o

We use this to show that the magnetic ux enclosed by a supercondctor is quantized.

We also show that magnetic elds can be used to change interferemce ects in quantum mechan-
ics. The Aharanov Bshm E ect brings us back to the two slit di raction experiment but adds
magnetic elds.

electron N
(flux)
gun N

screen

The electron beams travel through two slits in eld free regions but we have the ability to vary a
magnetic eld enclosed by the path of the electrons. At the screenthe amplitudes from the two

slits interfere = 1+ 5. Let's start with B =0 and A = 0 everywhere. When we change theB
eld, the wavefunctions must change.

R
i drA
| e 1
1 1
R
i drA
2 ! 2€ 2 R
i drFA

_ e ik + )
= 1 2 €

The relative phase from the two slits depends on the ux between tle slits. By varying the B eld,
we will shift the diraction pattern even thoughB = 0 along the whole path of the electrons.
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1.28 Addition of Angular Momentum

It is often required to add angular momentum from two (or more) saurces (See section 21) together
to get states of de nite total angular momentum. For example, in the absence of external elds,
the energy eigenstates of Hydrogen (including all the ne structue e ects) are also eigenstates
of total angular momentum . This almost has to be true if there is spherical symmetry to the
problem.

As an example, lets assume we are adding the orbital angular momemtn from two electrons, =3 and
[, to get a total angular momentum J. We will show that the total angular momentum quantum
number takes on every value in the range

1 o 1+ o

We can understand this qualitatively in the vector model pictured below. We are adding two
guantum vectors.

4>

The length of the resulting vector is somewhere between the di erace of their magnitudes and the
sum of their magnitudes, since we don't know which direction the veobrs are pointing.

The states of de nite total angular momentum with quantum numbers j and m, can be written in

terms of products of the individual states (like electron 1 is in this state AND electron 2 is in
that state). The general expansion is called theClebsch-Gordan series:
X ~ N .. ~ N .
jm = hamgomajim™ 1721 Y m, Y,m,
mimz

or in terms of the ket vectors
.e . X .e .s .
Jjm 12l = himg amajjm™ 1720 1My omoi

mima
The Clebsch-Gordan coe cients are tabulated although we will compute many of them ourselves.
When combining states of identical particles, the highest total angular momentum state,

s = 53+ Sy, will always be symmetric under interchange. The symmetry under interchange will
alternate asj is reduced.
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The total number of states is always preserved. For example if | ad two = = 2 states together, |
get total angular momentum states with j = 0;1;2;3 and 4. There are 25 product states since each
* = 2 state has 5 di erent possible ms. Check that against the sum of the number of states we have
just listed.

5 5= 93 7A 53 3A 13

where the numbers are the number of states in the multiplet.

We will use addition of angular momentum to:

Add the orbital angular momentum to the spin angular momentum for an electron in an atom
J=LC+S;

Add the orbital angular momenta together for two electrons in an aom C = T3 + [;
Add the spins of two particles togetherS = S; + Sp;

Add the nuclear spin to the total atomic angular momentum F = J + T

Add the total angular momenta of two electrons togetherJ = J; + J;

Add the total orbital angular momentum to the total spin angular m omentum for a collection
of electrons in an atomJ = C + S;

Write the product of spherical harmonics in terms of a sum of spheical harmonics.

1.29 Time Independent Perturbation Theory

Assume we have already solved and an energy eigenvalue problem andw need to include an
additional term in the Hamiltonian. We can use time independent perturbation theory (See section
22) to calculate corrections to the energy eigenvalues and eigerates. If the Schredinger equation
for the full problem is
(Ho+ H1) n=En n
and we have already solved the eigenvalue problem fdd o, we may use aperturbation series, to
expand both our energy eigenvalues and eigenstates in powers dfet small perturbation.
En=EV + EY + ER +
b !

n=N nt Cnk K
k6 n

1 2
Ck = ¢+ @4

where the superscript (0), (1), (2) are the zeroth, rst, and second order terms in the series.N is
there to keep the wave function normalized but will not play an important role in our results.

By solving the Schmdinger equation at each order of the perturtation series, wecompute the
corrections to the energies and eigenfunctions. (see section 22.4.1) We just give the rst
few terms above.

Er(ll) = h yjH4j ni

D = hkiHij ni
nk ESO) E‘((O)

P

k6 n

jh kiH1j nii 2

2)
E ( —_
E (0) E ©)
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A problem arises in the case oflegenerate states or nearly degenerate states. The energy denom-
inator in the last equation above is small and the series does not corevge. To handle this case, we
need to rediagonalize the full Hamiltonian in the subspace of nearly dgenerate states.

h OjH] Vi = E, -
i2N

This is just the standard eigenvalue problem for the full Hamiltonian in the subspace of (nearly)
degenerate states.

We will use time independent perturbation theory is used to compute ne structure and hyper ne
corrections to Hydrogen energies, as well as for many other cal@ations. Degenerate state pertur-
bation theory will be used for the Stark E ect and for hyper ne sp litting in Hydrogen.

1.30 The Fine Structure of Hydrogen

We have solved the problem of a non-relativistic, spinless electron in @oulomb potential exactly.
Real Hydrogen atoms have several small corrections to this simplsolution. If we say that electron
spin is a relativistic e ect, they can all be called relativistic corrections which are o order 2
compared to the Hydrogen energies we have calculated.

1. The relativistic correction to the electron's kinetic energy.
2. The Spin-Orbit correction.

3. The \Darwin Term" correction to s states from Dirac equation.

Calculating these ne structure e ects (See section 23) separatly and summing them we nd that
we get a nice cancellation yielding a simple formula.

©?2

4n
_go , En
Eoim = Eq 2mc2 3 j+3

The correction depends only on the total angular quantum numberand does not depend on so the
states of di erent total angular momentum split in energy but ther e is still a good deal of degeneracy.
It makes sense, for aproblem with spherical symmetry, that the states of de nite total
angular momentum are the energy eigenstates and that the result depend onj.

We also compute theZeeman e ect in which an external magnetic eld is applied to Hydrogen.
The external eld is very important since it breaks the spherical synmetry and splits degenerate
states allowing us to understand Hydrogen through spectroscop

The correction due to aweak magnetic eld is found to be

eB
E= njm, m(l—z +2S;)  njm

The factor 1 ﬁ is known as thelLande g Factor because the state splits as if it had this

gyromagnetic ratio. We know that it is in fact a combination of the orbital and spin g factors in
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a state of de nite j. We have assumed that the e ect of the eld is small compared to the ne
structure corrections. We can write the full energy in a weak magetic eld.

_ 1, 5, 1 2 1 3
Thus, in a weak eld, the the degeneracy is completely broken for the states nim ;s All

the states can be detected spectroscopically.

In the strong eld limit we could use states of de nite m- and mg and calculate the e ects of the ne
structure, Hy + Hy, as a perturbation. In an intermediate strength eld, on the order of 500 Gauss,
the combination of the Hydrogen ne structure Hamiltonian and the term to the B eld must be
diagonalized on the set of states with the same principal quantum nmber n.

1.31 Hyper ne Structure

The interaction between the spin of the nucleus and the angular m omentum of the
electron causes a further (hyper ne) splitting (See section 24) of atomic tates. Itis called hyper ne
because it is also order 2 like the ne structure corrections, but it is smaller by a factor of ab out
m—s because of the mass dependence of the spin magnetic moment farcles.

The magnetic moment of the nucleus is

Zegn
= I
2My C

N

where I is the nuclear spin vector. Because the nucleus, the proton, and the neutron havaternal
structure, the nuclear gyromagnetic ratio is not just 2. For the proton, itis g, 5:56.

We computed the hyper ne contribution to the Hamiltonian for ~ = 0 states.
D E
e 4 m 1sr
Hy = —S B = =(Z )* — YO — ——
h me 3( ) My (mc*)gn N3 12

Now, just as in the case of theC S, spin-orbit interaction, we will de ne the total angular momentum
F=S+I

It is in the states of de nite f and m; that the hyper ne perturbation will be diagonal. In essence,
we are doing degenerate state perturbation theory. We could diagnalize the 4 by 4 matrix for the
perturbation to solve the problem or we can use what we know to pickhe right states to start with.
Again like the spin orbit interaction, the total angular momentum states will be the right states

because we can write the perturbation in terms of quantum num bers of those states.
= — = = + — —
S r > F Se | 2h f(f +1) 1 2

2, 0m 1 3
E=3Z ) go (avgg ((+D) 3
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For the hydrogen ground state we are just adding two spin% particles so the possible values are
f =0; 1. The transition between the two states gives rise to EM waves with =21 cm.

We will work out the e ect of an external B eld on the Hydrogen hyper ne states both
in the strong eld and in the weak eld approximation. We also work the problem without a eld
strength approximation. The always applicable intermediate eld strength result is that the

four states have energies which depend on the strength of the Beld. Two of the energy eigenstates
mix in a way that also depends on B. The four energies are

Ah?
E = En00+—4 8B
s 2
Ah? Ah? )
E = E — — + B)“:
n00 4 2 ( B )

1.32 The Helium Atom

The Hamiltonian for Helium (See section 25) has the same terms as Hydgen but has a large
perturbation due to the repulsion between the two electrons.
2 2 2 2
_p o, Ze? Ze? e?

2m  2m r ro 1

Note that the perturbation due to the repulsion between the two electrons is about the
same size as the the rest of the Hamiltonian so rst order perturbaion theory is unlikely to be
accurate.

The Helium ground state has two electrons in the 1s level . Since the spatial state is
symmetric, the spin part of the state must be antisymmetric sos = 0 (as it always is for closed shells).
For our zeroth order energy eigenstates, we will usproduct states of Hydrogen wavefunctions

U(‘F‘l;‘f'z): n1‘1m1(f'1) nz«zmz(f-z)

and ignore the perturbation. The energy for two electrons in the (Ls) state for Z = 2 is then
4 ?mc? =108:8 eV.

We can estimate the ground state energy inrst order perturbation theory , using the electron
repulsion term as a (very large) perturbation. This is not very accuate.

We can improve the estimate of the ground state energy using theariational principle . The main
problem with our estimate from perturbation theory is that we are not accounting for changes in
the wave function of the electrons due to screening . We can do this in some reasonable
approximation by reducing the charge of the nucleus in the wavefuation (not in the Hamiltonian).
With the parameter Z , we get a better estimate of the energy.

Calculation Energy | Zwn
0" Order -108.8 2
15 Order perturbation theory -74.8 2
15" Order Variational 7738 | £
Actual -78.975
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Note that the variational calculation still uses rst order perturb ation theory. It just adds a variable
parameter to the wavefunction which we use to minimize the energyThis only works for the ground
state and for other special states.

There is only one allowed (k)? state and it is the ground state. For excited states , the spatial
states are (usually) di erent so they can be either symmetric or atisymmetric (under interchange
of the two electrons). It turns out that the antisymmetric state has the electrons further apart so
the repulsion is smaller and the energy is lower. If the spatial state isntisymmetric, then the spin
state is symmetric, s=1. So the triplet states are generally signi cantly lower in energy than the
corresponding spin singlet states. Thisappears to be a strong spin dependent interaction

but is actually just the e ect of the repulsion between the el ectrons having a big e ect
depending on the symmetry of the spatial state and hence on theysnmetry of the spin state.

The rst exited state  has the hydrogenic state content of (1s)(2s) and has s=1. We daulated the
energy of this state.

We'll learn later that electromagnetic transitions which change spin are strongly suppressed
causing the spin triplet (orthohelium) and the spin singlet states (parahelium) to have nearly separate
decay chains.

1.33 Atomic Physics

The Hamiltonian for an atom with Z electrons and protons (See sectia 26) has many terms
representing the repulsion between each pair of electrons.

2 3

Sopoze X e

i 2m oo i in Ki

5 = E:

We have seen that the coulomb repulsion between electrons is a vetgrge correction in Helium and
that the three body problem in quantum mechanics is only solved by aproximation.

The physics of closed shells and angular momentum enable us to make sense of even the most
complex atoms. When we have enough electrons to Il a shell, say thds or 2p, The resulting
electron distribution is spherically symmetric because

X o 2+1
iYm (; )i R

m=

With all the states lled and the relative phases determined by the antisymmetry required by Pauli,
the quantum numbers of the closed shell are determined.There is only one possible state
representing a closed shell and the quantum numbers are

s=0
20
j=0

The closed shell screens the nuclear charge. Because of theeening , the potential no longer has
a pure rl behavior. Electrons which are far away from the nucleus see less tife nuclear charge and
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shift up in energy. We see that the atomic shells Il up in the order 1s,2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s,
4d, 5p, 6s, 4f, 5d, 6p. The e ect of screening increasing the engy of higher * states is clear. Its no
wonder that the periodic table is not completely periodic.

A set of guidelines, known as Hund's rules, help us determine the quaumm numbers for the ground
states of atoms. The hydrogenic shells Il up giving well de nedj = 0 states for the closed shells.
As we addvalence electrons we follow Hund's rules to determine the ground state. We get a great
simpli cation by treating nearly closed shells as a closed shell plus positely charged, spin% holes.
For example, if an atom is two electrons short of a closed shell, we teg it as a closed shell plus two
positive holes.)

1. Couple the valence electrons (or holes) to givenaximum total spin

2. Now choose the state of maximum (subject to the Pauli principle. The Pauli principle rather
than the rule, often determines everything here.)

3. If the shell is more than half full, pick the highest total angular momentum state j = ~+ s
otherwise pick the lowestj = | sj.

1.34 Molecules

We can study simple molecules (See section 27) to understand the pical phenomena of molecules
in general. The simplest molecule we can work with is the H ion. It has two nuclei (A and
B) sharing one electron (1).

R @ & &

2m  ria rie Ras

Rag is the distance between the two nuclei. We calculate the ground sta energy using the Hydrogen
states as a basis.

The lowest energy wavefunction can be thought of as a (anti)symnatric linear combination of an
electron in the ground state near nucleus A and the ground state ear nucleus B

R =C (R)[ A B]

q — _
where A = ?1;e M1a=30 js g.s. around nucleus A. o and g are not orthogonal; there is
0

overlap. The symmetric (bonding) state has a large probability for the el ectron to be
found between nuclei . The antisymmetric (antibonding) state has a small probability ther e, and
hence, a much larger energy. Remember, this symmetry is that oftte wavefunction of one electron
around the two nuclei.

The H, molecule is also simple and its energy can be computed with the help of the previous
calculation. The space symmetric state will be the ground state.

e e?
hjHj i =2E,+ (Ras _— + —
1M H2 ( ) Rag r
The molecule canvibrate in the potential created when the shared electron binds the atomgo-
gether, giving rise to a harmonic oscillator energy spectrum.
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Molecules canrotate like classical rigid bodies subject to the constraint that angular monentum is
guantized in units of h.

1L2 _ ( +1)h? h? m 2mc2  m 1
Erot = 53— = =

=m v
2] 21 2Maz M 2 M- 1000

1.35 Time Dependent Perturbation Theory

We have used time independent perturbation theory to nd the enegy shifts of states and to nd
the change in energy eigenstates in the presence of a small perhation. We now consider the case
of a perturbation V that is time dependent . Such a perturbation can cause transitions
between energy eigenstates . We will calculate the rate of those transitions (See section 28).

We derive an equation for the rate of change of the amplitude to be in the n" energy
eigenstate .
. t X : i}
Ih@ﬁ:( ) - Vnk (t)ck(t)el(En Ex)t=h
ot )
Assuming that at t = 0 the quantum system starts out in some initial state i, we derive the
amplitude to be in a nal state n-

1%
()= eV (19t
0

An important case of a time dependent potential is a puresinusoidal oscillating (harmonic)
perturbation . We can make up any time dependence from a linear combination of sine
and cosine waves. With some calculation, we derive the transition ra in a harmonic potential of
frequency! .
dP, 2V 2

it n F - h
This contains a delta function of energy conservation. The delta fmction may seem strange. The
transition rate would be zero if energy is not conserved and in nite if energy is exactly conserved.
We can make sense of this if there is a distribution function ofP (! ) of the perturbing potential or if
there is a continuum of nal states that we need to integrate over. In either case, the delta function
helps us do the integral simply.

(En Ei+hl)

1.36 Radiation in Atoms

The interaction of atoms with electromagnetic waves (See section® can be computed using time
dependent perturbation theory. The atomic problem is solved in theabsence of EM waves, then the
vector potential terms in the Hamiltonian can be treated as a pertubation.

1 e 2
H=_—"— p+ A + V(r):
>m PTG (r)
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In a gauge in whichr A =0, the perturbation is

AZ:

e
V= —A p+
mc* PT ome?
For most atomic decays, theA? term can be neglected since it is much smaller than theX p term.
Both the decay of excited atomic states with the emission of radiatim and the excitation of atoms
with the absorption of radiation can be calculated.

An arbitrary EM eld can be Fourier analyzed to give a sum of components of de nite frequency.
Consider the vector potential for one such componentA(+;t) 2ApcosK + !t ). The energy in
the eld is Energy = Z!C—szjAojz. If the eld is quantized (as we will later show) with photons of
energyE = h! , we may write eld strength in terms of the number of photons N.

1
2
A(Kt) = % ~2cosk + It)
1
A(ft) = 2 heN 2 d(®RF 1) 4 o i(RE 1)
' v

The direction of the eld is given by the unit polarization vector . The cosine term has been
split into positive and negative exponentials. In time dependent perurbation theory, the positive

exponential corresponds to the absorption of a photon and excétion of the atom and the negative
exponential corresponds to the emission of a photon and decay tffie atom to a lower energy state.

Think of the EM eld as a harmonic oscillator at each frequency, the negative exponential corre-
sponds to a raising operator for the eld and the positive Fg:)ﬁ)oneBial to a lowering operator. In
analogy to the quantum 1D harmonic oscillator we replace N by = N + 1 in the raising operator
case.

1
2hz2 7 P

— . p— .
iRe It) iRe It)
NIV Ne + N+1le

A(Ft)

With this change, which will later be justi ed with the quantization of t he eld, there is a pertur-
bation even with no applied eld (N =0)

1
i e e 2he 2
Vn=o = W= €' = —A& p= — e i(Re 1t)A
N0 N0 mc mc IV P

which can cause decays of atomic states.

Plugging this N = 0 eld into the rst order time dependent perturbation equations , the decay rate
for an atomic state can be computed.

(2 )€
m21Vv

jh nje ™ g iij? (En  Ei+h!)
The absolute square of the time integral from perturbation theoty yields the delta function of energy
conservation.

To get the total decay rate, we must sum over the allowed nal staes. We can assume that the
atom remains at rest as a very good approximation, but, the nal photon states must be carefully
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considered. Applying periodic boundary conditions in a cubic volumeV, the integral over nal
states can be done as indicated below.

keL =2 ny dny = £-dky
kL=2ny dny = Fdky
k,L=2n, dn, = Fdk,
&n = (2L3)3%3k = (Zv)sdsk
tot = i nd®n

With this phase space integral done aided by the delta function, the general formula for the decg

rate is Z

E(Ei En) X L -
o 2(h|2‘mzog) d jhoaje O i

This decay rate still contains the integral over photon directions and a sum over nal state polar-
ization.

Computation of the atomic matrix element is usually done in the Electric Dipole approximation
(See section 29.5)

eikF 1

which is valid if the wavelength of the photon is much larger than the si2 of the atom. With the
help of some commutation relations, the decay rate formula beconse

|.3XZ
= n
2c?

d "~ hoajs i

tot —

The atomic matrix element of the vector operator ¥ is zero unless certain constraints on the angu-
lar momentum of initial and nal states are satis ed. The selection rules for electric dipole (E1)
transitions are:

=1 m=0; 1 s=0:

This is the outcome of the Wigner-Eckart theorem which states thd the matrix element of a vector
operator V9, where the integerq runs from -1 to +1, is given by

h 3 Mmvajjm i = tim%jimagih G%vijj i

Here represents all the (other) quantum numbers of the state, not he angular momentum quantum
numbers. In the case of a simple spatial operator liker, only the orbital angular momentum is
involved.

2

2 ° 1 413 p-
< = 46
3 * 127 o2

21 3 P
2p! 1s = sz(z)(‘1 )4 6

RIEN)
&

We derive a simple result for the total decay rate of a state, summe over nal photon polarization
and integrated over photon direction.

1 3
_ T in
2 Jf'ni

tot — 3c j2
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This can be used to easily compute decay rates for Hydrogen, foxxample the 2p decay rate.

5 2
ag

413 p_
<o 4 6

wWIN

2p! 1s =

The total decay rate is related to the energy width of an excited sate, as might be expected from
the uncertainty principle. The Full Width at Half Maximum (FWHM) of th e energy distribution of
a state ish . The distribution in frequency follows a Breit-Wigner distribution.

1
(1 1o+ 4

()= ()i =

In addition to the inherent energy width of a state, other e ects can in uence measured widths,
including collision broadening, Doppler broadening, and atomic recoil.

The quantum theory of EM radiation can be used to understand mary phenomena, including photon
angular distributions, photon polarization, LASERS, the Messbauer e ect, the photoelectric e ect,
the scattering of light, and x-ray absorption.

1.37 Classical Field Theory

A review of classical eld theory (See section 31) is useful to grouthour development of relativistic
guantum eld theories for photons and electrons. We will work with 4-vectors like the coordinate
vector below

(X1;X2;X3;Xa) = (X;Y; Z;ict)

using thei to geta in the time term in a dot product (instead of using a metric tensor).

A Lorentz scalar Lagrangian density will be derived for each eld theory we construct. From the
Lagrangian we can derive a eld equation called the Euler-Lagrange guation.

@ @ Q

@x @@-=e3 @ °

The Lagrangian for a massive scalar eld can be deduced from the requirement that it be a scalar

L = } gg + 22 4
2 @x @x
where the last term is the interaction with a source. The Euler-Lagange equation gives
@ e .
@x @x

which is the known as theKlein-Gordon equation with a source and is a reasonable relativistic
equation for a scalar eld.

Using Fourier transforms, the eld from a point source can be computed.

Ge T

() = 4r
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This is a eld that falls o much faster than rl A massive scalar eld falls o exponentially
and the larger the mass, the faster the fall o . This ts the form o f the force between nucleons fairly

well although the actual nuclear force needs a much more detailecgdy.

1.38 The Classical Electromagnetic Field

For the study of the Maxwell eld, (See section 20) it is most convenent to make a small modi cation
to the system of units theg are used. InRationalized Heaviside-Lorentz Units the elds are
all reduced by a factor of 4 and the charges are increased by the same factor. With this chamrg
Maxwell's equations, as well as the Lagrangians we use, are simpli edIt would have simpli ed
many things if Maxwell had started o with this set of units.

As is well known from classical electricity and magnetism, the electri@and magnetic eld components
are actually elements of a rank 2 Lorentz tensor.
0 0 B, By, IE4!

This eld tensor can simply be written in terms of the vector potential , (which is a Lorentz vector).

A = (Ai)
. @A @A
@x @x

Note that F is automatically antisymmetric under the interchange of the indices.

With the elds so derived from the vector potential, two of Maxwell's e quations are automatically
satis ed. The remaining two equations can be written as one 4-vedair equation.
@F _j

@x c

We now wish to pick a scalar Lagrangian. Since E&M is a well understoodheory, the Lagrangian
that is known to give the right equations is also known.

1 1

L= -F F +- A

4 cJ
Note that (apart from the speed of light not being set to 1) the Lagrangian does not contain needless
constants in this set of units. The last term is a source term which povides the interaction between
the EM eld and charged particles. In working with this Lagrangian, w e will treat each component
of A as an independent eld. In this case, the Euler-Lagrange equatioris Maxwell's equation as
written above.

The free eld Hamiltonian density can be computed according to the $andard prescription yielding

@

Q@A=@Y) Fa
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@A
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if there are no source terms in the region.

Gauge symmetry may be used to put a condition on the vector potetial.

A
@_ =0:
@x
This is called the Lorentz condition . Even with this satis ed, there is still substantial gauge
freedom possible. Gauge transformations can be made as shown below.

@

A I A —
' +@X
2 =0

1.39 Quantization of the EM Field

The Hamiltonian for the Maxwell eld may be used to quantize the eld ( See section 33) in much
the same way that one dimensional wave mechanics was quantized.h€ radiation eld can be shown
to be the transverse part of the eld A, while static charges give rise toA, and Ao.

We decompose the radiation eld into its Fourier components
1 X X2 ) :
A0 = p= ") o (DERF+ g (e T
kK =1

where ) are real unit vectors, and ¢ is the coe cient of the wave with wave vector K and
polarization vector A ). Once the wave vector is chosen, the two polarization vectors musbe
picked so that XD, A2 and kK form a right handed orthogonal system

Plugging the Fourier decomposition into the formula for the Hamiltonian density and using the

transverse nature of the radiation eld, we can compute the Hamiltonian (density integrated over
volume).

Ho= = o e 0+ g Mo

This Hamiltonian will be used to quantize the EM eld. In calculating the H amiltonian, care has
been taken not to commute the Fourier coe cients and their conjugates.

The canonical coordinate and momenta may be found

1
Qk = E(Ck + G )
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P = —(« Ce. )

for the harmonic oscillator at each frequency. We assume that a ardinate and its conjugate
momentum have the same commutator as in wave mechanics and thatoordinates from di erent
oscillators commute.

[Qk; ; Pko; 0] = ih Kk 0 0
[Qk; , Qko; 0] = 0
[Pk; ) Pko; 0] = 0

As was done for the 1D harmonic oscillator, we write the Hamiltonian in terms of raising and
lowering operators that have the same commutation relations as inhe 1D harmonic oscillator.

1 .
av- = [ .+ 0Py
K p—Zh! ('Q «; k)
a. = P—l—('Q Kk 1P )
K 2ht ¢ ’
— Yy 1
H = a. a; + - h
. : 2
h i
a; ;aﬁo; o T kko 0

This means everything we know about the raising and lowering operatrs applies here. Energies are
in steps ofh! and there must be a ground state. The states can be labeled by a @ntum number
Ng. .

T
1

1 1
Y .+ 2= h! = .+ = h!
ak; ay: 5 h! Nky 5 h!

Nk; = ai; ay:

The Fourier coe cients can now be written in terms of the raising and lowering operators for the

eld.
r

e
Ck; = rTak;
e,
G; = jak;r
A = F’v o ) a (1) x"'ai; (e "™
} !
1 X h i
H = > h! a a. +a a
k;
X

1
I o+ Z
i N + 5
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States of the eld are given by the occupation number of each possle photon state.

. Y (@ )M
M 1 Mg; 23N, i = e O

i nki;i!

Any state can be constructed by operating with creation operatas on the vacuum state. Any state

with multiple photons will automatically be symmetric under the interch ange of pairs of photons
because the operators commute.

ay. ayo o0 = &, oay. ]Oi

This is essentially the same result as our earlier guess to put an+ 1 in the emission operator (See
Section 29.1).

We can now write the quantized radiation eld in terms of the operators at t = 0.
r
X 2
he

2_' ay. (O)eik X 4 ai; (O)e ik x

A = opo
Vi

Beyond the Electric Dipole approximation, the next term in the expansion of €X * is ik . This
term gets split according to its rotation and Lorentz transformation properties into the Electric
Quadrupole term and the Magnetic Dipole term. The interaction of the electron spin  with the

magnetic eld is of the same order and should be included together wh the E2 and M1 terms.
eh
— (k "Ny ~

2mc( )

The Electric Quadrupole (E2) term does not change parity and gives us the selection rule.

j\n \ij 2 \n+ \i

The Magnetic Dipole term (M1) does not change parity but may chang the spin. Since it is an
(axial) vector operator, it changes angular momentum by 0, +1, or-1 unit.

The quantized eld is very helpful in the derivation of Plank's black body radiation formula that
started the quantum revolution. By balancing the reaction rates proportional to N and N + 1 for
absorption and emission in equilibrium the energy density in the radiation eld inside a cavity is
easily derived.

3
VO = UG = Sgmm

1.40 Scattering of Photons

(See section 34) The quantized photon eld can be used to computéhe cross section for photon
scattering. The electric dipole approximation is used to simplify the atbomic matrix element at low
energy where the wavelength is long compared to atomic size.
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To scatter a photon the eld must act twice, once to annihilate the initial state photon and once
to create the nal state photon. Since the quantized eld contains both creation and annihilation
operators,

r_—
X 2 . .
A (x)= plv I;_(': () . (0)elk X 4 a)lz; (O)e ik x

k

either the A2 term in rst order, or the A pterm in second order can contribute to scattering. Both
of these amplitudes are of order?.

The matrix element of the A2 term to go from a photon of wave vectork and an atomic statei to a
scattered photon of wave vectork® and an atomic state n is particularly simple since it contains no
atomic coordinates or momenta.
62 1 hC2 0 ; 0
M-k Yix AiicjN ) = —p— () (g it 1O
2me2 J & 2mc2V 10 "

The second order terms can change atomic states because of theperator.

The cross section for photon scattering is then given by the

d _ e 210 Ao 1 X mj® gjihjjr gii . mj” gjihjj° dii
d =~ 4mc2z 1 " ﬁj L ! I +10
Kramers-Heisenberg Formula . The three terms come from the three Feynman diagrams that

contribute to the scattering to order €.

This result can be specialized for the case of elastic scattering, witthe help of some commutators.

2

d elas _ e m! 2 X . Hjr0 xjji hjj~ %jii Hj~ x4jihjj™0 xjii
d ~ 4mc? h j ! Vi ! i + !
Lord Rayleigh calculated low energy elastic scattering of light from atoms using classical

electromagnetism. If the energy of the scattered photon is lesshan the energy needed to excite the
atom, then the cross section is proportional to! 4, so that blue light scatters more than red light
does in the colorless gasses in our atmosphere.

If the energy of the scattered photon is much bigger than the binéhg energy of the atom,! >> 1
eV. then the cross section approaches that forscattering from a free electron, Thomson
Scattering .
2

4o 2

d 4mc 2
The scattering is roughly energy independent and the only angular dpendence is on polarization.
Scattered light can be polarized even if incident light is not.

1.41 Electron Self Energy

Even in classical electromagnetism, if one can calculates the energyeeded to assemble an electron,
the result is in nite, yet electrons exist. The quantum self energy @rrection (See section 35) is also
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in nite although it can be rendered nite if we accept the fact that o ut theories are not valid up to
in nite energies.

The quantum self energy correction has important, measurable eects. It causes observable energy
shifts in Hydrogen and it helps us solve the problem of in nities due to energy denominators from
intermediate states.

The coupled di erential equations from rst order perturbation t heory for the state under study ,
and intermediate states ; may be solved for the self energy correction.

X X 1 dln
- ; 2
En - - JHnJJ h(' n ' )

The result is, in general, complex. The imaginary part of the self enagy correction is directly related
to the width of the state.

2_ _
ﬁ_( En)=

The time dependence of the wavefunction for the state n IS modi ed by the self energy

correction .

i(En+<( En)t=h g—p2

n(6t)= (e

This gives us theexponential decay behavior  that we expect, keeping resonant scattering
cross sections from going to in nity

The real part of the correction should be studied to understand elative energy shifts of states. It is

the di erence between the bound electron's self energy and that for a free electron in
which we are interested. The self energy correction for a free pticle can be computed.
E 2E cut off 2
free 73 m 2c2

We automatically account for this correction by a change in the obseved mass of the electron. For
the non-relativistic de nition of the energy of a free electron, an increase in the mass decreases the
energy.

4E cut off

m = (1+ m
obs ( 3mc 2 ) bare

If we cut o the integral at mec?, the correction to the mass is only about 0.3% ,

Since the observed mass of the electron already accounts for nia¥f the self energy correction for
a bound state, we must correct for this e ect to avoid double couriing of the correction. The self
energy correction for a bound state then is.

2E cut off

(obs) _ I
B = Bt g Mipni

In 1947, Willis E. Lamb and R. C. Retherford used microwave techniges to determine thesplitting
between the 28% and ZP% states in Hydrogen . The result can be well accounted for by the
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self energy correction, at least when relativistic quantum mechanis is used. Our non-relativistic
calculation gives a qualitative explanation of the e ect.
mc? 11 1 )

+

E(obs):_ | A - -
" T3ne Y9 o, T2z 5™

1.42 The Dirac Equation

Our goal is to nd the analog of the Schredinger equation for relativistic spin one-half particles (See
section 36), however, we should note that even in the Schmdingeequation, the interaction of the
eld with spin was rather ad hoc. There was no explanation of the gylomagnetic ratio of 2. One can
incorporate spin into the non-relativistic equation by using the Schedinger-Pauli Hamiltonian
which contains the dot product of the Pauli matrices with the momentum operator.

H= o = [p+ SA(D] e (51)

- 2m

A little computation shows that this gives the correct interaction wit h spin.
1 e eh
H= —[p+ -A(%1)]> e (Et)+ ——~ B(xt
sl CAMRDP e (RO)+ 5~ B(x1)
This Hamiltonian acts on a two component spinor.

We can extend this concept to use the relativistic energy equation . The idea is to replace
pwith ~ pin the relativistic energy equation.

2 _ 2
= pP=(mg

E E B )

. P C"‘ P =(mc)

L@ . @ . _ 2
|h—@5+|h f Ih—@ZS ih~ (mc)

Instead of an equation which is second order in the time derivative, w can make a rst order
equation, like the Schredinger equation, by extending this equatio to four components.

L =

(R) 1 @
mc @x

Now rewriting in terms of o = R+ L) agnd g = R (L) and ordering it as a matrix
equation, we get an equation that can be written as a dot product ketween 4-vectors.
ih-@ ih~ F o~ @
ihge ih @r _ . 0~ i~ T @%
ih~ 7 'hﬁ i~ T 0 0

o
®
H
o
Ol °

@
@x
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De ne the 4 by 4 matrices are by.
_ 0 i
T i 0
_ 1 0
70 1

With this de nition, the relativistic equation can be simpli ed a great de al

mc
@+

ax 'm0

where the gamma matrices are given by

00 0 o il Oo0 00 1t
_BO O i O B O 01 O
l‘%’90 i 0 02 2‘?@0 10 o2
i 0 0 O 1 00 O . . . .
0 0 0 i O1 0 170 o0 O1 and they satisfy anti-commutation relations.
~BO 0O 0 i ~BO 1 0 O
3_%i 0 0 og 4‘E;@o 0 1 02
0O i 0 O 0 0 O 1
f ; g=2

In fact any set of matrices that satisfy the anti-commutation relations would yield equivalent physics
results, however, we will work in the above explicit representation éthe gamma matrices.

Dening = VY 4,
j =ic
satis es the equation of a conserved 4-vector current
@,
@x
and also transforms like a 4-vector. The fourth component of thevector shows that the probability

density is Y . This indicates that the normalization of the state includes all four components of
the Dirac spinors.

=0

For non-relativistic electrons, the rst two components of the Dir ac spinor are large while the last
two are small.

B

ey pc
C

B A A
2mc?

2mc? B

We use this fact to write an approximate two-component equation cerived from the Dirac equation
in the non-relativistic limit.
|
2 2 4 2 212 '
P Zet p +ZeI:S+Zeh 39 - E(NR)
2m  4r 8m3c2  8m 2¢?r3  8m2c?
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This \Schedinger equation”, derived from the Dirac equation , agrees well with the one
we used to understand the ne structure of Hydrogen. The rst two terms are the kinetic and
potential energy terms for the unperturbed Hydrogen Hamiltonian. The third term is the relativistic
correction to the kinetic energy . The fourth term is the correct spin-orbit interaction
including the Thomas Precession e ect that we did not take the time to understand when we did
the NR ne structure. The fth term is the so called Darwin term  which we said would come from
the Dirac equation; and now it has.

For a free particle, each component of the Dirac spinor satis es te Klein-Gordon equation.

— i Et)=h
o= UpePx ED
This is consistent with the relativistic energy relation.

The four normalized solutions for a Dirac particle at rest are.
0 11
1 RO Lo
W= e mc2;+h=2 = P:%OX e metth
Y
0
0 o1

1 1 Pl 24
2 = E=+ mc2: h=2 = P:%)Oge imc 2t=h
V
0

001

1 0 ; _
@) = E= mezane2 = 97%1X e+|mc2t_h

0
0,1
1 BO P

E= mc?; h=2 = pv%og gt imc ?t=h

1

@ =

The rst and third have spin up while the second and fourth have spin down. The rstand second
are positive energy solutions while thehird and fourth are \negative energy solutions" , which
we still need to understand.

The next step is to nd the solutions with de nite momentum. The fou r plane wave solutions to
the Dirac equation are

s
M MC gex EH=h
P jEjV P
where the four spinors are given by.
0 1 0 1
r— 1 r— 0
@ _ E + mc? % 0 § @ _ E + mc2 1 §
u’ = = X u = = X
P 2mc? ErmeT P 2mc? %
(px+ipy)c pzC
0 E+m E+mc?
r —EoT P e e
" E + mc
2 . 2 2
U(s) = 7E * me %%g u(4) = 7E * me % Ep+ :;nc2 §
P 2mc2 1 P 2mc? 0

0 1
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E is positive for solutions 1 and 2 and negative for solutions 3 and 4. Thepinors are orthogonal

"y % = JE]
U 7" Up "= a2 0
and the normalization constants have been set so that the stateare properly normalized and the
spinors follow the convention given above, with the normalization prgortional to energy.

The solutions are not in general eigenstates of any component ops but are eigenstates ofhelicity
the component of spin along the direction of the momentum.

Note that with E negative, the exponentiale!(P * E)= has the phase velocity, the group velocity and
the probability ux all in the opposite direction of the momentum as we have de ned it. This clearly
doesn't make sense. Solutions 3 and 4 need to be understood in a wiy which the non-relativistic
operators have not prepared us. Let us simply relabel solutions 3ral 4 such that

p!P
E! E

so that all the energies are positive and the momenta point in the diretion of the velocities. This
means we change the signs in solutions 3 and 4 as follows.

r 70 1 1
o - E+ mCZ% poc §ei(px Et)=h
P 2EV E+mc?
(px+ipy)c
0 E+mc2 1
r
E + mc? 1 - _
(p2) - SEV %(px ipy)cﬁel(p* Et)=h
E+mc?
pPzC
0 Epme® g
r— E+mc?
@ - Lm@%—z—(pgj;ﬁgnﬁe i(px Et)=h
P 2EV 1
0
s 0 (Px ipyz)cl
. - E+ mc
4 JEj + mc? P2 C . -
(4) - __ E+me? e i(px Et)=h
P 2JEjV 0
1
We have plane waves of the form
e ip x =h

with the plus sign for solutions 1 and 2 and the minus sign for solutions 3and 4. These sign in
the exponential is not very surprising from the point of view of possble solutions to a di erential
equation. The problem now is that for solutions 3 and 4 the momentumand energy operators must
have a minus sign added to them and the phase of the wave functionta xed position behaves in
the opposite way as a function of time than what we expect and fromsolutions 1 and 2. It is as if
solutions 3 and 4 are moving backward in time.

If we change the charge on the electron from e to + e and change the sign of the exponent, the
Dirac equation remains the invariant. Thus, we can turn the negative exponent solution (going
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backward in time) into the conventional positive exponent solution if we change the charge to €.
We can interpret solutions 3 and 4 as positrons. We will make this swith more carefully when we
study the charge conjugation operator.

The Dirac equation should be invariant under Lorentz boosts and uler rotations, both of which are
just changes in the de nition of an inertial coordinate system. Under Lorentz boosts,@ﬂX transforms
like a 4-vector butthe  matrices are constant. The Dirac equation is shown to bénvariant under
boosts along the x; direction if we transform the Dirac spinor according to

0

= Shoost
Shoost = coshE +i 4sinh§
with tanh =
The Dirac equation is invariant under rotations about the k axis if we transform the Dirac
spinor according to
0 = Srot
St = cOS > + jjsin >

with ijk is a cyclic permutation.

Another symmetry related to the choice of coordinate system is pdty. Under a parity inversion
operation the Dirac equation remains invariant if

O=s = 4
10 0 ot
Since 4 = %)8 é 01 8& the third and fourth components of the spinor change sign while
0 0 O 1

the rst two don't. Since we could have chosen 4, all we know is that components 3 and 4
have the opposite parity of components 1 and 2

From 4 by 4 matrices, we may derive 16 independent components obeariant objects. We de ne
the product of all gamma matrices

5= 1234
which obviously anticommutes  with all the gamma matrices.
f 5 s9=0

For rotations and boosts, s commutes with S since it commutes with the pair of gamma matrices.
For a parity inversion, it anticommutes with Sp = 4.

The simplest set of covariants we can make from Dirac spinors and matrices are tabulated below.
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Classi cation Covariant Form no. of Components

Scalar
Pseudoscalar 5
Vector
Axial Vector 5
Rank 2 antisymmetric tensor
Total 16

[ RE-NE N L

Products of more matrices turn out to repeat the same quantities because the squa of any
matrix is 1.

For many purposes, it is useful to write the Dirac equation in the traditional form H = E . Todo
this, we must separate the space and time derivatives, making thecgiation less covariant looking.
Q + E =0
@x h
. 2 _ @
iC 4 jp+mec 4 = h@t

Thus we can identify the operator below as the Hamiltonian.
H=ic4jp +mc?,

The Hamiltonian helps us identify constants of the motion. If an opemtor commutes with H, it
represents a conserved quantity.

Its easy to see thepy commutes with the Hamiltonian for a free particle so that momentum will
be conserved . The components of orbital angular momentum do not commute withH .

[HiLz]=ic a[ jp;xpy  ypx]= hc a( 1py  2px)
The components of spin also do not commute withH .
[H:Sz]= hc af 2px 1Pyl
But, from the above, the components of total angular momentum do commute with H.
[H;J:]=[HL ]+ [H;Sz] = hc a( 1py  2px)*+ hc a[ 2px  1py] =0
The Dirac equation naturally conserves total angular momentum but not the orbital or spin
parts of it.
We can also see that thehelicity , or spin along the direction of motion does commute.
[H;S f=[H;S] p=0
For any calculation, we need to know the interaction term with the Electromagnetic eld. Based on
the interaction of eld with a current

1.
Hine = EJ A
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and the current we have found for the Dirac equation, the intera¢ion Hamiltonian is.
Hine = ie 4 kA
This is simpler than the non-relativistic case, with no A2 term and only one power ofe.

The Dirac equation has some unexpected phenomena which we canri@. Velocity eigenvalues for
electrons are always c along any direction. Thus the only values of velocity that we could meaure
are c.

Localized states, expanded in plane waves, contain all four compents of the plane wave solutions.
Mixing components 1 and 2 with components 3 and 4 gives rise tditterbewegung , the very rapid
oscillation of an electrons velocity and position.

X X -2pk02

i = i ij:rJ E_
p r=1
X X X pe3h 0 N
+ G oG ul(S'r )yi 4 K ufsr) e leElt_th;rOCp;r Ug)yi 4 K u|(9r0) g2IEjt=h
p r=1r0=3 JEJ

The last sum which contains the cross terms between negative andgsitive energy representsex-
tremely high frequency oscillations in the expected value o f the velocity , known as Zit-
terbewegung. The expected value of the position has similar rapid adlations.

It is possible to solve the Dirac equation exactly for Hydrogen in a wayvery similar to the non-
relativistic solution. One di erence is that it is clear from the beginning that the total angular

momentum is a constant of the motion and is used as a basic quantumumber. There is another
conserved quantum number related to the component of spin alonghe direction of J. With these
guantum numbers, the radial equation can be solved in a similar way a$or the non-relativistic case
yielding the energy relation

mc?

z2 2
1+ Mo—r—5 °
n+ (j+3)° z2 2

E=s

We can identify the standard principle quantum number in this case asn = n, + j + % This
result gives the same answer as our non-relativistic calculation to ater # but is also correct to
higher order . It is an exact solution to the quantum mechanics problem posed but does
not include the e ects of eld theory , such as the Lamb shift and the anomalous magnetic moment

of the electron.

A calculation of Thomson scattering shows that even simple low energphoton scattering relies on
the \negative energy" or positron states to get a non-zero anser. If the calculation is done with the
two diagrams in which a photon is absorbed then emitted by an electra (and vice-versa) the result
is zero at low energy because the interaction Hamiltonian connectshie rst and second plane wave
states with the third and fourth at zero momentum. This is in contradiction to the classical and
non-relativistic calculations as well as measurement. There are adiional diagrams if we consider
the possibility that the photon can create and electron positron par which annihilates with the
initial electron emitting a photon (or with the initial and nal photons swapped). These two terms
give the right answer. The calculation of Thomson scattering makest clear that we cannot ignore
the new \negative energy" or positron states.
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The Dirac equation is invariant under charge conjugation, de ned & changing electron states into
the opposite charged positron states with the same momentum andpin (and changing the sign of
external elds). To do this the Dirac spinor is transformed according to.

0_
- 2

Of course a second charge conjugation operation takes the statback to the original . Applying
this to the plane wave solutions gives

s s s
@ _ mc? U px E)=h mc? U@ ( px+Et)=h mc? v® g px+Et)=h
P EjV P EjV - P EjV P

S S S
@ _ mc? u® dpx E)=h mc? u® @ px+E)=h mc? v® g px+E)=h
P Ejv p ' Ejv " P EjV P

S S
® - .m?z u® gpx+iEj=h | .mf:z u® d( pxj Ej)=h
P JEjV P JEjV P

s s
@ _ .sz U@ d(px+iEj=h | .sz u® d pxj Ej=h
P JEjV P JEjV P

a

p) and véz) that are charge conjugates ofuél) and uéz) .

which de nes new positron spinorsv

1.43 The Dirac Equation

To proceed toward a eld theory for electrons and quantization of the Dirac eld we wish to nd
a scalar Lagrangian that yields the Dirac equation. From the study d Lorentz covariants we know

that is a scalar and that we can form a scalar from the dot product of two4-vectors as in the
Lagrangian below. The Lagrangian cannot depend explicitly on the cordinates.
@ 2
L= <ch — mc
@x

(We could also add a tensor term but it is not needed to get the Dirac guation.) The independent
elds are considered to be the 4 components of and the four components of . The Euler-
Lagrange equation using the independent elds is simple since there is no derivative of in the
Lagrangian.

e @ e _,
@x @@-@x) @

%:o

ch @—% mc? =0

@_@3(+% =0

This gives us the Dirac equation  indicating that this Lagrangian is the right one. The Euler-
Lagrange equation derived using the elds is the Dirac adjoint equation
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The Hamiltonian density may be derived from the Lagrangian in the standard way and the total
Hamiltonian computed by integrating over space. Note that the Hamiltonian density is the same as
the Hamiltonian derived from the Dirac equation directly.
z
H = th4k—@+mc24 d 3x

@x

We may expand in plane waves to understand the Hamiltonian as a sum of oscillators.

X X4S 2
mc

S5y — (r) 4i(px Et)=h
% 1) = — r Uy’ e
(x;1) AR
p r=1
X X >
mc? - -
Y(x:t) = . u(f)ye i(px Et)=h
( ) _ JEJV Br p
p r=1
Writing the Hamiltonian in terms of these elds , the formula can be simpli ed yielding
X X
H = E Coi Cor:
p r=1

By analogy with electromagnetism, we can replace the Fourier coe dents for the Dirac plane waves
by operators.

x4
- (1) (1)
H = E b, by
p r=1
4 S
X X mc2

. — (r) ,,(r) Li(px Et)=h
%1 = — u e
(%;1) EV N
XIS x4 >
mc2 y ' _
Y(xt) = hhkh (r) u(f)y e i(px Et)=h
v = RN
The creation an annihilation operators bg)y and bg) satisfy anticommutation relations
Oy
fbg);b(ﬁrf’)g T O pp
) hg = 0
o 6"g = o
(ry _ (1) (1)
NP - bp bp

N is the occupation number operator. The anti-commutation relations constrain the occupation
number to be 1 or O

The Dirac eld and Hamiltonian can now be rewritten in terms of electron and positron elds for
which the energy is always positive by replacing the operator to anniifate a \negative energy state"
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with an operator to create a positron state with the right momentum and spin.
1 _ (4)7
dp - bp

2 _ (3)Y
dp - bp

Theseanti-commute  with everything else with the exception that
Oyy
F7id5 0= o e

Now rewrite the elds and Hamiltonian.

r
X X 2
(1) = _ES/ (s) US) g(px Et)=h | déS)y vés) e i(px Et)=h
p s=1
r
X X ‘me2
V(e — (s)y ()Y 4 i(px Et)=h o 4(S) ,(9)Y Li(px Et)=h
(1) = ) V] bp u,~ e +dp Vo €
p s=
X X
H = E oEY  dPd
p s=1
X X
= E B0+ d g 1
p s=1

All the energies of these states are positive

There is an (in nite) constant energy, similar but of opposite sign to the one for the quantized
EM eld, which we must add to make the vacuum state have zero enggy. Note that, had we
used commuting operators (Bose-Einstein) instead of anti-commiing, there would have been no
lowest energy ground state so this Energy subtraction would not ve been possible Fermi-Dirac
statistics are required for particles satisfying the Dirac equation .

Since the operators creating fermion states anti-commute , fermion states must be antisym-

metric under interchange. AssumetY and by are the creation and annihilation operators for fermions
and that they anti-commute.
f w, qug =0

The states are then antisymmetric under interchange of pairs of fermions.
Y0 = BobYjOi

Its not hard to show that the occupation number for fermion states is either zero or one

Note that the spinors satisfy the following slightly di erent equations

(i p +moul’ =0

(i p +mc)vé5):o
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2 The Problems with Classical Physics

By the late nineteenth century the laws of physics were based on Mghanics and the law of Gravi-

tation from Newton, Maxwell's equations describing Electricity and Magnetism, and on Statistical

Mechanics describing the state of large collection of matter. Theséaws of physics described na-
ture very well under most conditions, however, some measureménof the late 19th and early 20th

century could not be understood. The problems with classical phyies led to the development of
Quantum Mechanics and Special Relativity.

Some of the problems leading to the development of Quantum Mechacs are listed here.

Black Body Radiation (See section 2.1): Classical physics predictedhat hot objects would
instantly radiate away all their heat into electromagnetic waves. The calculation, which was
based on Maxwell's equations and Statistical Mechanics, showed thahe radiation rate went

to in nity as the EM wavelength went to zero, \The Ultraviolet Catas trophe". Plank solved
the problem by postulating that EM energy was emitted in quanta with E = h .

The Photoelectric E ect (See section 2.2): When light was used to kock electrons out of
solids, the results were completely di erent than expected from Mawell's equations. The
measurements were easy to explain (for Einstein) if light is made up oparticles with the
energies Plank postulated.

Atoms: After Rutherford (See section 2.3) found that the positive charge in atoms was con-
centrated in a very tiny nucleus, classical physics predicted that he atomic electrons orbiting
the nucleus would radiate their energy away and spiral into the nucles. This clearly did not
happen. The energy radiated by atoms (See section 2.4) also cameatdn quantized amounts
in contradiction to the predictions of classical physics. The Bohr Atom (See section 2.4.1)
postulated an angular momentum quantization rule, L = nh for n = 1;2; 3::;, that gave the
right result for hydrogen, but turned out to be wrong since the ground state of hydrogen has
zero angular momentum. It took a full understanding of Quantum Mechanics to explain the
atomic energy spectra.

Compton Scattering (See section 2.6.3): When light was scattered electrons, it behaved
just like a particle but changes wave length in the scattering; more gidence for the particle
nature of light and Plank's postulate.

Waves and Particles: In di raction experiments,light was shown to behave like a wave while in
experiments like the Photoelectric e ect, light behaved like a particle. More di cult di raction
experiments showed that electrons (as well as the other particlgsalso behaved like a wave,
yet we can only detect an integer number of electrons (or photorls

Quantum Mechanics incorporates awave-particle duality  and explains all of the above phenom-
ena. In doing so, Quantum Mechanics changes our understandingf mature in fundamental ways.
While the classical laws of physics are deterministic, QM is probabilistic. We can only predict the
probability that a particle will be found in some region of space.

Electromagnetic waves like light are made up of particles we call photes. Einstein, based on Plank's
formula, hypothesized that the particles of light had energy propational to their frequency.

E=nh
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The new idea of Quantum Mechanics is that every particle's probability (as a function of position
and time) is equal to the square of a probability amplitude function and that these probability
amplitudes obey a wave equation. This is much like the case in electrongmetism where the energy
density goes like the square of the eld and hence the photon proHaility density goes like the square
of the eld, yet the eld is made up of waves. So probability amplitudes are like the elds we know
from electromagnetism in many ways.

DeBroglie assumedE = h for photons and other particles andused Lorentz invariance  (from
special relativity) to derive the wavelength for particles (See sedbn 3.4) like electrons.

heRi=2

The rest of wave mechanics was built around these ideas, giving a cqiete picture that could explain
the above measurements and could be tested to very high accuracparticularly in the hydrogen
atom. We will spend several chapters exploring these ideas.

* See Example 2.6.3:

*

Gasiorowicz Chapter 1
Rohlf Chapters 3,6
Gri ths does not really cover this.

Cohen-Tannoudji et al. Chapter

2.1 Black Body Radiation *

A black body is one that absorbs all the EM radiation (light...) that strikes it. To sta y in thermal
equilibrium, it must emit radiation at the same rate as it absorbs it so a black body also radiates
well. (Stoves are black.)

Radiation from a hot object is familiar to us. Objects around room temperature radiate mainly in
the infrared as seen the the graph below.
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If we heat an object up to about 1500 degrees we will begin to see aullired glow and we say the
object is red hot. If we heat something up to about 5000 degreesiear the temperature of the sun's
surface, it radiates well throughout the visible spectrum and we s@ it is white hot.

By considering plates in thermal equilibrium it can be shown that the emissive power over the
absorption coe cient must be the same as a function of wavelength even for plates of di erent

materials.

Ea(;T) _ E2(5T)

Ai() Az( )

It there were di erences, there could be a net energy ow from ore plate to the other, violating the
equilibrium condition.
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Object 1 at Temperature T

NSNS NS

Object 2 at Temperature T

Black Body at Temperature T

Object 2 at Temperature T

A black body is one that absorbs all radiation incident upon it.
ABB =1

Thus, the black body Emissive power,E( ;T ), is universal and can be derived from rst principles.

A good example of a black body is a cavity with a small hole in it. Any light incident upon the hole
goes into the cavity and is essentially never re ected out since it wold have to undergo a very large
number of re ections o walls of the cavity. If we make the walls absorptive (perhaps by painting

them black), the cavity makes a perfect black body.

There is a simple relation between the energy density in a cavityu( ; T ), and the black body emissive
power of a black body which simply comes from an analysis of how muchadiation, traveling at the



67
speed of light, will ow out of a hole in the cavity in one second.
E(;T)= Ju(:T)
1 - 4 1
The only part that takes a little thinking is the 4 in the equation above.

Rayleigh and Jeanscalculated (see section 2.5.1) he energy density (in EM waves) inside a cavity
and hence the emission spectrum of a black body. Their calculation vsabased on simple EM theory
and equipartition. It not only did not agree with data; it said that all e nergy would be instantly

radiated away in high frequency EM radiation. This was called theultraviolet catastrophe

2

u(;T)= %kT

Plank found a formula that t the data well at both long and short wa velength.

8 2 h

WOT)E e 1

His formula t the data so well that he tried to nd a way to derive it. 1 n a few months he was
able to do this, by postulating that energy was emitted in quanta with E = h . Even though there
are a very large number of cavity modes at high frequency, the proability to emit such high energy
guanta vanishes exponentially according to the Boltzmann distribuion. Plank thus suppressed high
frequency radiation in the calculation and brought it into agreement with experiment. Note that
Plank's Black Body formula is the same in the limit that h << kT but goes to zero at large
while the Rayleigh formula goes to in nity.
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It is interesting to note that

from Black Body radiation.)

classical EM waves would suck all the thermal energy out of matter,
making the universe a very cold place for us. The gure below compags the two calculations to
some data atT = 1600 degrees. (It is also surprising that the start of the Quantum revolution came

Planck

\

\\‘_/ Rayleigh—Jeans

l [ I

20,000 40,000 60,000
Wavelength in & —o»

So the emissive power per unit area is

2 2 h
FOT)= g 1
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We can integrate this over frequency to get the total power radided per unit area.

2c

RN = Somo?

k*T4=(5:67 10 ®w=m?= K% T*

* See Example 2.6.1:What is the temperature at the solar surface? Use both the the inénsity of
radiation on earth and that the spectrum peaks about 500 nm to géanswers*

* See Example 2.6.2:The cosmic microwave background is black body radiation with a tempeature
of 2.7 degrees. For what frequency (and what wavelength) doeshé intensity peak?

2.2 The Photoelectric E ect

The Photoelectric E ect shows that Plank’s hypothesis, used to t the Black Body data, is actually
correct for EM radiation. Einstein went further and proposed, in 1905, that light was made up of
particles with energy related to the frequency of the light,E = h . (He got his Nobel prize for the
Photoelectric e ect, not for Special or General Relativity.)
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When light strikes a polished (metal) surface electrons are ejected.
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Measurements were made of thenaximum electron energy versus light frequency and light

intensity. Classical physics predicted that the electron energy shuld increase with intensity, as the
electric eld increases. This is not observed. The electron energy isxdependent of intensity and
depends linearly on the light frequency, as seen the the gure ab@: The kinetic energy of the
electrons is given by Plank's constant times the light frequency minusa work function W which
depends on the material.

1 2
= =h W
MY
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This equation just expresses conservation of energy witthh being the photon energy andwW the
binding energy of electrons in the solid. Data from the Photoelectrice ect strongly supported the
hypothesis that light is composed of particles (photons).

2.3 The Rutherford Atom *

The classical theory of atoms held that electrons were bound to a lge positive charge about the
size of the atom. Rutherford scattered charged () particles from atoms to see what the positive
charge distribution was. With a approximately uniform charge distrib ution, his 5.5 MeV particles

should never have backscattered because they had enough eggrto overcome the coulomb force
from a charge distribution, essentially plowing right through the middle.

Alpha particle

Alpha particle

Atomic

O scattering
center

Atomic
scattering
center

(a) Pointlike scattering center (b) Finite size scattering center

10 Pointlike

[T
(arb. scale) 1

Finite size

0.1

0.01 1 .

o~ o

He found that the  particles often scattered at angles larger than 90 degrees. His tlcan be
explained if the positive nucleus of an atom is very small. For a very small nucleus, the Coulomb
force continues to increase as the approaches the nucleus, and backscattering is possible.
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* See Example 2.6.4:Use Electrostatics to estimate how small a gold nucleus must be to lkscatter
a 5.5 MeV alpha particle *

This brought up a new problem. The atomic size was known from seveld types of experiments.
If electrons orbit around the atomic nucleus , according to Maxwell's equations, they should
radiate energy as they accelerate. This radiation is not observed and the groundtates of atoms
are stable.

In Quantum Mechanics, the localization of the electron around a nucleus is limited bec ause
of the wave nature of the electron . For hydrogen, where there is no multi-body problem to make
the calculation needlessly di cult, the energy levels can be calculatedvery accurately. Hydrogen
was used to test Quantum Mechanics as it developed. We will also useytirogen a great deal in this
course.

Scattering of the high energy particles allowed Rutherford to \see" inside the atom  and deter-
mine that the atomic nucleus is very small. (He probably destroyed allthe atoms he \saw".) The
gure below shows Rutherford's angular distribution in his scattering experiment along with several
subsequent uses of the same technique, with higher and higher ey particles. We see Rutherford's
discovery of the tiny nucleus , the discovery of nuclear structure , the discovery of a point-like
proton inside the nucleus , the discovery of proton structure , the discovery of quarks inside
the proton , and nally the lack of discovery, so far, of any quark structure
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10 GeV. i ytiq Teosd = pointlike quarks ry
cos 8
100 GV g -4 _ nointlike w'// Search for
“ Teosd =P - quark structure
cos @

To \see" these things at smaller and smaller distances, we needed tose beams of particles with
smaller and smaller wavelength, and hence, higher energy.

2.4 Atomic Spectra *

Hydrogen was ultimately the true test of the quantum theory. Very high accuracy measurements were
made using di raction gratings. These were well understood in nonrelativistic QM and understood
even better in the fully relativistic Quantum Field Theory, Quantum Ele ctrodynamics.

The gure below show the energy levels in Hydrogen , the transitions between energy levels,
and the wavelength of light produced in the transition. The Lyman series covers transitions to
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the ground state and is beyond the visible part of the spectrum. The Balmer series is due to
transitions to the rst excited state and is in the visible.

; — %g(ew
4 % i il —0.85
3 : ; 1 : VM%Y * <151
i | ‘ [
|
; Y i ¢ -3.39

N

: Paschen -136
EZ [ T T T I I T 1 °
1000 1300 2000 3000 5000 10,000 20,000 A (A)
[ [ [ T I | I 1
3000 2400 1700 1000 500 200 v (10'2 Hz)
By the time of Plank's E = h , a great deal of data existed on the discrete energies at

which atoms radiated. Each atom had its own unique radiation ngerprint. Absorption at discrete
energies had also been observed.

The Rydberg formula  for the energies of photons emitted by Hydrogen was developed Wéefore
the QM explanation came along.

E =13:6eV

| P
>S5
NI

Some of the states in heavier atoms followed the same type of fornfau Better experiments showed

that the spectral lines were often split into a multiplet of lines. We will u nderstand these splitting
much later in the course.

Heavier atoms provide a even richer spectrum but are much more dicult to calculate. Very good
approximation techniques have been developed. With computers ahgood technique, the energy

levels of more complex atoms can be calculated. The spectrum of mairy shown below has many
more lines than seen in Hydrogen.
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The gure below shows the visible part of the spectrum for severahtomic or molecular sources. For
Hydrogen, we mainly see the Balmer series, with a line from Paschend&h. The spectra of di erent

atoms are quite distinct. Molecules have many other types of excitdions and can produce many
frequencies of light.

Atomic hydrogen (H)

Sodium (Na)

Neon (Ne)

Mercury (Hg)

Molecular hydrogen (H,)

‘ Solar absorption spectrum (Fraunhofer lines)

2.4.1 The Bohr Atom *

Bohr postulated that electrons orbited the nucleus like planets orliting the sun. He managed to t
the data for Hydrogen by postulating that electrons orbited the nucleus in circular orbits,
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and that angular momentum is quantized such that L = nh, for n =1;2;3::;. This is natural
since h has units of angular momentum. Bohr correctly postdicted the Hydogen energies and the
size of the atom.

Balance of forces for circular orbits. )
\% 1

| R

r 4 or
Angular momentum quantization assumption.

N

L = mvr = nh

Solve for velocity.

v=
mr
Plug into force equation to get formula for r.
mnzh?rz2 ¢
m2r2r 4 o
nzh? &
m T 4,
1 me 1
r 4 oh’n2

Now we just want to plug v and r into the energy formula. We write the Hydrogen potential in

terms of the ne structure constant (See section 2.5.2): s = g 10 % %

hc
V(r) = ;
1_me 1
r h n2
We now compute the energy levels.
1 2
E = émv + V(r)
2
E = }m ﬂ E
2 mr r
E o= Lo hc > 2hmc?
2 n2h n2h
1 c 2 ’mc?
E = _m —
2 n n2
- 1 2mc? 2me2 _~ 2mc?
T2 n? n2  2n?
The constant 2r2”°2 = % = 13:6 eV. Bohr's formula gives the right Hydrogen energy

spectrum .
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We can also compute the ground state radius of the Bohr orbhit.

1 _ me?
ro hc

_ (137)(1973) _ ..
"= “5i000 0P

This is also about the right radius. The name for this number, the Bohr radius , persists to this
day despite the fact that Bohr's assumption is wrong.

Although angular momentum is quantized in units of h, the ground state of Hydrogen has zero
angular momentum . This would put Bohr's electron in the nucleus.

Bohr t the data, with some element of truth, but his model is W RONG .

2.5 Derivations and Computations
2.5.1 Black Body Radiation Formulas *

(Not yet available.)

2.5.2 The Fine Structure Constant and the Coulomb Potential

We will now grapple for the rst time with the problem of which set of un its to use. Advanced texts
typically use CGS units in which the potential energy is

V()= —
( ) r
while the Standard International units

1 &
V(r)= 2 51

We can circumvent the problem by de ning the dimensionless ne structure constant

1 € 1

si = 4—0H3 137
@ 1
CGS - H: H?

So in either set of units the Hydrogen potential is

hc
r

V(r) =
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2.6 Examples
2.6.1 The Solar Temperature *
Estimate the solar temperature using

the solar radiation intensity on the earth of 1.4 kilowatts per squaremeter. (rsyn =7 10°
m, dsyn =1:5 10 m)

and the solar spectrum which peaks at about 500 nm.

First we compute the power radiated per unit area on the solar surdce.
R = (1400W=m?)(4 d 2,,)=(4r 2,,)=6:4 10° W=m?
We compare this to the expectation as a function of temperature.

R(T)=(5:67 10 8w=m?= K% T4

and get
T4 6:4 10
567 10 8
T = 5800 K

Lets assume thatE(;T ) peaks at 500 nm as one of the graphs shows. We need to transfor
E(;T). Rememberf( )d = g( )d for distribution functions.

2 ? h
EGT) = g g= 71
d 2 ? h
FOT) = g e 1
_ _22 2 h 2 4 h
c @ kT 1 @& gFT 1
This peaks when
5
gh=kt 1
is maximum.
54 S(h=kT)e" =T
eh=kT 1 (=T 1)2 =0
5 _ (h=kT)e" =T
=T 1 (T 1)
5e"*T 1)

51 e " )= h=kT
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Lets sety = h =kT and solve the equation
y=51 e?)
| solved this iteratively starting at y=5 and got y =4:97 implying
h =4:97%T
If we take =500 nm,them =6 10%.

h _ (66 1036 104) _

5 (514 10 D) 6 10°=5700

T =

That's agrees well.

2.6.2 Black Body Radiation from the Early Universe *

Find the frequency at which the the Emissive E( ;T ) is a maximum for the 2.7 degree cosmic
background radiation. Find the wavelength for which E(; T ) is a maximum.

The cosmic background radiation was produced when the universe ag much hotter than it is

now. Most of the atoms in the universe were ionized and photons intacted often with the ions

or free electrons. As the universe cooled so that neutral atomsofmed, the photons decoupled
from matter and just propagated through space. We see thesehmtons today as the background
radiation. Because the universe is expanding, the radiation has beered shifted down to a much
lower temperature. We observe about 2.7 degrees. The backgrond radiation is very uniform but

we are beginning to observe non-uniformities at the 10° level.

From the previous problem, we can say that the peak occurs when

h = 5KkT
= 5kT=h
(3 1¥)(6:6 10 %4
= c¢chH5kT) = =1
KD = "5z 10 @e7 m"

Similarly the peak in  occurs when

e (114 10 B)2:7) _ 0

=2:8kT=h= 66 103 -° 10'°Hz
2.6.3 Compton Scattering  *
Compton scattered high energy photons from (essentially) f ree electrons in 1923. He

measured the wavelength of the scattered photons as a functioaf the scattering angle. The gure
below shows both the initial state (a) and the nal state, with the p hoton scattered by an angle
and the electron recoiling at an angle . The photons were from nuclear decay and so they were of
high enough energy that it didn't matter that the electrons were actually bound in atoms. We wish
to derive the formula for the wavelength of the scattered photon as a function of angle
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P

(a) Before collision

(b) After coliision

We solve the problem using only conservation of energy and momentn. Lets work in units in
which ¢ =1 for now. We'll put the c back in at the end. Assume the photon is initially moving in
the z direction with energy E and that it scatters in the yz plane so thatpx = 0. Conservation of
momentum  gives

E = E%os + pecos

and
E%in = pesin :

Conservation of energy  gives D
E+m=E% p2+m?

Our goal is to solve forE®in terms of cos so lets make sure we eliminate the . Continuing from
the energy equation P
E E% m= p2+m?

squaring and calculatingpZ from the components
E2+ EZ+ m? 2EE°+2mE 2mE°=(E E°cos )%+ (E%sin )2+ m?
and writing out the squares on the right side
E?+E®+ m? 2EE°+2mE 2mE®= E?+ E® 2EE%o0s + m?
and removing things that appear on both sides
2EE°+2mE  2mE®= 2EE°cos

and grouping

mE E% = EEY cos)
(E E9 _ (1 cos)
EE0C m

1 (1 cos)
EC E m
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Since = h=p= h=E in our ne units,
h
= H(l cos ):

We now apply the speed of light to make the units come out to be a lendt.

hc
0 — 1
= —C2 ( Ccos )

These calculations can be fairly frustrating if you don't decide which \ariables you want to keep and
which you need to eliminate from your equations. In this case we elimingd by using the energy
equation and computing pz.

2.6.4 Rutherford's Nuclear Size *

If the positive charge in gold atoms were uniformly distributed over asphere or radius 5 Angstroms,
what is the maximum  particle kinetic energy for which the can be scattered right back in the
direction from which it came?

To solve this, we need to compute the potential at the center of tke charge distribution relative to
the potential at in nity (which we will say is zero). This tells us directly the kinetic energy in eV
needed to plow right through the charge distribution.

The potential at the surface of the nucleus isﬁ%e where Z is the number of protons in the atom

and R is the nuclear radius. That's the easy part. Now we need to intgrate our way into the center.
70

Ze 1 r3Ze

R

V= _— = dr
4 0R3r2

1
4 o9
R
The g—sg gives the fraction of the nuclear charge inside a radius.

20

1 Ze 1
V= _——=2—= _ - _  Zerd
4 o R 4 or8 ¢
R
1 Ze Ze 3Ze
V= — —+ — =
4 , R 2R 8 oR
So
3)(79)(1:6 10 1°C 1.7 107
v o @9 ). NmC
8 (8:85 10 12C2=Nm>?)R R

The is then the kinetic energy in eV needed for a particle of charge € to plow right through the
center of a spherical charge distribution. The particle actually has charge +2e so we need to
multiply by 2. For a nuclear radius of 5 Aor 5 10 ° meters, we need about 680 eV to plow
through the nucleus. For the actual nuclear radius of about 5 Femis or 5 10 !° meters, we need
68 MeV to plow through.
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Lets compare the above Sl units numbers to my suggested metho d of using the ne
structure constant... Putting in the alpha charge of 2e.

6Ze> _ 3Z hc _ (3)(79)(1973)

Us s R R (137)(5)

eV =683 eV

This is easier.

2.7 Sample Test Problems

1. What is the maximum wavelength of electromagnetic radiation whichcan eject electrons from
a metal having a work function of 3 eV? (3 points)
Answer
The minimum photon energy needed to knock out an electron is 3 eV. W just need to convert
that to wavelength.

E = h =3eV
- ¢
2—hC = 3eV
_2hc _ 2 (197%VA)
~ 3eV 3eV 4000

2. * Based on classical electromagnetism and statistical mechanics, Raigh computed the energy
density inside a cavity. He found that, at a temperature T, the enagy density as a function
of frequency was

2

c

Why is this related to black body radiation? Why was this in obvious disageement with
observation?

u(;T)= 8 kg T:

3. What is the maximum wavelength of electromagnetic radiation whichcan eject electrons from
a metal having a work function of 2 eV?

4. * State simply what problem with black-body radiation caused Plank to propose the relation
E = h for light.

5. The work function of a metal is 2 eV. Assume a beam of light of wavength is incident upon
a polished surface of the metal. Plot the maximum electron energy (ireV) of electrons ejected
from the metal versus in Angstroms. Be sure to label both axes with some numerical values



83

3 Diraction

Feynman Lectures, Volume Ill, Chapter I.
Gasciorawicz does not really this.
Rohlf Chapters 5

Gri ths doesn't cover this.

3.1 Diraction from Two Slits

Water waves will exhibit a di ractive interference pattern in a 2 slit experiment as d iagrammed

below. The diagram shows the crests of the water waves at some ten Downstream from the slits,

we will see constructive interference where the waves from the stitare in phase and destructive
interference where they are 180 degrees out of phase, for expla where a crest from one slit meets
a trough from the other. The plot labeled |, shows the interference pattern at the location of the
absorber. Di raction is a simple wave phenomenon

"
9
|\
R
/ DETECTO I,
9 '))
© -
WAVE
SOURCE ))
2
WALL ABSORBER I, =Ihl®  I,=Ih+h,f°

Ia""z‘z

The di raction of light was a well known phenomenon by the end of the 19th century and wawell
explained in classical ElectroMagnetic theory since light was held to b@ EM wave. The di raction
pattern from two narrow slits is particularly easy to understand in t erms of waves. The setup is
shown in the diagram below.
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EM waves of wavelength are emitted from a single light-source, like a laser. They travel to tvo
narrow slits, (for simplicity) equidistant from the source, and a distanced apart. Light travels from

the slits to a detection screen. A diraction pattern can be seen onthe detection screen, like the
one shown in the picture below.

(a)

(h) x

The center of the diraction pattern occurs at the location on the screen equidistant from each
slit where the waves from the two slits are in phase (because they have traveled exactly
the same distance) and the elds add, so the wavesnterfere constructively and there is an
intensity maximum. Some distance o this center of the di raction pa ttern, there will be destructive

interference between waves from the two slits and the intensity willbe zero. This will occur when
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the distance traveled by two waves diers by =2, so thewaves are 180 degrees out of phase
and the elds from the two slits cancel

We can compute this location by looking at the above diagram. We assme that the distance to the
screen is much greater thand. For light detected at an angle , the extra distance traveled from
slit 1 is just dsin . So the angle of the rst minimum  (or null) can be found from the equation
dsin = 5.
More generally we will get a maximum if the paths from the slits dier by an integer
number of wavelengths dsin = n and we will get a null when the paths di er by a half
integer number wavelengths . dsin py = %

Although it is very di cult because electrons are charged, 2 slit electron di raction has also
been observed.

So, all kinds of particles seem to diract indicating there is some kind d wave involved. We will
now continue with some thought experiments on di raction to illustra te the physics that Quantum
Mechanics needed to match.

* See Example 3.6.1:Derive the location of the nodes in the diraction pattern from two n arrow
slits a distanced apart. Now try to compute the intensity distribution. *
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3.2 Single Slit Diraction

There are many other examples of di raction. The picture below shavs di raction from a single slit
where waves from di erent parts of the slit interfere with each other. To get the eld at some point
on the detection screen, one should integrate over the slit.

* See Example 3.6.2:

3.3 Diraction from Crystals

Electron waves were rst demonstrated by measuring di ract ion from crystals . Davison
and Germer observed di raction of electrons from a Nickel crystd in 1928. They varied the electron
energy to measure the electron wavelength, agreeing well with thdeBroglie expectation.

First we see diraction from a single crystal

Diraction o  polycrystalline material gives concentric rings instead of spots.
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Di raction from crystals is a powerful tool. First we see x-ray di raction from a single Sodium
Crystal which has periodic locations of the atoms.
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Another example of di raction is shown below. Here neutrons diract from a single Sodium
crystal .
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3.4 The DeBroglie Wavelength

The Lorentz transformation had been postulated for ElectroMagetic waves before Einstein devel-
oped Special Relativity. The EM waves were entirely consistent with Relativity. For example, the
phase of an EM wave at some point is the same as at the Lorentz traformed point.

DeBroglie applied this Lorentz invariance requirement on t he phase of matter waves to
determine what the wavelength must be. Its easy for us to derive e wavelength using 4-vectors.
Position and time form one 4-vector.

X =(ct;%)

Energy and momentum form another.
p =(E;p9

Recall that Lorentz vectors must be transformed but Lorentz scalars are automatically invari-
ant under transformations. For example the scalar formed by dottingthe 4-momentum into itself
is

pp = E?+p’c®= m?c*
The mass of a particle is clearly Lorentz invariant.

To compute the wavelength for our matter waves, lets use the sdar

px =c= Et+p %
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Its already easy to see that the phase in a wave like

g(px Et)=h
is Lorentz invariant.

To read o the wavelength, lets pick o the part of the expression that corresponds toe?! = 1),
We see that 2- = E and therefore the DeBroglie wavelength is.

2 h

p

=A=a

DeBroglie derived this result in 1923.

We can also read o the frequency .

This was in some sense the input to our calculation.

The deBroglie wavelength will be our primary physics input for the development of Quantum
Mechanics. Its not that this work was the most signi cant, but, th is wavelength summarizes most
of what happened before 1923.

3.4.1 Computing DeBroglie Wavelengths

We usually quote the energy of a particle in terms of itskinetic energy in electron Volts, eV (or
Million electron Volts, MeV). The reason for this is that particles are usually accelerated to some
energy by an electric eld. If | let an electron (or proton...) be accelgated through a 100 Volt
potential di erence, it will have a kinetic energy of 100eV.

The whole problem of computing a deBroglie wavelength is to convertrbm kinetic energy to mo-
mentum. If you always want to be correct without any need for thinking, use the relativistically
correct formula  for the kinetic energy

P
T= (mc)2+ p’c2 mc?

and solve it for pc,

pc= P (T + mc2)2  (mc?)2
then use this handy formula to get the answer.

2 hc

pc

o i=2

I remember that hc = 1973 eVA allowing me to keep the whole calculation in eV. | also know the
masses of the particles.
mec® = 0:51 MeV

mpc® = 938:3 MeV
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(If T <<< mc 2, make sure theprecision of your calculator su cient or use the non-relativistic
method below.)

If you know that the particle is super-relativistic , so that T >> mc 2, then just use pc= T and
life is easy.

If you know that the particle is highly non-relativistic , T << mc 2, then you can useT = % =

gﬁfgz giving pc= = 2mc2T.

So, for example, comBute the wavelength of a 100 eV electron. This non-relativistic since 100 eV
<< 510000 eV. S= 10° 100 eV or 10000 eV.
21973 _ 12000 _

oc 10000 L2A

3.5 Wave Particle Duality (Thought Experiments)

Richard Feynman (Nobel Prize for Quantum ElectroDynamics...) preents several thought experi-
ments in his Lectures on Physics, third volume.

For our rst thought experiment, we will consider two silt diraction of light . Assume that
instead of using the screen, | use aensitive photo-detector . | measure the intensity of light as
a function of position near the screen and nd the same set of maxira and minima that | did using
my eyes.
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Now lets turn down the intensity of the light source. For very low intensity | nd that my detector
collects one photon at a time . It never collects half a photon. (With the right detector, | could
again verify that for each photon, the Photoelectric e ect is seenand that E = h .) So the waves
that are di racting are somehow made up of photons. With alow enough intensity , | can assure
that only one photon is present in the apparatus at any time. | can operate my detectorand
collect data over a long time, summing up the number of photons deteted as a function of position.
What will | get for the distribution? | get exactly the same distributio n as before with maxima and
minima. No matter how low the intensity, (1 particle/ minute!) we still see diraction . We never
detect a fraction of an electron or a photon,only integer numbers

How does a single photon interfere with itself? It must somehow trael through both slits.

Lets turn to electron di raction for a minute. In our thought experiment we again have two slits.
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We use our detector to measure the diraction pattern similar to the one for photons labeledP;,
below. If we cover up slit 2 we get the distribution labeled P; and if we /emphtextcover up slit 1
we get the intensity distribution labeled P,. We could have done the same with our photons above.

Now we will try to see which slit each electron passes through. We pué bright light source near
the slits and detect light bouncing o the electron so we can see which slit it pases through.
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What distribution do we see now? Actually we will seeP; + P if we can tell which slit the electron
went through. Our observation of the electron as it passes through the slit has changed
the resulting intensity distribution . If we turn the light o, we go back to measuring Pj;.

Can you explain why the light causes the di raction pattern to disapp ear?
Is it the mere observation? Does the light change the phase of thelectron?

There are many examples of an observer changing the result of a @atum experiment. Indeed, it
is held that when a state is observed, its wave function collapses intthe state \seen". In this case,
all we had to do is turn on the light. We didn't have to look.

Finally, we will do a two slit diraction experiment with bullets . We must make slits big
enough for the bullets to pass through.
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No matter what distance between the slits we choose, weever observe di raction for the bullets.
They always give the P, + P, pattern (probably di erent for the bullets). Can you explain this?
The bullet's wavelength is much much smaller than the actual size of tle bullet.

Why didn't we see di raction for the bullets. Bullets are macroscopic objects with huge momenta
compared to individual particles. High momentum implies a small deBrodje wavelength. So to see
di raction, we must make the distance between the slits much smallerthan we did for the photons
(perhaps 1G° times smaller). But bullets are also big. They only t through big slits wh ich
must them be further apart than the slits used for photons. For hullets, the wavelength is tiny
compared to any slit a bullet would t through . Therefore no bullet di raction is possible.

Feynman Lectures on Physics, Vol. Il Chapter 1

3.6 Examples
3.6.1 Intensity Distribution for Two Slit Di raction *

Derive the location of the nodes in the di raction pattern from two n arrow slits a distanced apart.
Now try to compute the intensity distribution.

This is an in lab exercise

3.6.2 Intensity Distribution for Single Slit Di raction *

Derive the location of the nodes in the diraction pattern from one slit of width a. Now try to
compute the intensity distribution for single slit di raction.

This is an in lab exercise
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3.7

1.

Sample Test Problems

What is the deBroglie wavelength of an electron with 13.6 eV of kinett energy? What is the
deBroglie wavelength of an electron with 10 MeV of kinetic energy?

Answer

13.6 eV is much less tharmc? = 0:511MeV so this is non-relativistic.

p2
= = 136
2m
p’c? .
o 13:6

pc = © 2mc(136)

2h_2hc_ =~ 2hc

pc ' 2mc2(13:6)
2 (1973eVA)

" 2(0511 10° eV)(13:6 eV)

10 MeV is much bigger than mc? for an electron so it is super-relativistic and we can use
E = pc
_ 2 hc _ 2 (197:3) MeV F)

pc 10MeV 120F

. What is the DeBroglie wavelength for each of the following particle® The energies given are

the kinetic energies.

a) a 10 eV electron
b) a 1 MeV electron
c) a 10 MeV proton

. A 2 slit electron di raction experiment is set up as (not) shown below. The observed electron

intensity distribution is plotted in the gure. Now an intense light sour ce is introduced near the
two slits. With this light, it can be "seen" which slit each electron goes through. Qualitatively
plot the new electron intensity distribution from each slit and from th e 2 slits combined. What
is the condition on the wavelength of the light for this e ect to occur?

. What is the DeBroglie wavelength for each of the following particle® The energies given are

the kinetic energies.

a) aleV electron
b) a 10* MeV proton

. What K.E. must a Hydrogen atom have so that its DeBroglie wavelergth is smaller than the

size of the atom? (Factors of 2 are not important.)

Calculate the DeBroglie wavelength for (a) a proton with 10 MeV kinetic energy, (b) An
electron with 10 MeV kinetic energy, and (c) a 1 gram lead ball moving vith a velocity of 10
cm/sec (one erg is one gram criisec?). Be sure to take account of relativity where needed.
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4 The Solution: Probability Amplitudes

For EM waves , the intensity, and hence the probability to nd a photon, is propor tional to the
square of the elds. The elds obey the wave equation. The elds from two slits can add construc-
tively or destructively giving interference patterns. The E and B elds are 90 degrees out of phase
and both contribute to the intensity.

We will use the same ideas for electrons , although the details of the eld will vary a bit because
electrons and photons are somewhat di erent kinds of particles. Br both particles the wavelength
is given by

heRi=2

and the frequency by
E=h =h!

We will use a complex probability amplitude (x;t) for the electron. The real and imaginary
parts are out of phase like the EM elds. The traveling wave with momentum p and energyE then
is
(x;t) | ekx 1) = gi(px EO=h
The probability to nd an electron is equal to the absolute squar e of the complex probability
amplitude.
P(xt)=] (xt)j?

(We will overcome the problem that this probability is 1 everywhere for our simple wavefunction.)

We have just put in most of the physics of Quantum Mechanics. M uch of what we do
for the rest of the course will be deduced from the paragraph a bove. Our input came
from deBroglie and Plank, with support from experiments.

Lets summarize the physics input again.

Free particles are represented by complex wave functions with a tationship between their par-
ticle properties { energy and momentum, and their wave propertieq frequency and wavelength
given by Plank and deBroglie.

The absolute square of the wavefunction gives the probability distibution function. Quantum
Mechanics only tells us the probability.

We can make superpositions of our free particle wave functions to ake states that do not
have de nite momentum. We will nd that any state can be made from the superposition of
free particle states with di erent momentum.

We now have a wave-particle duality for all the particles, however,physics now only tells us
the probability  for some quantum events to occur. We have lost the complete préctive power of
classical physics.

Gasiorowicz Chapter 1

Rohlf Chapter 5
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Griths 1.2, 1.3

Cohen-Tannoudji et al. Chapter

4.1 Derivations and Computations
4.1.1 Review of Complex Numbers

This is a simple review, but, you must make sure you use complex numlg correctly. One of the
most common mistakes in test problems is to forget to take the comigx conjugate when computing
a probability.

A complex number c= a+ ib consists of a real parta and an imaginary part ib. (We choosea and
bto be real numbers.)i is the square root of -1.

The complex conjugate ofcisc = a ib. (Just change the sign of all thei.)

The absolute square of a complex number is calculated by multiplying it ly its complex conjugate.
jg?=cc=(a ib)(a+ib)= a’+iab iab+ b= a’+ ?
This give the magnitude squared of the complex number. The absolé square is always real.

We will use complex exponentials all the time.

€ = cos +isin

e’ = cos isin

You can verify that the absolute square of these exponentials is alays 1. They are often called a
phase factor.

. . i i
We can write sin = £ 2;3 and cos = & +ze

As with other exponentials, we can multiply them by adding the exponents.

ikx it

k% @ — ai(kx 1)

4.1.2 Review of Traveling Waves

A normal traveling wave may be given by

coskx !t):

The phase of the wave goes through 2in one wavelength inx. So the wavelength satis es

k =2
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Similarly the phase goes through 2 in one period in time.

I =2

I is the angular frequency. It changes by 2 every cycle. The frequency increases by 1 every cycle
e
1 =2

There is no reason to memorize these equations. They should be dbus.

Lets see how fast one of the peaks of the wave moves. This is calleket phase velocity. At time
t = 0, there is a peak at x = 0. This is the peak for which the argument of cosine is 0. At time
t =1, the argument is zero whenkx = !t orat x = IF If we compute the phase velocity by taking
—4, we get '

Vphase = E
That is, one of the peaks of this wave travels with a velocity of!r.

! 2
V=T —

In non-relativistic QM, we have hk = p, E = h! ,and E = % o)

E _ h%? _ hk?
| = - = — = —
H(K) h  2mh 2m
You may remember that a pulse will move at the group velocity which is gven by

d_2hk _hk _ p.

T gk Tzm T m om

(The phase velocity for the non-relativistic case isv, = %.)

4.2 Sample Test Problems

1. Write down the two (unnormalized) free particle wave functions for a particle of kinetic energy
E. Include the proper time dependence and expressions for oth@onstants in terms of E.
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5 Wave Packets

Gasiorowicz Chapter 2
Rohlf Chapters 5
Gri ths Chapter 2

Cohen-Tannoudji et al. Chapter

5.1 Building a Localized Single-Particle Wave Packet

We now have a wave function for afree particle with a de nite momentum p
(x;t) = gPx E=h = @il 1)
where the wave numberk is de ned by p = hk and the angular frequency! satises E = h! . ltis
not localized sinceP (x;t) = j (x;t)j? = 1 everywhere.
We would like a state which is localized andnormalized to one particle

2
(x;t) (xt)dx =1

To make awave packet which is localized in space , we must add components of di erent wave
number. Recall that we can use a Fourier Series (See section 5.6.1p tompose any functionf (x)
when we limit the rangeto L <x<L . We do not want to limit our states in x, so we will take the

limtthat L!1 . In that limit, every wave number is allowed so the sum turns into an integral.
The result is the very closely related Fourier Transform (See sectio 5.6.2)
!

f(x)= 912: A(k)e* dk
1
with coe cients which are computable,
1 2 ;
A(k) = P f (x)e ™ dx:
1

The normalizations of f (x) and A(k) are the same (with this symmetric form ) and both can
represent probability amplitudes.
2 2
f (x)f (x)dx = A (k)A(k)dk

We understand f (x) as awave packet made up of de nite momentum terms € . The coe cient
of each term isA(k). The probability for a particle to be found in a region dx around some value of
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x is jf (x)j?dx. The probability for a particle to have wave number in region dk around some value
of k is jA(k)j2dk. (Remember that p = hk so the momentum distribution is very closely related. We
work with k for a while for economy of notation.)

5.2 Two Examples of Localized Wave Packets
Lets now try two examples of a wave packet localized in k and properly normalized att = 0.

1. A\square" packet: A(k) = pl—a forko % <k<k o+ % andO elsewhere.

2. A Gaussian packetA(k) = Z- Tte (k ko),

These are both localized in momentum aboutp = hkp.

Check the normalization of (1).

2 kg+ 5
jA(K)j2dk =

Check the normalization of (2) using the result for a de nite integral of a Gaussian (See section

R —
5.6.3) dxe &° = P 3
1
p! r—2 r—r
AMRdk= 2 e 20 k) ge= 2 ;=1
1 1
So now we take the Fourier Transform of (1) right here.
2 kg* %
— 1 ikx - 1 1 ikx
f(x) = p? A(k)e™ dk = p?p—a e"* dk
1 ko %h .
1 1 . ket 2 1 1. . )
f — - - ikx 0 g - - - ik o X iax= 2 jax= 2
(x) pglx e 3 pﬂlxre e e
h i - inax
_ 101 jox oo @ @ g, 2sin S
f(x) = pﬁixe 2i sin > = 3 e =

Note that zsmaxj is equal to 1 atx = 0 and that it decreases from there. If you square this,

it should remind you of a single slit diraction pattern! In fact, the sin gle slit gives us a square

localization in position space and the F.T. is thiss”‘xﬂ function.

The Fourier Transform of a Gaussian (See section 5.6.4) wave padké(k) = 2- e (k ko)’ jg
1=4 )

f(x)= ZL gkoxe i~
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also a Gaussian. We will show later that a Gaussian is the best one carmdo localize a particle in
position and momentum at the same time.

In both of these cases of (x) (transformed from a normalized A(k) localized in momentum space)
we see

A coe cient which correctly normalizes  the state to 1,
ekox f a wave corresponding to momentum hko,

and a packet function which islocalized in x.

We have achieved our goal of ndingstates that represent one free particle . We see that we can
have states which are localized both in position space and momentunpace. We achieved this by
making wave packets which are superpositions of states with de nié momentum. The wave packets,
while localized, have some width inx and in p.

5.3 The Heisenberg Uncertainty Principle

The wave packets we tried above satisfy amncertainty principle which is a property of waves
Thatis k x 1.
2

For the \square" packet the full width in kis k= a. The width in x is a little hard to de ne, but,

lets use the rst node in the probability found at & = or x = 2_. So the width is twice this or

4 o i a’
x = . This gives us

k x=4

which certainly satis es the limit above. Note that if we change the width of A(k), the width of
f (x) changes to keep the uncertainty product constant.

For the Gaussian wave packet, we can rigorously read th&MS width of the probability distri-
bution as was done at the end of the section on the Fourier Transform of &aussian (See section
5.6.4).

p_

-
K a

We can again see that as we vary the width in k-space, the width in x-gace varies to keep the
product constant.

1
x k= E
The Gaussian wave packet gives the minimum uncertainty . We will prove this later.
If we translate into momentum p = hk, then
p=h k:

So the Heisenberg Uncertainty Principle states.
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. N
P 2

It says we cannot know the position of a particle and its momentum atthe same time and tells us
the limit of how well we can know them.

If we try to localize a particle to a very small region of space, its momatum becomes uncertain. If
we try to make a particle with a de nite momentum, its probability distr ibution spreads out over
space.

5.4 Position Space and Momentum Space

We can represent a state with either (x) or with  (p). We can (Fourier) transform from one to the
other.

We have the symmetric Fourier Transform.

1 2 :
f(x) = p=— A(k)e™dk
2 1
2
Ak) = 912: f(x)e " dx

1

When we change variable fromk to p, we get the Fourier Transforms in terms of x and p.

2

(9= p— (e "dp
1

(m=p%ﬁ (x)e P="dx

1

These formulas are worth a little study. If we de ne uy(x) to be the state with de nite momen-
tum p, (in position space) our formula for it is

1 .-
Up(X) = p—=gP=h:
p(X) Pﬂ

Similarly, the state (in momentum space) with de nite position X is
w(p) = po—e P
2 h

These states cannot be normalized to 1 but they do have a normalizeon convention which is satis ed
due to the constant shown.
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Our Fourier Transform can now be read to say that weadd up states of de nite momentum
to get (x)
2

(x) = (P up(x)dp
1

and we add up states of de nite position to get (p).

2
(p) = (X)vx (p)dx

There is a more abstract way to write these states. Using the notaon of Dirac, the state with
de nite momentum po, Upo(x) = P2—€P*=" might be written as

ipoi
and the state with de nite position x1, vx1(p) = p3—e P*+=" might be written

jXai:

The arbitrary state represented by either (x) or (p), might be written simple as

joi:

The actual wave function (x) would be written as
(X)=hj i:
This gives us the amplitude to be atx for any value of x.

We will nd that there are other ways to represent Quantum states. This was a preview. We will
spend more time on Dirac Bra-ket notation (See section 6.4) later.

5.5 Time Development of a Gaussian Wave Packet *

So far, we have performed our Fourier Transforms at = 0 and looked at the result only at t = 0.
We will now put time back into the wave function and look at the wave packet at later times. We
will see that the behavior of photons and non-relativistic electronsis quite di erent.

Assume westart with our Gaussian  (minimum uncertainty) wavepacket A(k) = e (k ko)* gt
t =0. We can do the Fourier Transform to position space, including thetime dependence.

2
(xt)y= Akl 1Y dk
1

We write explicitly that ! depends onk. For our free particle, this just means that the energy

depends on the momentum. For a photon,E = pc, soh! = hke, and hence! = kc. For an
P 2
non-relativistic electron, E = £-, soh! = % and hence! = %
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To cover the general case, lets expand (k) around the center of the wave packet in k-space.

d! 1 d?!

=)+ g (k)G s (K ko)

Kk
We anticipate the outcome a bit and name the coe cients.

L(k)= 1o+ vg(k ko)+ (k Ko)?
For the photon, vg = cand = 0. For the NR electron, vg = hr']‘q—O and = S
Performing the Fourier Transform (See section 5.6.5), we get

r (x v t)z
ei(kox ! ot) eﬁ

X;t -
(x;t) i
(x th)z

p:ez( + ‘):
2+ 212

i ()i

We see that the photon will move with the velocity of light and that the wave packet will not
disperse, because = 0.

For the NR electron, the wave packet moves with the co&rectgroup velocity , vg = % but the

wave packetspreads with time . The RMS width is = 2+ Zh—r; 2,

A wave packet naturally spreads because it contains waves of di ent momenta and hence di erent
velocities. Wave packets that are very localized in space spread ragly.

5.6 Derivations and Computations
5.6.1 Fourier Series *

Fourier series allow us toexpand any periodic function on the range ( L;L), in terms of sines
and cosines also periodic on that interval.

R
n x . nx
f(x)= A,cos — + B,sin —
L L
n=0 n=1
Since the sines and cosines can be made from the complex exponel#jave can equally well use
them for our basis for expansion. This has the nice simpli cation of haing only one term in the

sum, using negativen to get the other term.

X inx
f(x) = ane t
n=1

The exponentials are orthogonal and normalized over the intervalas were the sines and cosines)
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so that we can easily compute the coe cients.

1ZL i
an=I f(x)e T dx
L

In summary, the Fourier series equations we will use are

in x

f(x) = apet
n=1
and
1 2 i
= = f(x)e T dx:
an = o (x)et
L
We will expand the interval to in nity.
5.6.2 Fourier Transform  *
To allow wave functions to extend to in nity , we will expand the interval used
L!1

As we do this we will use the wave number

n
k= —:
L

AsL!1 : kcantake on any value, implying we will have a continuous distribution ofk. Our sum
over n becomes an integral ovek.

dk = Edn:

q_
If we de ne A(k)= 2La,, we can make the transform come out with the constants we want.

P inx . .
f(x) = anet Standard Fourier Series
n=1
an = % f(x)e T—dx Standard Fourier Series
L
q Y in x
Ap= 2L} f(x)e Tt dx rede ne coe cient
L
R in x
An = p=  f(x)emt dx
L
f(x)= P St Ane™t— f stays the same
n=1
p- R .
f(x)= PS5 A(k)ek* Ldk but is rewritten in new A and dk
1
R .
f(x)= 912= A(k)e* dk result
1

Ak)= p=  f(x)e ™ dx result
1
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This is just the extension of the Fourier series to allx.
If f(x) is normalized, then A(k) will also be normalized with this (symmetric) form of the Fourier

Transform. Thus, if f (x) is a probability amplitude in position-space, A(k) can be a probability
amplitude (in k-space).

5.6.3 Integral of Gaussian

This is just a slick derivation of the de nite integral of a Gaussian from minus in nity to in nity.
With other limits, the integral cannot be done analytically but is tabula ted. Functions are available
in computer libraries to return this important integral.

The answer is

2 r —
dxe " = _
a
1
De ne
2
2
| = dxe
1
Integrate over both x and y so that
2 2 2 2
12 = dxe ®°  dye & = dxdy e aC<+y).
1 1 1 1
Transform to polar coordinates.
2 2 1
12=2 rdre @° = dr3)e @° = loar  __
a 0 a
0 0

Now just take the square root to get the answer above.

A r _
_@ dx e aXZ_ _@ _
@a @a a

1
A r _
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5.6.4 Fourier Transform of Gaussian *

We wish to Fourier transform the Gaussian wave packet in (momentum) k-space A(k) =
2 e (k ko)? 1o get f (x) in position space. The Fourier Transform formula is

1=4 4

2 e (K ko)’ gk g

1
f(x)= F’?
1

Now we will transform the integral a few times to get to the standard de nite integral of a Gaussian
for which we know the answer. First,

k°= k ko
which does nothing really sincedk®= dk.
1=4 2
f(x) = — gk ox e (k ko)?di(k ko)xgg
1
_ 2
f(x) = Tl e KTk

Nowo(\éve want to complete the square in the exponent inside the integral. We plan a term like
e ¥ sowe dene

ko= ko X
2
Again dk%= dk®= dk. Lets write out the planned exponent to see what we are missing.
. 2 2
iX X
KO = = K%+ ik&+
2 ! 4

XZ .
We need to multiply by e 4~ to cancel the extra term in the completed square.

1=4 ik o X Z‘ (kO ix )Z x2 0
- 0 5 —
f(x)= 573 e e 2 ) e adk
1

That term can be pulled outside the integral since it doesn't depend a k.

124 kox o X2 2 k °® 1 00
— 0 i
f(x)= >3 ehoXe 3 e dk

1

So now we have the standard Gaussian integral which just gives u% —.

1=4 = 2
_elk 0Xg =

F()

N
w

1=4 ,
eik oX e :(1—

f(x)

1
2



109

Lets check the normalization
2 r— 2 r
iffdx= = e Fdx= L
J J 5 >
1 1

p

<

2 =1

"l

Given a normalized A(k), we get a normalizedf (x).

The RMS deviation, or standard deviation of a Gaussian can be readrém the distribution.

(x_x)?
o X)7

P(X): pzl—e 2

2

Squaring f (x), we get r

1 x2
P(x)= -—e 7
0= 3
Reading from either the coe cient or the exponential we see that
_P-

X

For the width in k-space, ro

P)= 2o 2 (k ko,

Reading from the coe cient of the exponential, we get

k:p4:-

We can see that as we vary the width in k-space, the width in x-spacevaries to keep the product
constant.

1
x k= 3
Translating this into momentum, we get the limit of the Heisenberg Uncertainty Principle
_h
X p~ E
In fact the Uncertainty Principle states that
h
X p 5

so the Gaussian wave packets seem to saturate the bound!

5.6.5 Time Dependence of a Gaussian Wave Packet *

Assume we start with our Gaussian (minimum uncertainty) wavepaclet A(k) = e (k ko® att = 0.
We are not interested in careful normalization here so we will drop costants.

2
(xt)y= Akl 1Y dk
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We write explicitly that w depends onk. For our free particle, this just means that the energy
depends on the momentum. To cover the general case, lets expén (k) around the center of the
wave packet in k-space.

1!
2dk?

We anticipate the outcome a bit and name the coe cients.

P(k) =1 (ko) + 3_!kjko(k ko) + ko (K ko)?

L(k)= 1o+ vg(k ko)+ (k Ko)?

We still need to do the integral as before. Make the substitutionk®= k ko giving A(k%) = e ¥ “.
Factor out the constant exponential that has no k® dependence.

2
(xt) = g (kox wot) A(k())ei(kox vot) g ik @t dk®
1
2
(xt) = gl (kox wot) e kmei(kox vet) g ik @t dk®
1
2
(x;t) = g (kox wot) el it ]kmei(kox vgt) g0
1
We now compare this integral to the one we did earlier (so we can avoid the work of completing
the square again). Dropping the constants, we had
Z. 2
f(x) = gk ox e kPak’xqko= gkoxg 3=

1

Our new integral is the same with the substitutions  kox ! kox !ot, k% ! kqx vg4t), and
I ( +it). We can then write down the answer

r

(x th)z

(x;t) = __ gkox tol) g1
+ It
i (x1)j2 ' ' (x_vgn? _(x vgn?
J X, J = - - eA( +|t)eA( it )
+ It It
(x th)2
i D)2 = pe————ex 7* D)

2+ 2(2

5.6.6 Numbers

The convenient unit of energy (mass and momentum too) is the elecon volt.

leV =1:602 10 2 erg=1:602 10 *° Joule
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Use the ne structure constant to avoid CGS units which are used inthe textbook.

e?
= oo =1=137

This combination saves a lot of work.
hc =1973 eVA = 197:3MeVF
1A=1:0 10 °m
1Fermi=1:0 10 ®m
The Bohr radius gives the size of the Hydrogen atom.

h
ap = =0:529 10 *m
e

m, = 938:3MeV=c¢’

mn = 939:6MeV=’

me = 0:511MeV=c’
5.6.7 The Dirac Delta Function
The Dirac delta function is zero everywhere except at the point w here its argument is
zero. At that point, it is just the right kind of in nity so that

2

dx f (x) (x)=f(0):
1
This is the de nition of the delta function. It picks of the value of the function f (x) at the point
where the argument of the delta function vanishes. A simple exterisn of the de nition gives.
2
dxf(x) (x a)=f(a)

The transformation of an integral allows us to compute
2 " #
1
dxf(x) (gx) = —5=f(x)
1 ol g0

the e ect of the argument being a function.

If we make a wave packet in p-space using the delta function, and wiransform to position space,
2

1 . 1 -
X) = e|px— h dp = elp ox=h
(x) P—ﬂ l (P po) p P—ﬂ

we just get the state of de nite p.

This is a state of de nite momentum written in momentum space. (p  po)
Its Fourier transform is  p(x;t) = p% g (px Et)=h
This is a state of de nite position written in position space. (X Xp)



112
5.7 Examples
5.7.1 The Square Wave Packet

Given the following one dimensional probability amplitude in the position variable x, compute the
probability distribution in momentum space. Show that the uncertainty principle is roughly satis ed.

1
x)= p=
2a
for a<x<a, otherwise (x)=0.
Its normalized.
A Za 1
dx = —dx =1
X %A X
1 a
Take the Fourier Transform.
Za
(k) = 91: plze k dx
2 2a
a
_ 11 g 0
k) = Pﬁ ik € .
1 . .
k — P e ika e|ka
(k) ik 4a "
K) = —p—[ 2isinkaj= —~Snka)
ik 4a k

Now estimate the width of the two probability distributions.

X=2a
o 1 sin?(ka)
2__
j (Kj°= —
k:2_
a
x k=4

5.7.2 The Gaussian Wave Packet *

Given the following one dimensional probability amplitude in the position variable x, compute the
probability ollistribuztion in momentum space. Show that the uncertainty principle is roughly satis ed.
() =(-)Fe x"=
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5.7.3 The Dirac Delta Function Wave Packet *

Given the following one dimensional probability amplitude in the position variable x, compute the
probability distribution in momentum space. Show that the uncertainty principle is roughly satis ed.
(x)= (x Xo)

5.7.4 Can | \See" inside an Atom

To see inside an atom, we must use light with a wavelength smaller thanhe size of the atom. With
normal light, once a surface is polished down to the .25 micron level, it loks shiny. You can no

longer see defects. So to see inside the atom, we would need light with= % =0:1A.

_ 2h
P = 01
2 hc 2 1973
pc = o1 - o1 =120000 eV

This is more than enough kinetic energy to blow the atom apart. You @n't \see" inside.

A similar calculation can be made with the uncertainty principle.

. n

P 2

hc

(p9 x >

hc

2 X

E NC 10000V
2(0:1A)

The binding energy is 13 eV, so this will still blow it apart.
So we can't \watch" the inside of an atom.

We can probe atoms with high energy photons (for example). Theswill blow the atoms apart, but
we can use many atoms of the same kind. We learn about the internadtructure of the atoms by
scattering particles o them, blowing them apart.

5.7.5 Can | \See" inside a Nucleus

In a similar fashion to the previous section,E Z(O*j—ch) =1000 MeV:
The binding energy per nucleon is a few MeV, so, we will also blow nucleigart to look carefully

inside them. We again can just use lots of nuclei to allow us to learn abat internal nuclear structure.
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5.7.6 Estimate the Hydrogen Ground State Energy

The reason the Hydrogen atom (and other atoms) is so large is thessentially uncertainty principle.
If the electron were con ned to a smaller volume, p would increase, causingp to increase on
average. The energy would increase not decrease.

We can use the uncertainty principle to estimate the minimum energy ér Hydrogen. This is not a

perfect calculation but it is more correct than the Bohr model. The idea is that the radius must be
larger than the spread in position, and the momentum must be largethan the spread in momentum.

This is our formula for the potential energy in terms of the dimensioress ne structure constant

e hc
Vin= —= —
Lets estimate the energy
P he
T 2m
and put in the e ect of the uncertainty principle.
pr = h
P> hep
E = L .
2m h
p2
E = LA
2m cp

dee_ p _
@® - om c =0
p = mc
2 2 2 2
E = r2nc 2me2 = r2nc - 136eV

Note that the potential energy is just (-2) times the kinetic energy (as we expect from the Virial
Theorem). The ground state energy formula is correct.

We can also estimate the radius.
h h hc _ 1973VA(137) _

=0 e T mcz- sioomv 0P

The ground state of Hydrogen has zero (orbital) angular momentun. It is not moving in a circular
orbit as Bohr hypothesized. The electron just has a probability distibution that is spread out over
about 1 A. If it were not spread out, the energy would go up.
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5.8 Sample Test Problems

1. Anucleus has a radius of 4 Fermis. Use the uncertainty principle te@stimate the kinetic energy
for a neutron localized inside the nucleus. Do the same for an electno
Answer

p x h
pr h
Try non-relativistic formula rst and verify approximation when we h ave the energy.

P h? _ (hc)2 _ (197:3MeV F)?

= = 1:3VeV
2m ~ 2mr2 _ 2mcr2 | 2(940MeV)(4F )2 ©

This is much less than 940 MeV so the non-relativistic approximation is ery good.

The electron energy will be higher and its rest mass is only 0.51 MeV so WILL be relativistic.
This makes it easier.

pr h

_ hc _ 197.3MeVF
r

E = pc = =777 50MeV

4F

2. * Assume that the potential for a neutron near a heavy nucleus is gign by V(r) = 0 for
r> 5 Fermis andV(r) = Vp for r < 5 Fermis. Use the uncertainty principle to estimate the
minimum value of Vy needed for the neutron to be bound to the nucleus.

3. Use the uncertainty principle to estimate the ground state enegy of Hydrogen.
Answer

p x h
pr h
B -
E_Zm r - 2m nP

(We could have replacedp equally well.) Minimize.

€= hc
1
2

4. * Given the following one dimensional probability amplitudes in the position variable x, com-
pute the probability distribution in momentum space. Show that the u ncertainty principle is
roughly satis ed.
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10.

11.

12.

13.

14.

15.

16.
17.

a (x)= p% for a<x<a, otherwise (x)=0.

b ()=(-)ie *'=

c (x)= (x xo)

. Use the Heisenberg uncertainty principle to estimate the groundstate energy for a particle of

massm in the potential V(x) = %kxz.

. * Find the one dimensional wave function in position space (x) that corresponds to (p) =

(P Po).

. * Find the one dimensional wave function in position space (x) that corresponds to (p) =

pifor b<p<b,and (p)=0 otherwise.

. * Assume that a patrticle is localized such that (x) = 91—5 forO<x<a andthat (x)=0

elsewhere. What is the probability for the particle to have a momentun betweenp and p+ dp?

. A beam of photons of momentump is incident upon a slit of width a. The resulting di raction

pattern is viewed on screen which is a distance from the slit. Use the uncertainty principle
to estimate the width of the central maximum of the di raction patt ern in terms of the variables
given.

* The wave-function of a particle in position space is given by (x) = (x a). Find the
wave-function in momentum space . Is the state correctly normalized? Explain why.

* A particle is in the state (x) = Ae * *=2_ What is the probability for the particle to have
a momentum betweenp and p + dp?

A hydrogen atom has the potentialV (r) = r—ez Use the uncertainty principle to estimate the
ground state energy.

* Assume that (p) = p% for jpj <a and (p) = 0 elsewhere. What is (x)? What is the
probability to nd the particle between x and x + dx?

The hydrogen atom is made up of a proton and an electron boundbgether by the Coulomb

potential, V(r) = r—ez It is also possible to make a hydrogen-like atom from a proton and
a muon. The force binding the muon to the proton is identical to that for the electron but

the muon's mass is 106 MeV/é. Use the uncertainty principle to estimate the energy and the
radius of the ground state of muonic hydrogen.

* Given the following one dimensional probability amplitudes in the momentum representa-
tion, compute the probability amplitude in the position representation, (x). Show that the
uncertainty principle is satis ed.

@ (p)=s=for a<p<a, (p)=0 elsewhere.

(b) (= (P Po)

(© (p)=(-)re P2
* Assume that (p)= (p po). Whatis (x)? What is <p?>? Whatis <x2>?



117
6 Operators

Operators will be used to help us derive a di erential equation that our wave-functions must satisfy.
They will also be used in almost any Quantum Physics calculation.

An example of a linear operator (See section 7.5.1) is a simple di erentiaoperator like g(, which
we understand to di erentiate everything to the right of it with res pect to x.

6.1 Operators in Position Space

To nd operators for physical variables in position space, we will lookat wave functions with de nite
momentum. Our state of de nite momentum pg (and de nite energy Eyp) is

1 i -
Upo(X; t) = pﬁe'("ox Eot)=h.

We can build any other state from superpositions of these statessing the Fourier Transform.

2
(x;t) = (P) up(x;t)dp

6.1.1 The Momentum Operator

We determine the momentum operator by requiring that, when we operate with p§°p)

we getpo times the same wave function.

on Upo(X; t),

PP Upo(X;t) = PoUpo(X;t)

This means that for these de nite momentum states, multiplying by p§°p) is the same as multiplying

by the variable p. We nd that this is true for the following momentum operator

g = N @
i @x

We can verify (See section 6.6.1) that this works by explicit calculation

If we take our momentum operator andact on a arbitrary state

A A
plP) (x;t) = ptoP) (P) up(x;t)dp = (P) P up(x;t)dp
1 1

it gives us the right p for each term in the integral. This will allow us to compute expectation values
for any variable we can represent by an operator.
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6.1.2 The Energy Operator

We can deduce and verify (See section 6.6.2) thenergy operator in the same way.

@

(op) = iKW =
E Ih@t

6.1.3 The Position Operator

What about the position operator , x(°P)? The answer is simply

x(0P) = x

when we are working inposition space with upo(x;t) = p1—€Pex FoU=" (as we have been above).

6.1.4 The Hamiltonian Operator

We can develop other operators using the basic ones. We will use thdamiltonian operator
which, for our purposes, is the sum of the kinetic and potential enggies. This is the non-relativistic
case.
p?
H=_—+V(x
om T V()

Hom o N @
2m @2

+ V(x)

Since the potential energy just depends orx, its easy to use. Angular momentum operators will
later be simply computed from position and momentum operators.

6.2 Operators in Momentum Space

If we want to work in momentum space , we need to look at the states of de nite position to nd
our operators. The state (in momentum space) with de nite position xg is

1 R
VXO(p): pﬂe I o=h

The operators are

x(oP) = ih—@
@p
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and
poP) = p:

The (op) notation used above is usually dropped. If we see the variablp, use of the operator is
implied (except in state written in terms of p like (p)).

Gasiorowicz Chapter 3
Gri ths doesn't cover this.

Cohen-Tannoudji et al. Chapter

6.3 Expectation Values

Operators allow us to compute the expectation value of some physscquantity given the wavefunc-
tion. If a particle is in the state (x;t), the normal way to compute the expectation value of
f(x)is

2 2

H(x)i = P (x)f (x)dx = (x) OOf (x)dx:
1 1
We can move thef (x) between just before anticipating the use of linear operators.

2
H(x)i = x) f(x) (x)dx

If the variable we wish to compute the expectation value of (likep) is not a simple function of x, let
its operator act on (x). The expectation value of p in the state is

A
bpi = h jpj i= ()P (x)dx

The Dirac Bra-ket notation (See section 6.4) shown above is a conmient way to represent the
expectation value of a variable given some state.

* See Example 6.7.1:
rk

For any physical quantity v, the expectation value ofv in an arbitrary state s

2
hijvj i= (x)vP  (x)dx
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The expectation values of physical quantities should be rea l.
Gasiorowicz Chapter 3
Gri ths Chapter 1

Cohen-Tannoudji et al. Chapter

6.4 Dirac Bra-ket Notation

A state with de nite momentum p. jpi
A state with de nite position X. jXi
The \dot product” between two abstract states 1 and ».

A
h4j 20 = 1 20X

This dot product projects the state , onto ; and represents the amplitude to go from , to ;.

To nd the probability amplitude for our particle to by at any position x, we dot the state of de nite
X into our state . (x)= hxj i

To nd the probability amplitude for our particle to have a momentum p, we dot the state of de nite
X into our state . (p)= hpj i

6.5 Commutators

Operators (or variables in quantum mechanics) do not necessarilyammute. We can see our rst
example of that now that we have a few operators. Wele ne the commutator to be

[p;x]  px  xp

(using p and x as examples.)

We will now compute the commutator betweenp and x. Becausep is represented by a di erential
operator, we must do this carefully. Lets think of the commutator as a (di erential) operator too, as
generally it will be. To make sure that we keep all theg( that we need, we will compute p;x] (x)
then remove the (x) at the end to see only the commutator.

P () = PX () (0= Tox (0 Xpo ()

X
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h h

So, removing the (x) we used for computational purposes, we get the commutator.

[p;x] = IE

Later we will learn to derive the uncertainty relation for two variable s from their commutator.
Physical variable with zero commutator have no uncertainty principle and we can know both of
them at the same time.

We will also use commutators to solve several important problems.

We can compute thesame commutator in momentum space

Ldo d d . _
[p-lh%] =ih paa d_pp =ih( )=
h
i

[p; x]

[p; X]

The commutator is the same in any representation.
* See Example 6.7.2: *
* See Example 6.7.3: *

* See Example 6.7.4: *
* See Example 6.7.5: *

Gasiorowicz Chapter 3
Gri ths Chapter 3

Cohen-Tannoudji et al. Chapter

6.6 Derivations and Computations

6.6.1 Verify Momentum Operator

1 . _ h@ 1 _
(Op)p_e'(POX Eot)=h — - = —_gl(pox Eot)=h
P 2 h i @>J 2 h

1_hino

) _ 1 ’ _
= g (Pox Eot)=h _ — ¢l(pox Eot)=h
2 hi h PP
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6.6.2 Verify Energy Operator
EOMg L gox Eashz p 1 i foei(pox Eot)=h
2 h

2 h
1 _
= E _el(poX Eot)=h
"2 h

6.7 Examples
6.7.1 Expectation Value of Momentum in a Given State

= H Xz . .
A particle is in the state  (x) = > 174 gkoxg 5=, What is the expectation value of p?

We will use the momentum operator to get this result.

yA
tpi = hjp i= ()P (x)dx
1
2 1=4 1=4
= Zi e koxe 4_2?@@)( Zi ghoxe dx
1
= A
1 =2 h ik ox @ ik o X
= = 1 2 £
5 . e More I gt e Fdx
1=2, 2
= Zi IE e Koxg ¥ jkgekoxe ¥ gkoxe ¥ dx
1
= Z.
= ilzh |ke§_2 2—Xe§_2 dx
-2 i 0 4

ikoe z dx

h 2
hjpj i T

1=2
! hkop 2 = hko

hjpj i
Excellent.

6.7.2 Commutator of E and t

Again use the crutch of keeping a wave function on the right to avoidmistakes.

@ . @

[E;t] (x;t) = ih@% tlh@t

(xt)
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ih (x;t)+ iht@’—;@t iht@@t

(xt)

ih (xt)

Removing the wave function, we have the commutator.

[E;t] = ih

6.7.3 Commutator of E and x

Again use the crutch of keeping a wave function on the right to avoidmistakes.

[E;x] (xt) = ih@@%( xih@@t (x;1)
. e @ 4y =
= |hx@t |hx@t (x;t)=0
Since ¥=0.

6.7.4 Commutator of pand x"

We can use the commutator p;x] to help us. Remember thatpx = xp +[p; X].

n an

n 1

[p;x"] = px
= (px)x x"p
= xpx" 1+[p;x]x x"p
= x(E)X" 2+ [p;xIx" t x"p
= x%px" 24 x[pxx" 2+ [pixx" T x"p

n 1

= xX%px" Z2+2[p;x]x" 1 x"p
= x°px" P+3pxx" 1 x"p
= x"p+npixx" T x"p

= nlpxx" 1= nihxn !

It is usually not wise to use the dierential operators and a wave furction crutch to compute
commutators like this one. Use the known basic commutators when you can. Nevertheless,
we can compute it that way.

h @ h @ h

ynp = ! n n'! — Dayn 1

X = 7@ XTex ™
pix] = Mok

It works pretty well for this particular case, but not if | have p to some power...
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6.7.5 Commutator of L, and Ly

Angular momentum is de ned by
C=+ ¢

So the components of angular momentum are

Lz = xpy YPx
Lx =yp: zpy
Ly = zpc Xp::

We wish to compute [Ly;Ly] which has all the coordinates and momenta in it.

The only operators that do not commute are the coordinates and heir conjugate momenta.

x;y]=0
[Px;py] =0
[pi;ri]= IE i

So now we just need to compute.

[Lx; Ly]

[ypz zpy;zpc  Xp:]
= [ypzizex]  [ypzixpz]l  [zpy;zpc] + [ Zpy; XP:]
= ylpz:zlpx O O+ Xx[z;p.]py

h .
= i—(ypx xpy) = ihL,

It is not necessary (or wise) to use the di erential operators anda wave function crutch to compute
commutators like this one. Use the known basic commutators when you can.

6.8 Sample Test Problems

1. The absolute square of a wave function for a free particle is giveas:
r

. N2 a
PO = T me ©

a(x vgt)?=2(a®+b?t?)

Find the expected value ofx as a function of time. Find the expected value ofx? as a function
of time. Compute the RMS x-width of this wave packet as a function d time.

2. Find the commutator [p; €k°*] whereky is a constant and the second operator can be expanded
as gkox = (ikox)" )

n!
n=0

3. Which of the following are linear operators?
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01 (x)=1= (x)

0: (0= 24
O3 (x)= x* (x)
Os (X)= (x+2a)

4. For a free particle, the total energy operator H is given byH = p?=2m. Compute the commu-
tators [H,x] and [H,p]. If a particle is in a state of de nite energy, what do these commutators
tell you about how well we know the particle's position and momentum?

5. Find the commutator [x; p3].

6. Compute the commutator [H; x?] whereH is the Hamiltonian for a free particle.

7.
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7 The Schedinger Equation

Schmdinger developed adi erential equation for the time development of a wave func tion .
Since the Energy operator has a time derivative, the kinetic energyperator has space derivatives,
and we expect the solutions to be traveling waves, it is natural to ty an energy equation. The
Schmdinger equation is the operator statement that the kinetic energy plus the potenti al
energy is equal to the total energy

7.1 Deriving the Equation from Operators

For a free particle , we have

P _
2m
h* @ L@
maer et
Lets try this equation on our states of de nite momentum
%%%eﬂpox Eot)=h — ih@@{a%ei(pox Eot)=h

The constant in front of the wave function can be removed from boh sides. Its there for normaliza-
tion, not part of the solution. We will go ahead and do the di erentiat ion.

2 .
h_ p%ei(pox Eot)=h — ih IEOei(pox Eot)=h
2m h? h

2
PO ditpox Eot)=h = di(pox Eot)=h
2m
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2
Our wave function will be a solution of the free particle Schredinger equation provided Eq = ,Lf’—r%
This is exactly what we wanted. So we have constructed an equatiothat has the expected wave-

functions as solutions. It is a wave equation based on the total engy.

Adding in potential energy, we havethe Schedinger Equation

h>@ (x;t) v @ ()
%W+V(x) (xt) = IhT
or
H (x;t)= E (x;t)
where

p2
H= —+V
om T V()
is the Hamiltonian operator.

In three dimensions , this becomes.

H (xt)= Z—rr::rz (1) + V(%) (x;t)= ih

@ (%)
@t

We will use it to solve many problems in this course.

So the Schredinger Equation is, in some sense, simply the statemefin operators) that the kinetic
energy plus the potential energy equals the total energy.

7.2 The Flux of Probability *

In analogy to the Poynting vector for EM radiation, we may want to k now the probability current
in some physical situation. For example, in our free particle solution,the probability density is
uniform over all space, but there is a net ow along the direction of the momentum.

We can derive an equation showing conservation of probability (Seeestion 7.5.2), by di erentiating

P(x;t) = and using the Schredinger Equation.
@Rxt) | @xt) _
@t @x
This is the usual conservation equation ifj (x;t) is identi ed as the probability current.
NP | @ @
j(x;t) = mi @x  @x

This current can be computed from the wave function.
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If we integrate if over some interval in X
Zb v
@Rx:t) | - @[x;t)
ot @x
a a
Zb
@

at P(x;t)dx = j(x = a;t) j(x=b;t)

a

the equation says that the rate of change of probability in an intenal is equal to the probability ux
into the integral minus the ux out.

Extending this analysis to 3 dimensions ,

@Rx;t) .
ot

r 7(rt)=0

with

h

_ h '
Jry=o— ®Yr Ky  (®YF (KDY

7.3 The Schiedinger Wave Equation

The normal equation we get, for waves on a string or on water, relges the second space derivative
to the second time derivative. The Schmdinger equation usenly the rst time derivative ,
however, the addition of the i relates the real part of the wave function to the imaginary part, in
e ect shifting the phase by 90 degrees as the 2nd derivative would a

_hz@ (x;t) @ (xt)

o W+V(X) (x;t) = ih ot

The Schmdinger equation isbuilt for complex wave functions

When Dirac tried to make a relativistic version of the equation, wherethe energy relation is a bit
more complicated, he discovered new physics.

Gasiorowicz Chapter 3
Gri ths Chapter 1

Cohen-Tannoudji et al. Chapter

7.4 The Time Independent Schedinger Equation

Second order di erential equations, like the Schmdinger Equatian, can be solved byseparation of
variables . These separated solutions can then be used to solve the problem general.
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Assume that we canfactorize the solution between time and space.
(x;t) = u(x)T(t)
Plug this into the Schredinger Equation.

h? @u(x)
m @%

FVUK) T() = mu(x)@m

Put everything that depends on x on the left and everything that depends ont on the right.

_h? @U(X) + V(x)u(x) ih@T

2m _ @t - t=E
ey T = const:

Since we have a function of onlyx set equal to a function of onlyt, they both must equal a
constant . In the equation above, we call the constantE, (with some knowledge of the outcome).
We now have an equation int set equal to a constant

@'(t) - ET()

which has a simplegeneral solution
T(t)= Ce ®=h
and an equation inx set equal to a constant

h? @u(x)
2m @R

which depends on the problem to be solved (through/ (x)).

+ V(X)u(x) = E u(x)

The x equation is often called theTime Independent Schiedinger Equation

h? @u(x)
2m @32

+ V(X)u(x) = E u(x)

Here, E is a constant. The full time dependent solution is.

(1) = u(x)e F="

* See Example 7.6.1: *

7.5 Derivations and Computations
7.5.1 Linear Operators

Linear operators L satisfy the equation
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La +b)=aL +bL

where a and b are arbitrary constants and and are arbitrary wave-functions. A multiplicative
constant is a simple linear operator. Di erential operators clearly are linear also.

An example of a non-linear operator (which we will not use) isN which has the property

N = %

7.5.2 Probability Conservation Equation *

Start from the probability and di erentiate with respect to time.

QI -2 o = & 2
Use the Schredinger Equation
2—:]2% +V(X) = ih%t
and its complex conjugate
2—::% +V() = ih%:

(We assumeV (x) is real. Imaginary potentials do cause probability not to be consered.)

Now we need to plug those equations in.

@Rx;t) _ 1 h* @ h? @
@ ihmax 'O tam a@xtV®
e é _nee @
ih2m @% @% 2mi @x @x @x

This is the usual conservation equation ifj (x;t) is identi ed as the probability current.

@Rxt) | @xt) _

@t @x
., .. h @ @
jxt) = mi @x @x
7.6 Examples
7.6.1 Solution to the Schiedinger Equation in a Constant Po tential

Assume we want to solve the Schmedinger Equation in a region in whichthe potential is constant
and equal to V. We will nd two solutions for each energy E.
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We have the equation.

2
m @ W v = (0
W e vy

Remember that x is an independent variable in the above equation whilgp and E are constants to
be determined in the solution.

For E > Vg, there are solutions
ikx

and

e ikx
if we de ne k by the equationhk = + P 2m(E V). These are waves traveling in opposite directions
with the same energy (and magnitude of momentum).

We could also use the linear combinations of the above two solutions
sin(kx)

and
coskx):

There are only two linearly independent solutions. We need to chooseither the exponentials or the
trig functions, not both. The sin and cos solutions represent staés of de nite energy but contain
particles moving to the left and to the right. They are not de nite mo mentum states. They will be
useful to us for some solutions.

The solutions are also technicalﬂy correct forE < Vo but k becomes imaginary. Lets write the
solutions in terms ofh = ihk = 2m(Vy E) The solutions are

eX

and
e X .

These are not waves at all, but real exponentials. Note that thesere solutions for regions where
the particle is not allowed classically, due to energy conservation; th total energy is less than the
potential energy. We will use these solutions in Quantum Mechanics.

7.7 Sample Test Problems
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8 Eigenfunctions, Eigenvalues and Vector Spaces

8.1 Eigenvalue Equations

The time independent Schredinger Equation is an example of an Eigevalue equation.
H u(x) = E u(x)

The Hamiltonian operates onu(x) the eigenfunction , giving a constantE the eigenvalue , times
the same function. (Eigen just means the same in German.)

Usually, for bound states, there aremany eigenfunction solutions (denoted here by the indexi).

For states representing one particle (particularly bound states)we mustrequire that the solutions
be normalizable . Solutions that are not normalizable must be discarded. A normalizate wave
function must go to zero at in nity.

(1)r o

In fact, all the derivatives of must go to zero at in nity in order for the wave function to stay at
zero.

We will prove later that the eigenfunctions are orthogonal (See setion 8.7.1) to each other.

hij ji=j

(xX) X)dx=1

We will assume that the eigenfunctions form a complete set so that any function can be written
as a linear combination of them.

= 111t 22t 3 3+

(This can be proven for many of the eigenfunctions we will use.)
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Since the eigenfunctions are orthogonal, we can easilyompute the coe cients in the expansion
of an arbitrary wave function

. . .X . X .. X
i=hiji=hij pji= hij i = i

We will later think of the eigenfunctions as unit vectors in a vector space (See section 8.4). The
arbitrary wave function is then a vector in that space.

0 1

B 8

It is instructive to compute the expectation value of the Hamiltonian using the expansion of
and the orthonormality of the eigenfunctions.
. . . X . . . X . .
thjI = hi injj il = hi ijojI
X :
= i jEjhij ji= i PEj i
N X ”
= i iEi = J iszI
| |
We can see that thecoe cients of the eigenstates represent probability ampli tudes to be

in those states , since the absolute squares of the coe cients ; ; obviously give the probability.

8.2 Hermitian Conjugate of an Operator

First let us de ne the Hermitian Conjugate of an operatorH to be HY. The meaning of this
conjugate is given in the following equation.

2
hjHj i= ()H (x)dx=hjH i h HY ji
1

That is, HY must operate on the conjugate of and give the same result for the integral as when
H operates on .

The de nition of the Hermitian Conjugate of an operator can be simply written in Bra-Ket
notation.

MY j i=hijA |

Starting from this de nition, we can prove some simple things. Taking the complex conjugate

hjAY i=hA ji
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Now taking the Hermitian conjugate of AY.
hAY Y ji=mA ji
A= A
If we take the Hermitian conjugate twice, we get back to the same perator.

Its easy to show that
(Ay= W

and
(A+B) =AY+ BY

just from the properties of the dot product.

We can also show that
(AB)Y = BYAY:
hjAB i=hAY jB i=hmBYAY j i

* See Example 8.8.1: *

* See Example 8.8.2: *

8.3 Hermitian Operators

A physical variable must have real expectation values (and eigenvalues). This implies that
the operators representing physical variables have some speciatoperties.

By computing the complex conjugate of the expectation value of a pysical variable, we can easily

show that physical operators are their own Hermitian conjug ate.
2 2 3 2
hijHj i =4 (X)H (x)dxd = (X)(H (x)) dx=HH j i
1 1

H ji=hjH i=HMHYji

HY=H

Operators that are their own Hermitian Conjugate are called Hermitian Operators
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8.4 Eigenfunctions and Vector Space

Wavefunctions are analogous to vectors in 3D space. The unit veots of our vector space are
eigenstates.

In normal 3D space , we represent a vector by its components.

x3
= XR+ Y9+ z2= riQ;
i=1
The unit vectors ; are orthonormal,
Oi Oj =
where j is the usual Kroneker delta, equal to 1 ifi = j and otherwise equal to zero.

Eigenfunctions { the unit vectors of our space { are orthonormal.
hij ji=j
We represent our wavefunctions { the vectors in our space { as linear combinations of the

eigenstates (unit vectors).

p 4

In normal 3D space, we can compute thelot product between two vectors using the components.

1 2 = XaXo+ Yiyo + 2127

In our vector space, wede ne the dot product to be

o X R R NR o
hji = h il i il= i jhij gl
i=1 j=1 i=1 j=1

x R x

i=1 j=1 i=1

We also can compute the dot product from the components of the @ctors. Our vector space is a
little bit di erent because of the complex conjugate involved in the de nition of our dot product.

From a more mathematical point of view, the square integrable funtions form a (vector) Hilbert
Space. The scalar product is de ned as above.

2
hji= d
1

The properties of the scalar product are easy to derive from the itegral.

hji=hiji
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hji1 1+ 22= 1hjai+ 2hj i
hy 1+ 22 i= 1haj i+ ,hpji
h j iisrealand greater than 0. It equals zeroi = 0. We may also derive the Schwartz inequality.

. . p.—
h 1 2l h 4j 1ih 2j 2i

Linear operators take vectors in the space into other vectors.

0:A

8.5 The Particle in a 1D Box

As a simple example, we will solve the 1DParticle in a Box problem. That is a particle con ned
to a region 0< x < a . We can do this with the (unphysical) potential which is zero with in tho se
limits and + 1 outside the limits.

0 O<x<a

Vx) = 1 elsewhere

Because of the in nite potential, this problem has very unusual boundary conditions . (Normally

we will require continuity of the wave function and its rst derivative .) The wave function must be
zero atx = 0 and x = a since it must be continuous and it is zero in the region of in nite potential.

The rst derivative does not need to be continuous at the boundary (unlike other problems), because
of the in nite discontinuity in the potential.

The time independent Schiedinger equation  (also called the energy eigenvalue equation) is

Hu; = Ejy;
with the Hamiltonian (inside the box)
h® d?
2m dx2
Our solutions will have
ui =0

outside the box.

The solution inside the box  could be written as
u]_ - eikx
where k can be positive or negative. We doneed to choose linear combinations that satisfy
the boundary condition  that u;(x =0)= uj(x = a) =0.

We can do this easily bychoosing
u; = Csin(kx)
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which automatically satis es the BC at 0. To satisfy the BC at x = a we need the argument of sine

to be n there. n x

U, = Csin a
Plugging this back into the Schredinger equation, we get
h? n2 2
ﬁ( ?)C sin(kx) = EC sin(kx):
There will only be a solution which satis es the BC for a quantized set of energies
n2 2h?
0= omaz

We have solutions to the Schredinger equation that satisfy the baindary conditions. Now we need
to set the constant C to normalize them to 1.

Za
o ., nXx A
hupjuni = jCj%  sin? — dx=jC12§
0

Remember that the average value of sifiis one half (over half periods). So we se€ giving us the
eigenfunctions r

The rst four eigenfunctions are graphed below. The ground stat has the least curvature and the
fewest zeros of the wavefunction.

Particle in a Box Eigenfunctions

u(x)
|1
™~
|

5 53 5 5
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Note that these states would have a de nite parity if x = 0 were at the center of the box.

The expansion of an arbitrary wave function in these eigenfunctions is essentially or original
Fourier Series . This is a good example of the energy eigenfunctions being orthogahand covering
the space.

8.5.1 The Same Problem with Parity Symmetry
If we simply rede ne the position of the box so that § < x < &, then our problem has
symmetry under the Parity operation

X! X
The Hamiltonian remains unchanged if we make the above transform#on. The Hamiltonian com-
mutes with the Parity operator.

[H;P1=0
This means that (P u;) is an eigenfunction ofH with the same energy eigenvalue.

H(Pu) = P(Hui) = PEu; = Ei(Pui)

Thus, it must be a constant times the same energy eigenfunction.

Pu = cy

The equations says thesnergy eigenfunctions are also eigenfunctions of the parit y operator .

If we operate twice with parity, we get back to the original function,

PZUi = U
so the parity eigenvalues must be 1
Pu = 1u;
The boundary conditions are a
—)=0:
( 2
This givestwo types of solutions
r_
us(x) = —cos (n_1)x
'3 2
n x
u, (x) = — sin a
2h2
E+ = 2 2_
n @n 1753
2h2
En = (2n)?
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Together, these areexactly equivalent to the set of solutions we had with the box de ned
to be from 0 to a. The u; (x) have eigenvalue +1 under the parity operator. The u, (x) have
eigenvalue -1 under the parity operator.

This is an example of a symmetry  of the problem, causing an operator to commute with the
Hamiltonian. We can then have simultaneous eigenfunctions of that perator and H. In this case
all the energy eigenfunctions are also eigenstates of parity. Pafjtis conserved.

An arbitrary wave function can be written as a sum of the energy eignfunctions recovering the
Fourier series in its standard form

x
()= AR UL () + Ap U, (X)]

n=1

8.6 Momentum Eigenfunctions

We can also look at theeigenfunctions of the momentum operator
PopUp(X) = pup(X)
h d
——Up(X) = pup(x
i dx P( ) p p( )
The eigenstates are

Up(x) = CeP=h

with p allowed to be positive or negative.

These solutions do not go to zero at in nity so they are not normalizeble to one patrticle.
hoipi = hupjupi = 1
This is a common problem for this type of state.

We will use a dierent type of normalization for the momentum eigenstate s (and the
position eigenstates).

2
mppi = jCj2 &P PNhax =2 hicj? (p )
1
Instead of the Kronecker delta, we use the Dirac delta function. The momentum eigenstates have

a continuous range of eigenvalues so that they cannot be indexed Bkthe energy eigenstates of a
bound system. This means the Kronecker delta could not work anyway.

These are themomentum eigenstates

1 .-
Un(x) = _elpx—h
p(X) Pﬂ
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satisfying the normalization condition

ipi= (0 P
For a free particle Hamiltonian , both momentum and parity commute with H. So we can make
simultaneous eigenfunctions.
[H:p]=0
[H;P]=0
We cannot make eigenfunctions of all three operators since
[P;p]60:

So we have thechoice of the € states which are eigenfunctions of and of p, but contain positive
and negative parity components. or we have the sirkx) and coskx) states which contain two
momenta but are eigenstates oH and Parity. These are just di erent linear combinations of the
same solutions.

8.7 Derivations and Computations
8.7.1 Eigenfunctions of Hermitian Operators are Orthogona I

We wish to prove that eigenfunctions of Hermitian operators are othogonal. In fact we will rst do
this except in the case of equal eigenvalues

Assume we have aHermitian operator A and two of its eigenfunctions  such that

Ai1=a 1
A = a »:
Now we computeh »jAj i two ways.
h 2jA 1i = ah 5 i
h 2JA 11 = bPA ) 10 = ah 5j i

Remember theeigenvalues are real so there's no conjugation needed.

Now we subtract the two equations . The left hand sides are the same so they give zero.
0=(az a)h zj i

If a; 6 a, then
h 2j 1i =0:
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The eigenfunctions are orthogonal

What if two of the eigenfunctions have the same eigenvalue ? Then, our proof doesn't work.
Assumeh ,j ;i isreal, since we can always adjust a phase to make it so. Since any limesmbination
of ;and ; has the same eigenvalue, we can use any linear combination. Our aim wile to choose

two linear combinations which are orthogonal . Lets try
1

v = P—z( 1+ 2)
1

= P—z( 1 2)

S0
S 1 o o
hej 1 = 5(1 1+(haj 2i h 2j 1))

1 L. L
= i(h 1 2i h 2j 4i)=0:

This is zero under the assumption that the dot product is real.
We have thus found anorthogonal set of eigenfunctions even in the case that some o f the

eigenvalues are equal (degenerate). From now on we will just assume that we are workingvith
an orthogonal set of eigenfunctions.

8.7.2 Continuity of Wavefunctions and Derivatives

We can use the Schredinger Equation to show that the rst derivative of the wave function
should be continuous , unless the potential is in nite at the boundary.

h? d?
om =(E V(X))
d? 2m

a = F(V(X) E)

Integrate both sides from just below a boundary (assumed to be tax = 0) to just above.

z z
d? 2m
= I
ddex -z (V(x) E)dx !' 0

Let go to zero and the right hand side must go to zero for nite potentials.

d d
hal
dx dx 0

+

In nite potentials are unphysical but often handy. The delta func tion potential is very handy, so we
will derive a special continuity equation for it. Assume V(x) = Vo (X). Integrating the Schredinger
Equation, we get

z z
d? 2m
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As before, nite terms in the right hand integral go to zero as ! 0, but now the delta function
gives a xed contribution to the integral.

d d 2m
— — ==V (0
dx . dx hz 0 ©
There is a discontinuity in the derivative of the wave function proportional to the wave

function at that point (and to the strength of the delta function p otential).

8.8 Examples
8.8.1 Hermitian Conjugate of a Constant Operator

If we have the operatorO = a+ ib wherea and b are real, what is its Hermitian conjugate? By the
de nition of the Hermitian conjugate

hjo i=hoY j i:
It is easy to see from the integral that
ha ib) j i=hj@+ib) i=(a+ib)hj i

So the Hermitian conjugate of a constant operator is its complex cojugate.

8.8.2 Hermitian Conjugate of &

We wish to compute the Hermitian conjugate of the operator@@X. We will use the integral to derive
the result. 2
e |7 hew
@x @x

1
We can integrate this by parts, di erentiating the  and integrating to get

dx

@
@x

@ (x) _ @
@x (x)dx = @x

=[ () (I}

So the Hermitian conjugate of @ is &,

Note that the Hermitian conjugate of the momentum operator is - —@ which is the same as the

- . g i @x
original operator. So the momentum operator is Hermitian.

8.9 Sample Test Problems

1. A particle is con ned to a box of length L in one dimension. It is initially in the ground state.
Suddenly, one wall of the box is moved outward making a new box of legth 3L. What is the
probability that the particle is in the ground state of the new box? You may nd it useful to
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R A .
know that  sin(Ax)sin(Bx)dx = S2(A_B)x)  sin((A*B)x)

2(A B) 2(A+B)
Answer
P = jhuf jugtij?
2r r_ 2
Bl = Esini isini—p—2 sinisinidx
o Y Co" T Ml T PR AT
0 0
2 sin2%  sin4x b 2 3L .2 4
= p— 3t 2 = p—"— sin>% Zsin—
pBLpZT pzlﬁo 3L 4 3 23
B 3 '3 1 °3 9
2 2 2 2 8
81
P = __
64 2

2. A particle of massm is in a 1 dimensional box of length L. The particle is in the ground state.
The size of the box is suddenly (symmetrically) expanded to length 3L Find the probability
for the particle to be in the ground state of the new potential. (Your answer may include an
integral which you need not evaluate.) Find the probability to be in the rst excited state of
the new potential.

. Two degenerate eigenfunctions of the Hamiltonian are properly armalized and have the fol-
lowing properties.

H i1 = Eon
H 2 = Eo2
P = 2
P2 = 1

What are the properly normalized states that are eigenfunctions 6H and P? What are their
energies?

. Find the rst (lowest) three Energy eigenstates for a particle localized in a box such that
0 < x < a. Thatis, the potential is zero inside the box and in nite outside. State the
boundary conditions and show that your solutions satisfy them. Namalize the solutions to
represent one particle in the box.

. A particle is in the rst excited state of a box of length L. What is that state? Now one
wall of the box is suddenly moved outward so that the new box has legth D. What is the
probability for the particle to be in the ground state of the new box? What is the probability
for the particle to be in the rst excited state of the new box?

. * Assume that (p)= (p po). Whatis (x)? Whatis <p?>? Whatis <x2>?

. For a free particle, the Hamiltonian operator H is given by H = p5,=2m. Find the functions,

(x), which are eigenfunction of both the Hamiltonian and of p. Write the eigenfunction
that has energy eigenvalueEy and momentum eigenvaluepy. Now write the corresponding
eigenfunctions in momentum space.
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10.

11.

12.

. * A particle of massm is in a 1 dimensional box of length L. The particle is in the ground

state. A measurement is made of the particle's momentum. Find the pobability that the
value measured is betweemy and po + dp.

. A particle of massm is in a constant potential V(x) = V; for all x. What two operators

commute with the Hamiltonian and can therefore be made constant®f the motion? Since these
two operators do not commute with each other, there must be twoways to write the energy
eigenfunctions, one corresponding to each commuting operatonWrite down these two forms
of the eigenfunctions of the Hamiltonian that are also eigenfunctios of these two operators.

A particle is con ned to a "box" in one dimension. That is the potential is zero for x between
0 and L, and the potential is in nite for x less than zero orx greater than L.

a) Give an expression for the eigenfunctions of the Hamiltonian opertor. These are the
time independent solutions of this problem. (Hint: Real functions will be simplest to use
here.)

b) Assume that a particle is in the ground state of this box. Now one vall of the box is
suddenly moved fromx = L to x = W whereW > L . What is the probability that the
particle is found in the ground state of the new potential? (You may leave your answer
in the form containing a clearly speci ed integral.)

A particle of massm is in a 1 dimensional box of lengthL. The patrticle is in the ground state.
The size of the box is suddenly expanded to length [3. Find the probability for the particle to

be in the ground state of the new potential. (Your answer may incluce an integral which you
need not evaluate.) Find the probability to be in the rst excited stat e of the new potential.
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9 One Dimensional Potentials

9.1 Piecewise Constant Potentials in 1D

Several standard problems can be understood conceptually usirtg/o or three regions with constant
potentials. We will nd solutions in each region of the potential. These potentials have simple
solutions to the Schedinger equation . We must then match the solutions at the boundaries
between the regions. Because of the multiple regions, these prolohs will require more work with
boundary conditions  than is usual.

9.1.1 The General Solution for a Constant Potential

We have found the general solution of the Schredinger Equation ina region in which the potential
is constant (See section 7.6.1). Assume the potential is equal tdy and the total energy is equal to
E. Assume further that we are solving the time independent equation

2 p
%% + Vou(x) = Eu(x)
d? 2m(E V,

dL;((ZX) = m h? O)U(X)

For E >V, the general solution is

U(X)= Ae+ikX + Be ikx

q_—_—
with k = %ZL") positive and real. We could also use the linear combination of the abovevo
solutions.
u(x) = Asin(kx) + B coskx)
We should use one set of solutions or the other in a region, not bothThere are only two linearly
independent solutions.

The solutions are also technically corract forE < Vo but k becomes imaginary. For simplicity,

lets write the solutions in terms of = %‘;—E)

solution is

, which again is real and positive. The general

u(x)= Ae** + Be *:

These are not waves at all, but real exponentials. Note that thesere solutions for regions where
the particle is not allowed classically, due to energy conservation; th total energy is less than the
potential energy. Nevertheless, we will need these solutions in Quéum Mechanics.

9.1.2 The Potential Step

We wish to study the physics of a potential step for the casee > V.

0 x<0O0

V(X): +Vog x>0
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For this problem, both regions haveE >V , so we will use the complex exponential solutions in both
regions. This is essentially a 1D scattering problem. Assume there is laeam of particles with

de nite momentum  coming in from the left and assume there is no ux of particles coming fom
the right.

For x < 0, the solution is

U(X)= eikX + Re ikx
r
2mE
h2

k =

Note we have assumed the coe cient of the incident beam is 1. (Multidying by some number does
not change the physics.) Forx > 0 the solution is
u(x) = Tek™
Jo=Te
2m(E Vo)

KO= -

(Note that a beam coming from the right, would have given ae ¥ * term for x > 0.

Energy
eikx + RI@( -I-eik'x

Vo V(x)

inci transmitted
incident wave — T
] reflected

SR
0 X

There are two unknown coe cients R and T which will be determined by matching boundary
conditions. We will not require normalization to one particle, since we tave a beam with de nite
momentum, which cannot be so normalized. (A more physical problemo solve would use an
incoming wave packet with a spread in momentum.)

Continuity of the wave function at x = 0 implies
1+R=T:

The exponentials are all equal to 1 there so the equation is simple.
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Continuity of the derivative of the wavefunction at x = 0 gives
like®™  ikRe ®* o =[ik°T &k ]
Evaluate and plug in T from the equation above. We can solve the problem.

k(I R)= kY{1+ R)
(k+ kYR =(k K9

The coe cients are
_k kO
T k+ kO
2k

T=1+R= =g

We now have thefull solution , given our assumption of particles incident from the left.
ik k ko ik
&+ fee 0 x< 0

i, O
kikkoeIk X x>0

u(x) =

Classically , all of the particles would be transmitted, continuing on to in nity.

In Quantum Mechanics, some probability is re ected

kK kO 2

Pre ection = jRjz = W

(Note that we can simply use the coe cient of e * because the incoming term has a coe cient of
1 and because the re ected particles are moving with the same veldy as the incoming beam.)

If we wish to compute the transmission probability  , the easy way to do it is to say that its

4kk©
l:)transmission =1 Pre ection = (k + kO)Z:

We'll get the same answers for the re ection and transmission coe cients using the probability ux
(See section 9.7.1) to solve the problem.

The transmission probability goes to 1 onek = k° (since there is no step). The transmission
probability goes to 0 for k%= 0 (since the kinetic energy is zero).

9.1.3 The Potential Well with E>0*

With positive energy, this is again a scattering type problem, now with three regions of the potential,

all with E>V . 8
< 0 X< a

ViX)= . VW a<x<a
0 X>a
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Numbering the three regions from left to right,

Ul(X): eikx + Re ikx
uz(x) = Aek’® 4+ Be k%
us(x) = Tk

Again we have assumed &eam of de nite momentum incident from the left and no wave
incident from the right

ikx ikx kx
&* +RE AEnergy Te

reflected transmitted
—
- mm EE EE ES EE EE EE ES B B S S B B S S B Ee Ee . E
Incident wave
0—
— X
I}
V(X)
_V 0
0
There are four unknown coe cients . We now match the wave function and its rst derivative

at the two boundaries yielding 4 equations .

Some hard work yields re ection and transmission amplitudes (See stion 9.7.2)

(k@ Kk2)sin(2k%)
2kkOcos(X%) (K2 + k2)sin(2k%)
2ika 2kko

R = ie 2ika

T = - - :
®  2KkOcos(x%) 1(K® + k2)sin(2K%)
The squares of these givehe re ection and transmission probability , since the potential is
the same in the two regions.
Again, classically, everything would be transmitted because the energy is larger than the
potential. Quantum mechanically, there is a probability to be transmitted and a probability to be
re ected. The re ection probability will go to zero for certain energies :R! Off

2k%=n
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s
h2
n2 2h?
E= Vo 8maz2

There are analogs of this in 3D. The scattering cross section oftegoes to zero for certain particular
energies. For example, electrons scattering o atoms may have mely zero cross section at some
particular energy. Again this is a wave property.

9.1.4 Bound States in a Potential Well *

We will work with the same potential well as in the previous section butassume that Vp <E < 0,
making this a bound state problem . Note that this potential has a Parity symmetry. In the left
and right regions the general solution is

u(x) = Ae* + Be *

with

2mE
h?

The e * term will not be acceptable at 1 and the e* term will not be acceptable at +1 since
they diverge and we could never normalize to one bound patrticle.

Clex
Cie X

uz(x)
uz(x)

In the center we'll use the sine and cosine solutions anticipating parif eigenstates.

us(x) = Acosd%) + B sin(kx)

2m(E + Vp)

k = -z

Again we will have 4 equations in 4 unknown coe cients.
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The calculation (See section 9.7.3) shows that eithe’A or B must be zero for a solution. This

means that the solutions separate into even parity and odd parity states . We could have
guessed this from the potential.

The even states have the (quantization) constraint on the energy that

=tan( ka)k
o 0s 1s (ka)
+ +
2hr121E - tan @ 2m(Ehz VO)aA 2m(Ehz Vo)
r Os 1
_ 2m(E + Vp) A
v v o tan @ Ta
and the odd states have the constraint
= t(ka)k
r 0s cot( al
E _ 2m(E + Vo) A
v v o cot@ Ta

These are transcendental equations, so we will solve them graplally. The plot below compares
the square root on the left hand side of the transcendental equ@ns to the tangent on the right

for the event states and to \-cotangent” on the right for odd states. Where the curves intersect
(not including the asymptote), is an allowed energy. There is always pe even solution for the 1D

potential well. In the graph shown, there are 2 even and one odd $ation. The wider and deeper
the well, the more solutions.
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Try this 1D Potential Applet. It allows you to vary the potential and see the eigenstates.

9.1.5 The Potential Barrier

With an analysis of the Potential Barrier problem, we can understard the phenomenon ofquantum
tunneling .

8

< 0 X< a
V(X)= +VW a<x<a

0 X>a

Numbering the three regions from left to right,

U]_(X): eikx + Re ikx
up(x) = Ae* + Be *
us(x) = Tk

Again we assume a beam of de nite momentum incident from the left ad no wave incident from
the right. For the solutions outside the barrier,
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Inside the barrier,

I Te™
v, V()

reflected transmitted
-

incident wave |

0

This is actually the same as the (unbound) potential well problem with the substitution
KOT i
in the center region.

The amplitude to be transmitted is

2k _
2k cosh(2a) i(k? 2?)sinh(2a)’

T=e¢e 2ika

We can compute the probability to be transmitted.

2 (2k )? SR
iTj* = — ! >——> ©
(k2+ 2)2sinh*(2a)+(2k )2 k2 +
An approximate probability is sometimes useful.
Rp ———
2 V(x) E]
jTZ e?2Cd=¢ - dx
Classically the transmission probability would be zero . In Quantum Mechanics, the particle
is allowed to violate energy conservation for a short time and so has a chance to tunnel

through the barrier.

Tunneling can be applied to cold emission of electrons from a metal, alghdecay of nuclei, semicon-
ductors, and many other problems.
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9.2 The 1D Harmonic Oscillator

The harmonic oscillator is an extremely important physics prob lem. Many potentials look
like a harmonic oscillator near their minimum. This is the rst non-const ant potential for which we
will solve the Schredinger Equation.

The harmonic oscillator Hamiltonian is given by

p? 1 5
= 4+ =
H o 2kx

which makes the Schiedinger Equation for energy eigenstates
h?d?u 1
———+ Zkx?u= Eu:
2m dx2 2
Note that this potential also has a Parity symmetry. The potential is unphysical because it does
not go to zero at in nity, however, it is often a very good approximation, and this potential can be
solved exactly.

It is standard to remove the spring constantk from the Hamiltonian, replacing it with the classical
oscillator frequency . r

3| x|

The Harmonic Oscillator Hamiltonian becomes.

The di erential equation to be solved is

h2d?2u 1
———+ -m! 2x?u= Eu:
2m dx2 2 xu u

To solve the Harmonic Oscillator equation (See section 9.7.4), we will st change to dimensionless
variables, then nd the form of the solutionfor x ! 1, then multiply that solution by a polynomial,
derive a recursion relation between the coe cients of the polynomid, show that the polynomial series
must terminate if the solutions are to be normalizable, derive the enggy eigenvalues, then nally
derive the functions that are solutions.

The energy eigenvalues are

1
En = n+§ h!

for n =0;1;2;:::. There are a countably in nite number of solutions with equal energy spacing
We have been forced to have quantized energies by the requirentethat the wave functions be
normalizable.

The ground state wave function is.
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INTS

m! -
Uo(X) — _h e mix 2=2h

This is a Gaussian (minimum uncertainty) distribution. Since the HO potential has a parity sym-
metry, the solutions either have even or odd parity . The ground state is even parity.

The rst excited state  is an odd parity state, with a rst order polynomial multiplying the sam e
Gaussian.

m' 7  2m! 2_
U]_(X): o 4 xe m!x “=2h

The second excited state is even parity, with a second order polynomial multiplying the same
Gaussian.

2
mix e M 2=2h

u(x)=C 1 2 H

Note that n is equal to the number of zeros of the wavefunction. This is a commotrend. With
more zeros, a wavefunction has more curvature and hence morénletic energy.

The general solution can be written as

R ko y2=2
un(x) = ay'e
k=0

with the coe cients determined by the recursion relation

2(k n)

and the dimensionless variabley given by.

The series terminates with the last nonzero term havingk = n.
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9.3 The Delta Function Potential *

Take a simple, attractive delta function potential and look for the bound states.
V(x)= aVo (x)
These will have energy less than zero so the solutions are

(x) = Ae* x< 0
Ae * x>0
where r
2mE
h?
There are only two regions, above and below the delta function. We dn't need to worry about the
one point at x = 0 { the two solutions will match there. We have already made the wawe function
continuous at x = 0 by using the same coe cient, A, for the solution in both regions.

Energy

V(X)

We now need to meet the boundary condition on the rst derivative at x = 0. Recall that the delta
function causes a known discontinuity in the rst derivative (See section 8.7.2).

d d _ 2maVy
& . & - h2 (0)
_ 2maVy
= 2
maVy
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Putting in the formula for  in terms of the energy.

2mE _ m?a?Vy§

h2 — h
ma2Vg
2h?

There is only one energy for which we can satisfy the boundary coritions. There is only one
bound state in an attractive delta function potential.

9.4 The Delta Function Model of a Molecule *

The use of two delta functions allows us to see, to some extent, hoatoms bind into molecules
Our potential is
V(X)= aW( (x+d+ (x d))

with attractive delta functions at x = d. This is a parity symmetric potential, so we can assume
that our solutions will be parity eigenstates.

For even parity, our solution in the three regions is
8
< eX x< d
(x)=_ A(X +e *) d<x<d
' e X x>d
r—
2mE
= o

Since the solution is designed to be symmetric aboux = 0, the boundary conditions at d are the
same as atd. The boundary conditions determine the constantA and constrain
A little calculation gives (See section 9.7.5)

2maVy
h2

=1+tanh( d)

This is a transcendental equation, but we can limit the energy.

2maVy

=
maVy
h2
. . . . q . .
Since = ™o for the single delta function, this = —2%E s larger than the one for the single

delta function. This means that E is more negative and there ismore binding energy

Emolecule <E atom

Basically, the electron doesn't have to be a localized with two atoms a# does with just one. This
allows the kinetic energy to be lower.

The gure below shows the two solutions plotted on the same graph a the potential.
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Two Hydrogen atoms bind together to form a molecule with a separabn of 0.74 Angstroms, just
larger than the Bohr radius of 0.53 Angstroms. The binding energy for the two electrons) is about 4.5
eV. If we approximate the Coulomb potential by with a delta function, setting aVp = (0:53)(2)(13:6)
eV Angstroms, our very naive calculation would give 1.48 eV for one etdron, which is at least the
right order of magnitude.

The odd parity solution  has an energy that satis es the equation

ZmEZVO =1+coth( d):
st;/() _—
maVy

h2

This energy is larger than for one delta function. This state would becalled anti-bonding

9.5 The Delta Function Model of a Crystal *

The Kronig-Penny model of a solid crystal contains anin nite array of repulsive delta func-
tions .
R

V(x) = aVp (x na)
n=1
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Our states will have positive energy.

This potential has a new symmetry, that a translation by the lattice spacing a leaves the
problem unchanged. The probability distributions must therefore have this symmetry

i (x+aif=j (%
which means that the wave function di ers by a phase at most.

(x+a)=¢ (x)

The general solution in the region i 1l)a<x<na is

n(X) = Apsin(k[x na])+ B cosk[x na])
r

k =

2mE
h2

By matching the boundary conditions and requiring that the probability be periodic, we derive a
constraint on k (See section 9.7.6) similar to the quantized energies for bound stage

cos( ) = cos(ka) + mazl

Vo .
sin(ka
. in(ka)

Since cos() can only take on values between -1 and 1, there arellowed bands of k and gaps
between those bands .

The graph below shows cod(a) + maVk° sin(ka) as a function of k. If this is not between -1 and 1,

there is no solution, that value of k and the corresponding energy are not allowed.

Energy Bands

N n
o \ \\ / \ / — cos(phi)
_1 \\ // \/ N

cos(phi)

k (/A)
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This energy band phenomenon is found in solids. Solids with partially lled bands are conductors.
Solids with lled bands are insulators. Semiconductors have a small nmber of charge carriers (or
holes) in a band.

9.6 The Quantum Rotor

It is useful to simply investigate angular momentum with just one free rotation angle . This
might be the quantum plane propeller. We will do a good job of this in 3 dimensions later.

Lets assume we have anass m constrained to move in a circle of radius r. Assume the

motion in the circle is free, so there is no potential. The kinetic energyis %mv2 = 2p_m forp=mr ?Tt

If we measure distance around the circle, thex = r  and the one problem we have is that once | go
completely around the circle, | am back tox = 0. Lets just go ahead and write our wavefunction.

d(px Et)=h _ gi(pr  Et)=h
Remembering angular momentum, lets call the combinationpr = L. Our wave ise (- E=n,
This must be single valued so we need to require that
d@L Et)=h _ 4(0 Et)=h
d@L)=n _q
L = nh
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n=0;1;23::

The angular momentum must be quantized in units of h.

This will prove to be true for 3 dimensions too, however, the 3 compnoents of angular momentum
do not commute with each other, leading to all kinds of fun.

9.7 Derivations and Computations
9.7.1 Probability Flux for the Potential Step *
The probability ux is given by
jxt) = L — =

2mi @x @x

We can save some e ort by noticing that this contains an expressiorminus its complex conjugate.
(This assures that term in brackets is imaginary and the ux is then real.)

. h du du _h du
12 9m Y& &Y T zm Yax ©°
For x< O
j — %[(e ikx +R eikX )(ikeikx |kRe ikX) CC]
j = %[1 Re # + R & R R]+CC

hk
FoRi21ln.
1] Rl]m-

\_.
1

The probability to be re ected is the re ected ux divided by the incid ent ux. In this case its easy
to see that its jRj? as we said. Forx > 0

hk©
s .2__
=T m
The probability to be transmitted is the transmitted ux divided by th e incident ux.
.T.zh_kom_ 4k2 k_O_ 4kkO
Pk ™ k+ K92k~ (k+ k92

again as we had calculated earlier.

9.7.2 Scattering from a 1D Potential Well *

8
< 0 X< a

VX)= . VW a<x<a
0 X>a
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Numbering the three regions from left to right,
ur(x) = € + Re *x
Ua(x) = Aek™ + Be **
uz(x) = Tk

Again we have assumed no wave incident from the right (but we could dd that solution if we
wanted).

We now match the wave function and its rst derivative at the two bo undaries yielding 4 equations.
That's good since we have 4 constants to determine. Ak = a we have 2 equations which we can

use to eliminate A and B.
Tdka = pek’ 4 Be Kk
ikTek@ = ik%ek™ ik%Be k"
%Teika = Aek’a pge Kk

Aek‘a = :—ZLTeika 1+

Be K= ITek 1
2
At x = awe have 2 equations which can now be written in terms oR and T by using the above.
e ka 4 Reka = pe k% 4 gek’a
ike *@ jkRe*® = ik%Ae *" jk%Bek'a

e ka 4 Reika = :_ZLTeika 1+ %) e 2k% L q %) g2k a
ke ka  KReka = }Teika KO 1+ 5 e 2ik %a 1 5 e2ik°a
2 kO kO

k_0+1 e2i|<°a k_o 1 ezn<°a

. ) 1. .
ika ka — — ka
e Re"® = 2Te' K K

We can add equations to eliminateR.

. . 1 . k ) k )
k ka — k 2ik 2ik
e '+ Rel® = ST 145 e e 1 5 eNE
. . 1. . kO 00 kO i 0
ika ika — ka 2ik "a 2ik “a
Re @ = ZTd g | - 1
e e 5 K e K €
2e ika — %Teika 2+ kko+ |I:O e 2ik°a+ 2 ko ||:0 ezikoa

. 0
4e 2k = T 4cos(k%a) 2i %ﬁ k? sin(2k‘)
2e 2ika
T= Tk K o
2cos(X%) i 5+ - sin(2k%)
2kk°e 2ika
T = KKicos(&%) 1 (K2 + K®)sin(2k%)
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We can subtract the same equations to most easily solve faR.

JReka = }Teika 5 kO 2ik % k% k g2k a
2

ko k k kO
1 ko 0 kO 0
R= ZT 2i F)sm(2k a)+2i M sin(2k*a)

i o, kKO k
R—éTsm(Zka) PR

h i
ikk % 2ka sin(2k%) K K

" 2kkOcos(x%) i (k% + k®)sin(2k%)

_ i k® k2 sin(2k%a)e 2ka

"~ 2kkOcos(x%) i (k2 + k®)sin(2k%)

R

R

We have solved the boundary condition equations to nd the re ection and transmission amplitudes
(k% k?)sin(2k)
2kkOcos(X%) i(k® + k2)sin(2kCa)
2kk© ]
2kkOcos(k%) i(k® + k2)sin(2k%) "

R = ie 2ika

T = e 2ika

The squares of these give the re ection and transmission probabilit, since the potential is the same
in the two regions.

9.7.3 Bound States of a 1D Potential Well *

In the two outer regions we have solutions
ui(x) = C,e*
Ug(X)r: Cze *
2mE
h?

In the center we have the same solution as before.
us(x) = Acosd%() + B sin(kx)

2m(E + Vp)

k= -z

(Note that we have switched from k° to k for economy.) We will have 4 equations in 4 unknown
coe cients.

At awe get

Cie @ = Acoska) B sin(ka)
C.e ? = kAsin(ka) + kB coska):
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At a we get
Cz:e # = Acoska) + B sin(ka)
Cse @ = kAsin(ka) + kB coska):

Divide these two pairs of equations to get two expressions for.
kA sin(ka) + kB coska)
Acoska) B sin(ka)
kA sin(ka) + kB coska)
A coska) + B sin(ka)

Factoring out the k, we have two expressions for the same quantity.
__A sin(ka) + B coska)
k  Acoska) B sin(ka)
__A sin(ka) B coska)
k = Acoska)+ B sin(ka)

If we equate the two expressions,
A sin(ka) + B coska) _ Asin(ka) B coska)
Acoska) Bsin(ka) Acoska)+ B sin(ka)
and cross multiply, we have
(A sin(ka) + B coska))(A coska) + B sin(ka))
=(Acoska) Bsin(ka))(Asin(ka) B coska)):

The A2 and B2 terms show up on both sides of the equation and cancel. What's left is
AB (sin?(ka) + cos?(ka)) = AB( cog(ka) sin?(ka))
AB = AB

Either A or B, but not both, must be zero. We have parity eigenstates, again, drived from the
solutions and boundary conditions.

This means that the states separate into even parity and odd pariy states. We could have guessed
this from the potential.

Now lets use one equation.
_ Asin(ka) + B coska)
" Acoska) B sin(ka)
k If we set B =0, the even states have the constraint on the energy that
=tan( ka)k
and, if we setA =0, the odd states have the constraint
= cot(ka)k:
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9.7.4 Solving the HO Di erential Equation *

The di erential equation for the 1D Harmonic Oscillator is.

h2d?2u 1
———+ Zm! %%%u= Eu
2m dx2 2 xu u

By working with dimensionless variables and constants, we can see ¢hbasic equation and minimize
the clutter. We use the energy in terms ofh! .

We de ne a dimensionless coordinate. r

The equation becomes.

d’u 2m 1

oau ., an “m! 2x2)u =

v (E 2m XHu =0
d?u )
—— =
ay? ( yj)u=0

(Its probably easiest to just check the above equation by substititing as below.

h d?u 2E m ,
mae o X 0
d?u  2m 1, 50
W+ F(E zm! XHu =0

It works.)

Now we want to nd the solution for y!1

u

a7 +( y)Hu=0
becomes 2u
v y2u=0
which has the solution (in the largey limit)
u=e Y2

This exponential will dominate a polynomial asy!1 so we can write our general solution as

u(y) = h(y)e ¥°=2

where h(y) is a polynomial.
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Take the di erential equation
d?u )
ay? +( y9)u=0
and plug
2_
u(y) = h(y)e ¥

into it to get

d2 2:2 2:2 2 2:2
d—yzh(y)e Y=+ h(y)e? y°h(y)e ¥ =0

2
d h(y)e y2:2 Zdh(yy)ye y2:2 h(y)e y2=2+ h(y)yZe y2=2

dy? d
+h(y)e ¥ y?h(y)e ¥ 2=0
2
ddr;/(zy) Zydz(yy) h(y)+ y?h(y)+ h(y) y*h(y)=0

d?h dh
2 A5 phw=o

This is our di erential equation for the polynomial h(y).

Write h(y) as a sum of terms.
X
h(y) = amy

m=0
Plug it into the di erential equation.

[am(m)(m  1y™ 2 2an(m)y™ +(  1amy™]=0

m=0

We now want ot shift terms in the sum so that we see the coe cient ofy™. To do this, we will shift the
term a, (m)(m  1)y™ 2 down two steps in the sum. It will now show up asam+> (M+2)(m+1)y™.

[Bm+s2 (M+2)(M+1) 2an(m)+(  Dagly™ =

m=0

(Note that in doing this shift the rst term for m =0 and for m = 1 get shifted out of the sum. This
is OK since ap (M)(m  1)y™ 2 is zeroform=0 orm=1.)

For the sum to be zero for ally, each coe cient of y™ must be zero.

Aam+2 (M+2)(mM+1) +( 1 2m)a, =0

Solve foram +2
2m+1
Am+2 =

= — - a
(Mm+1)(m+2) "
and we have a recursion relation giving us our polynomial.

But, lets see what we have. For largem,

2m+1 2

= - I —
Am+2 (m+1)(m+2)am. mam
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The series for

X y2n +2

2"n!
has the coe cient of y?"*? equal to 51 and the coe cient of y?" equal to

yzey2:2 —

1 —
z_w. |f m—2n,

_1, 1.
am+2—2nm—mam-

So our polynomial solutionzwill approach y2e>’2=2 and our overall solution will not be normalizable.
(Rememberu(y) = h(y)e Y 72.) We must avoid this.

We can avoid the problem if the series terminates and does not go orotin nite m.

2m+1

am+2 = W&m

The series will terminate if

=2n+1

for some value ofn. Then the last term in the series will be of ordern.

0

dn+2 = —(n+1)(n+2)an:O

The acceptable solutions then satisfy the requirement

2E
= W—2n+1
E = %h! = n+} ht

2

Again, we get quantized energies when we satisfy the boundary cditions at in nity.

The ground state wavefunction is particularly simple, having only oneterm.
2
Uo(x) = age ™ = age ™

Lets nd ag by normalizing the wavefunction.

A
janZe mix 2=hdy: 1

r

h
2 _
Jao) H_l

-

m! 2_
UQ(X) - _h 4 e mix “=2h
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9.7.5 1D Model of a Molecule Derivation *
8
< e x< d
xX)= A(eX +e X) d<x<d
) e X x>d
r
2mE
= o

Since the solution is designed to be symmetric aboux = 0, the boundary conditions at d are the
same as atd. The boundary conditions determine the constantA and constrain

Continuity of  gives.

e “=Ael+ed
ed
ed +e d

The discontinuity in the rst derivative of atx=dis

e ¢ A e edzzmivod
h
d d
1 Ae ;e _ 2ma;/0
e h
ed e 9  2mav
ed + e d — h2
2maVy ed g d
h2 ed +e d
2maVy
oz =1+tanh( d)

We'll need to study this transcendental equation to see what the dowed energies are.

9.7.6 1D Model of a Crystal Derivation *

We are working with the periodic potential

X
V(x) = aVp (x na):
n=1
Our states have positive energy. This potential has the symmetrythat a translation by the lattice
spacing a leaves the problem unchanged. The probability distributions must therefore have this
symmetry
i (x+a)if=j (%

which means that the wave function di ers by a phase at most.

(x+a)=¢ (x
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The general solution in the region i 1l)a<x<na is
n(X) = Apsin(k[x na])+ B cosk[x na])
2mE

k = sqrt7

Now lets look at the boundary conditions at x = na. Continuity of the wave function gives

n (na) = n+1 (na)
An sin(0)+ Brcos(0) = Apn+ sin( ka)+ Bpsg cos( ka)
B, = An+1 sin(ka) + B4 coska)
B _ Bn+ Apyg sin(ka)
n+t cos(ka) '

The discontinuity in the rst derivative is

d ns+ d 2maV,
dnxl an = h2 0 n(na)
na na
K[Ans1 cos( ka) Bnsi sin( ka)] k[An cos(0) B sin(0)] = 2”:1"‘2‘\/03”
K[Ans1 coska) + Bna sin(ka) An]= 2”;"‘2‘\/03”
Substituting Bn+1 from the rst equation
K[An+1 coska) +[Bn + Ans sin(ka)tan(ka) An]= 2";"’2‘V°Bn
Ans1 (cos(ka) + sin( ka)tan(ka)) + Bn tan(ka) An = Zr:f":/"sn
cog(ka) + sin 2(ka) _ 2maVy
An+ = %Bn coska) Bpsin(ka)+ A, coska)
Plugging this equation for A,+1 back into the equation above forB,.; we get
B Bnh + Anh+1 sin(ka)
n+t cos(ka)
B, + ZMYoB, coska) B, sin(ka)+ Ancoska) sin(ka)
By =
coska)
Bn 2maVo . sin?(ka) .
. = + - 4
Bn+1 coska) 2 B, sin(ka) B coska) A, sin(ka)
B 2maVv . 1 .
Bni1 = cosdr](a) + hszBn sin(ka) By coska) coska) + A; sin(ka)
2maV

Bha1 = WBH sin(ka) + B, coska) + Ap sin(ka):
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We now have two pairs of equations for then + 1 coe cients in terms of the n coe cients.

2maVy

Anv1 = WBn coska) Bjsin(ka)+ A, coska)
Bna1 = %Bn sin(ka) + B, coska) + Ap sin(ka)
An+1 = e An
Bn+1 = ei Bn

Using the second pair of equations to eliminate then + 1 coe cients, we have

2maVy

(€ coska))A, = 2

coska) sin(ka) B

e  coska) 2':,::/0 sin(ka) By = sin(ka)An:

Now we can eliminate all the coe cients.

(¢  coska))(e  coska) Zr;:fl:/o sin(ka))

2maVy
h2k

e ¢ 2':28:/0 sin(ka) + cos(ka) + cos(ka)

coska) sin(ka) sin(ka)

+ % sin(ka) cos(ka) + cos?(ka)

= ZTZ:/O sin(ka) coska) sin?(ka)

h?k

sin(ka) + 2cos(ka) +1=0

Multiply by e ' .

' . 2maVy .
¢ +e' r:?k % sin(ka) + 2 cos(ka) =0

cos( ) = cos(ka) + l”f:zt\k/o sin(ka)

This relation puts constraints on k, like the constraints that give us quantized energies for bound
states. Since cos() can only take on values between -1 and 1, there are allowed band$ b and gaps
between those bands.

9.8 Examples

This whole section is examples.
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9.9 Sample Test Problems

1. A beam of 100 eV (kinetic energy) electrons is incident upon gotential step of height
Vo = 10 eV. Calculate the probability to be transmitted. Get a numerical answer.

2. * Find the energy eigenstates (and energy eigenvalues) of a particlef massm bound in the

1D potential V(x) = Vo (X). AssumeV, is a positive real number. (Don't assume thatVg
has the units of energy.) You need not normalize the state.
Answer
r
_ 2mE
= 2
du du 2mVy
- - = e
dx , dx h?
_ 2mVy
(+ )_ h2
mVo
h2
E - h2 2 _ h2 m2V02 _ mVOZ

2m 2m h* T~ 2n?

3. * A beam of particles of wave-numberk (this means €% ) is incident upon a one dimensional
potential V(x) = a (x). Calculate the probability to be transmitted. Graph it as a function
of k.

Answer _ _

To the left of the origin the solution is ek + Re ™ To the right of the origin the solution is
T&X< . Continuity of  at the origin implies 1+ R = T. The discontinuity in the rst derivative
is

o

(0):

&:
KT (ik ikR):—ZrzaT

k(T 1) = —zrr;aT

2ma
h2

2k 2N =ik
h
_ 2k
2k + 22
K2
— iTi2 —
PTG

Transmission probability starts at zero for k = 0 then approachesP = 1 asymptotically for
k> 2.

4. * A beam of particles of energyE > 0 coming from 1 is incident upon a delta function
potential in one dimension. That isV(x) =  (X).

a) Find the solution to the Schmdinger equation for this problem.
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b) Determine the coe cients needed to satisfy the boundary condtions.

c) Calculate the probability for a particle in the beam to be re ected by the potential and
the probability to be transmitted.

5. * The Schredinger equation for the one dimensional harmonic ocillato is reduced to the
following equation for the polynomial h(y):

2
d°h(y) > dh(y) +(E
dy? dy

Dh(y)=0

[ . . :
a) Assumeh(y) = amy™ and nd the recursion relation for the coe cients an,.
m=0
b) Use the requirement that this polynomial series must terminate o nd the allowed ener-
gies in terms of .

¢) Find h(y) for the ground state and second excited state.

6. A beam of particles of energyE > 0 coming from 1 is incident upon a potential step in one
dimension. Thatis V(x) =0 for x< 0andV(x) = V, for x > 0 whereVj is a positive real
number.

a) Find the solution to the Schmdinger equation for this problem.
b) Determine the coe cients needed to satisfy the boundary condtions.

c) Calculate the probability for a particle in the beam to be re ected by the potential step
and the probability to be transmitted.

mix_ 2 . . .
7. * A particle is in the ground state ( (x) = ( %)%e—zh— .) of a harmonic oscillator potential.
Suddenly the potential is removed without a ecting the particle's state. Find the probability
distribution P (p) for the particle's momentum after the potential has been removel.

8. * A patrticle is in the third excited state (n=3) of the one dimensional harmonic oscillator
potential.

a) Calculate this energy eigenfunction, up to a normalization factor from the recursion
relations given on the front of the exam.

b) Give, but do not evaluate, the expression for the normalization &ctor.

c) At t =0 the potential is suddenly removed so that the particle is free. Asume that the
wave function of the particle is unchanged by removing the potentid Write an expression
for the probability that the particle has momentum in the range ( p; p+ dp) for t > 0. You
need not evaluate the integral.

9. * The Schmdinger equation for the one dimensional harmonic oscillair is reduced to the
following equation for the polynomial h(y):

2
d*h(y) > dh(y) +(E
dy? dy

Dh(y)=0

[ . . :
a) Assumeh(y) = amy™ and nd the recursion relation for the coe cients an,.
m=0
b) Use the requirement that this polynomial series must terminate o nd the allowed ener-
gies in terms of .

c) Find h(y) for the ground state and second excited state.

10. * Find the energy eigenstates (and energy eigenvalues) of a particlef massm bound in the
1D potential V (x) = (x).

11.
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10 Harmonic Oscillator Solution using Operators

Operator methods are very useful both for solving the Harmonic Gcillator problem and for any type
of computation for the HO potential. The operators we develop will dso be useful in quantizing the
electromagnetic eld.

The Hamiltonian for the 1D Harmonic Oscillator

2
p 1 50
H=_—+-m!“x
2m 2
looks like it could be written as the square of a operator. It can be raritten in terms of the operator

A (See section 10.1)

|

m! . p
— X+ i p——
A 2n 2mh!

and its Hermitian conjugate AY.

H = hl AyA+%

We will use the commutators (See section 10.2) betweeA, AY and H to solve the HO problem.

AAY] =1

The commutators with the Hamiltonian are easily computed.

h!A
hiA Y

[HiA]
[H;AY]

From these commutators we can show thatAY is a raising operator (See section 10.3) for Harmonic
Oscillator states

P
AVup = n+1lune

and that A is alowering operator

p—
AUn = nUn 1
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Because the lowering must stop at a ground state with positive engyy, we can show that the allowed
energies are

1
En: n+§ h!:

The actual wavefunctions (See section 10.5) can be deduced bying the di erential operators for
A and AY, but often it is more useful to de ne the n' eigenstate in terms of the ground state and
raising operators.

1
U, = pﬁ(Ay)n Up

Almost any calculation of interest can be done without actual functions since we can ex@ss the
operators for position and momentum.
r—

?%(A - AY)

mh!
i A AY
I 2 ( )

X

©
1

10.1 Introducing A and AY

The Hamiltonian for the 1D Harmonic Oscillator

PPl
= —+ —m!
H om 2m X
can be rewritten in terms of the operator A
r_—
m! . p
A — X+ i p—
2h 2mh!
and its Hermitian conjugate r
m! . p
AY = D G - —
2h 2mh!

Both terms in the Harmonic Oscillator Hamiltonian are squares of opeators. Note that A is chosen
so that AYA is close to the Hamiltonian. First just compute the quantity

AYA = %xh % + %(xp pX)
R
h! (AYA) = %+ %m! 2x2 %h!:
From this we can see that theHamiltonian can be written in terms of AYA and some constants.

1
H=h AA+ =
2
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10.2 Commutators of A, AY and H

We will use the commutator betweenA and AY to solve the HO problem. The operators are de ned
to be
r—

S
AY = %x ileZZh!
The commutator is
[AAY] = %[X;X]+ ﬁlp;p] Zi—h[x;p]+ %[D;X]

= Zi—h( Dpl+[p;x]) = iH[|O;X]=1:

Lets use this simple commutator

[A;AY]=1
to compute commutators with the Hamiltonian . This is easy ifH is written in terms of A and
AY.
[H;A] = h![AYA;A]l= hl [AY;AJA= h!A
[H;AY] = h! [AYA;AY]= h!AY[A;AY] = hIAY

10.3 Use Commutators to Derive HO Energies

We have computed the commutators

[HiA]
[H;AY]

h!A
h!A Y

Apply [H; A] to the energy eigenfunctionuy.

[H;Alun = hlAu 4

HAu, AHu,= h!Au,
H(Aun) En(Aup)= h!Au ,
H(Aun) =(En h!)(Aun)

This equation shows thatAup, is an eigenfunction ofH with eigenvalueE, h! . Therefore A lowers
the energy by h! .
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Now, apply [H; AY] to the energy eigenfunctionuy.

[H; AY]u, = h!A Yu,

HAYu, AYHu, = hlA Yu,
H(AYu,) En(AYup)= h! (AYuy)
H(AYun) = (En + h! )(AYun)

AYu, is an eigenfunction ofH with eigenvalue E,, + h! . AY raises the energy by h! .
We cannot keep lowering the energy becausie HO energy cannot go below zero
h jHj i:%rp ip i+%m!2h>< x i 0
The only way to stop the lowering operator from taking the energy regative, is for the lowering to

give zero for the wave function. Because this will be at the lowest egrgy, this must happen for the
ground state. When we lower the ground state, we must get zero

AU():O

Since the Hamiltonian containsA in a convenient place, we cardeduce the ground state energy
1 1
Hug = h! (AyA+ E)UO = éh!u 0
The ground state energy isEg = %h! and the states in general have energies
1
E= n+ = hl
2

since we have shown raising and lowering in steps ¢fl . Only a state with energy Eg = %h! can
stop the lowering so theonly energies allowed are

1
E = + - hh
Nt

It is interesting to note that we have a number operator  for n

1
= YA + = |
H AYA > h
Nop = AYA
H = (Nop+%)h!

10.3.1 Raising and Lowering Constants

We know that AY raises the energy of an eigenstate  but we do not know what coe cient it
produces in front of the new state.
AyUn = CUn+1
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We can compute the coe cient using our operators.

icj?

MAYunjAYuni = PAAYULjupi
HAYA +[A; AYDunjuni = (n+ 1) hupjupi = n+1

The e ect of the raising operator is
P
AYup = n+1lupsr:
Similarly, the e ect of the lowering operator is
Au, = pﬁun 1
These are extremely important equations for any computation in the HO problem.

We can alsowrite any energy eigenstate in terms of the ground state and t he raising
operator .

Un = P=(AY)" U
n!

10.4 Expectation Values of p and x

It is important to realize that we can just use the de nition of A to write x and p in terms of the
raising and lowering operators.

r—

h
|
p = i _mg. (A AY)

This will allow for any computation.

* See Example 10.6.1:The expectation value ofx for any energy eigenstate is zerd.
* See Example 10.6.2:The expectation value ofp for any energy eigenstate is zerd.
* See Example 10.6.3:The expectation value ofx in the state pl—i(uo + Up).*

* See Example 10.6.4:The expectation value of%m! 2x? for any energy eigenstate is% n+ s hl.*

N[

* See Example 10.6.5:The expectation value of% for any energy eigenstate is% n+ % h! *
* See Example 10.6.6:The expectation value of p as a function of time for the state (t = 0) =
Po(ui+ uz)is  mhl sin(it ).

10.5 The Wavefunction for the HO Ground State

The equation
Aug = 0
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can be used tond the ground state wavefunction . Write A in terms of x and p and try it.
r___

m—'x+i1&)—_p Ug=0
2h 2mht O

m!x + hi Up=0
dx

dup _ mlx

dx h

Uo

This rst order di erential equation can be solved to get the wavefunction.

Up = Ce ™x 2=2h.

We could continue with the raising operator to get excited states.

r r— !

oo
= o omlax

Usually we will not need the actual wave functions for our calculatiors.

10.6 Examples
10.6.1 The expectation value of  x in eigenstate

We can compute the expectation value ofk simply.

r— r
L h . o h . . . .
hunjxjuni = mthJA+ AVjuni = m(thJAunl + hupjAYuni)
r - '
h — . R © [N .
= W(p nhupjun 1+ n+1hupjun+i)=0

We should have seen that coming. Since each term in the operator changes the eigenstate, the dot
product with the original (orthogonal) state must give zero.

10.6.2 The expectation value of  pin eigenstate

(See the previous example is you want to see all the steps.) The exgtation value of p also gives
zero.
r o
hunjpjuni = i mT'mnjA AVjuni =0
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10.6.3 The expectation value of  x in the state pl—i(uo + up).

r—

%h.lo*‘ Ulej Up+ Ui = % mh.lo*‘ Ule+ iju0+ Ui
f !
= %mo + UleUQ + Aup + AyUQ + Ayuli
r !
h . p- p- P~ .
= —hug + + + +
r i hug + uqj0 lug 1uq 2u5i
h P— P
= W( Thugjugi +  Thugjuyi

+ Eimoju2i+pimljuoi
+ riruljuli+ 2husjusi)

h
- . 8m! (1+1)

_h
2m!

10.6.4 The expectation value of ~ im! 2x? in eigenstate

The expectation of x? will have some nonzero terms.

%mnjAA + AAY + AYA + AYAYjupi
= —2:]' thjAAy + AijUni

hun jx2jupi

We could drop the AA term and the AYAY term since they will produce 0 when the dot product is
taken.

e (runl” AT T AU i+ AV, )
- %(mnjpn+lpn+luni+mnjpﬁpﬁuni)
h

1
2 m!

hunjx2juni

- %((n+1)+ n)= n+

With this we can compute the expected value of the potential energ.

NI =

1 . h
thJEm! 2x2juni = Em! 2 n+ 5 o
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10.6.5 The expectation value of % in eigenstate

. 2 .
The expectation value of I is

p%. . _  1lmh v AYALL
thJZmJun| e — hunj  AA AYAjupi
h! ) L
= T hunjAAY + AYAjupi

= D+ m= 2

(See the previous section for a more detailed computation of the sae kind.)

10.6.6 Time Development Example

Start 0 in the state at t =0.
1
(t=0)= B—E(Ul + Up)

Now put in the simple time dependence of the energy eigenstates, = N,

(t): Pl—é(ule i%!t + Use ig!t ): pl_ie i%!t (U1+ e it UZ)
We can compute the expectation value ofp.
r h! 1
hipl i@ = mT'EhJ1+ e " U A AVjup+ e M upi
r—_°
I . .
= %2—1' hugjAjusie ™ h usjAYjugie
r— =
_ mht 1 P5 Pon
= > o 2e 2¢
= mh! sin(!t )

10.7 Sample Test Problems

1. A 1D harmonic oscillator is in a linear combination of the energy eigerisites

r _ r _

= gu i}u
- 30 3t

Find the expected value ofp.
Answer
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hjpj i

Il
wli N
c
o
wl |
c
2.
>
>
<
Wl N
[

o
|
c
S

2. Assumingu, represents then™ 1D harmonic oscillator energy eigenstate, calculatéu,jpjumi.
Answer

r

. mh A AY
P = 2 |
r -
Hinjpiumi = i mT'thjA AVjuni

r

mh! p_—_

. p——
= [ T( M nm 1 Mm+1 n(m+1))

3. Evaluate the \uncertainty" in x for the 1D HO ground state P hupj(x  X)2jugi where x =
hugjxjuei. Similarly, evaluate the uncertainty in p for the ground state. What is the product
p x?
Answer
Its easy to see thatx = O either from the integral or using operators. I'll use operators to
compute the rest.

r

h
= _ + AY
X i (A+ AY)
hugjx%juei = %mojAA + AAY + AYA + AYAY)jupi
h h h
= - i Yiupi = ——1 = ——
2! MUoJAATIU0l = 5L = o
1 mh!
= - T y
p : 5 (A A
| |
ojfui = "ot AAYjuol = Mo
r 2 2
« =
- 2m!
r
_ mh!
P = 2
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4. Use the commutator relation betweenA and AY to derive [H; A]. Now show that A is the
lowering operator for the harmonic oscillator energy.

q_
5. At t =0, a one dimensional harmonic oscillator isinthe state (t=0)= %u0+ [

Calculate the expected value ofp as a function of time.

Y
Zul.

6. At t =0, a harmonic oscillator is in a linear combination of the n =1 and n = 2 states.

Find hxi and hx2i as a function of time.

7. A 1D harmonic oscillator is in a linear combination of the energy eigernstes

r _— r _

- 370 3%

Find hx2i.
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11 More Fun with Operators

11.1 Operators in a Vector Space
11.1.1 Review of Operators

First, a little review. Recall that the square integrable functions form a vector space
like the familiar 3D vector space.
= aw + by

in 3D space becomes
joi= af ai+ g ol

The scalar product is de ned as

]
hji= dx (x) (X)
1

and many of its properties can be easily deduced from the integral.

hji =hji
As in 3D space,

abjajb
the magnitude of the dot product is limited by the magnitude of the vectors.
hiji hijihji

This is called the Schwartz inequality
Operators are associative  but not commutative.

ABj i = A(Bj i)=(AB)j i

An operator transforms one vector into another vector

j9=0ji
Eigenfunctions of Hermitian operators
Hjii = Ejjii
form an orthonormal
hjji =
complete set X X

ji= hj ijii = jiihij i:

, much
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Note that we can simply describe thej ™ eigenstate atjji.

Expanding the vectorsj i andj i,
X
jio= bjii
Xi
jio= Gjii

[
we can take the dot product by multiplying the components, as in 3D pace.
X

hjii=" hbg
i

The expansion in energy eigenfunctions is a very nice way to do theme development of a wave
function . X )
j ()i = Hj (0)jiie Eit=h

The basis ofde nite momentum states is not in the vector space, yet we can use this basis to
form any state in the vector space.
2
ji=p=— dp (Op
2 h

1

Any of these amplitudes can be used to de ne the state.

¢ = Hj i
(x)= hxj i
(p)=hpj i

11.1.2 Projection Operators  jjihjj and Completeness

Now we move on a little with our understanding of operators. A ket vector followed by a bra vector
is an example of an operator. For example theoperator which projects a vector onto the ji
eigenstate is

jiihjj
First the bra vector dots into the state, giving the coe cient of jji in the state, then its multiplied
by the unit vector jji, turning it back into a vector, with the right length to be a projectio n. An
operator maps one vector into another vector, so this is an opetar.

The sum of the projection operators is 1, if wesum over a complete set of states , like the
eigenstates of a Hermitian operator.

X
jithij = 1
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This is an extremely useful identity for solving problems. We could alrady see this in the decom-
position of j i above. X
ji= jithij i

The same is true for de nite momentum states.

2
jpihpj dp=1

We can form a projection operator into a subspace.
X
P = jiihij

subspace

We could use this to project out the odd parity states, for example

11.1.3 Unitary Operators

Unitary operators  preserve a scalar product.
hji=Hh jui=hjuu i

This means that
uYu =1:

Unitary operators will be important for the matrix representation of operators. The will allow us to
change from one orthonormal basis to another.

11.2 A Complete Set of Mutually Commuting Operators

If an operator commutes with H, we can makesimultaneous eigenfunctions  of energy and that
operator. This is an important tool both for solving the problem and for labeling the eigenfunctions.

A complete set of mutually commuting operators will allow us to de ne a state in terms of
the quantum numbers of those operators. Usually, we will need ongquantum number for each degree
of freedom in the problem.

For example, the Hydrogen atom in three dimensions has 3 coordinas for the internal problem, (the
vector displacement between the proton and the electron). We willneed three quantum numbers
to describe the state. We will use an energy index, and two angular mmentum quantum numbers
to describe Hydrogen states. The operators will all commute with ach other. The Hydrogen atom
also has 3 coordinates for the position of the atom. We will might usepy, py and p, to describe that
state. The operators commute with each other.
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If we also consider the spin of the electron in the Hydrogen atom, wend that we need to add one

more commuting operator to label the states and to compute the Bergies accurately. If we also add
the spin of the proton to the problem, the we need still one more quatum number to describe the

state.

If it is possible, identifying the commuting operators to be used befoe solving the problem will
usually save time.

11.3 Uncertainty Principle for Non-Commuting Operators

Let us now derive the uncertainty relation for non-commuting operato rs A and B. First,
given a state , the Mean Square uncertainty  in the physical quantity represented is de ned as

( A)?
( B)?

hj(A hAi) i=hju? i
hj(B hBi)2 i=hjVv2 i

where we de ne (just to keep our expressions small)

U= Ah jAi
Vv B h jB i

SincebhAi and hBi are just constants, notice that
[U;V]=[A;B]
OK, so much for the de nitions.

Now we will dot U + iV into itself to get some information about the uncertainties. The dot
product must be greater than or equal to zero.

U +iv juU +iv i 0
hiju? i+ 2hijv2i+i iU jvi ih jui o0
This expression contains the uncertainties, so lets identify them.
( A2+ 2( B)?2+i hijU;V]ji O
Choose a to minimize the expression, to get the strongest inequality.

@

@’
2 ( B)2+ihju;V] i=0
_ dhjusv]i i

2( B)?
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Plug in that

1h UV i, h U V] 2
i (B 2By
(AP BY  ZnilUVE %= h UiV i

(A 0

This result is the uncertainty for non-commuting operators

(A B) HAB]

If the commutator is a constant, as in the case offp; x], the expectation values can be removed.

(AX B) SAB]

For momentum and position, this agrees with the uncertainty principle we know.

(o %) ol = 2

(Note that we could have simpli ed the proof by just stating that we choose to dot U + %}V)
into itself and require that its positive. It would not have been clear that this was the strongest
condition we could get.)

11.4 Time Derivative of Expectation Values *

We wish to compute the time derivative of the expectation value of anoperator A in the state
Thinking about the integral, this has three terms.

d, ... . _ d . . @A . .d
ah jAj o= EJAJ + ot jAja
_ 1 Lo 1, ... . @A
= mH—l JA] |+thAJH i+ ot
i e @A
= Hh jH;AY i+ at

This is an important general result for the time derivative of expectation values

d e e @A
ahJAJ i=—h jH;A]] i+ @t

=y
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which becomes simple if the operator itself does not explicitly dependmtime.

d, ... .0
athj I—th[H,A]j i

Expectation values of operators that commute with the Hamiltonian are constants of the motion.

We can apply this to verify that the expectation value of x behaves as we would expect for a classical
particle.

; ; ; D.E
dhxi i o p? p
——— = — HH: = _ LI = =
T R m
This is a good result. This is called theEhrenfest Theorem
For momentum,
dhpi i o hd dV(x)
—— = —HhH: = _ V N =
T R W™ dx
which Mr. Newton told us a long time ago.
11.5 The Time Development Operator *

We can actually make anoperator that does the time development of a wave function . We
just make the simple exponential solution to the Schmdinger equéion using operators.
L@
h—=H

[ at

(=e ™" (©

where H is the operator. We can expand this exponential to understand itsmeaning a bit.

€ n!

n=0

This is an in nite series containing all powers of the Hamiltonian. In some cases, it can be easily
computed.

e M= h s the time development operator. It takes a state from time O to time t.
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11.6 The Heisenberg Picture *

To begin, lets compute the expectation value of an operatoB.

h MiBj ()i = he ™=" (0)jBje "= " (0)i
h (O)jethZ hBe iHt= hj (0)|

According to our rules, we can multiply operators together beforeusing them. We can then de ne
the operator that depends on time.

B(t) - eth= hBe iHt= h

If we use this operator, we don't need to do the time development othe wavefunctions!

This is called the Heisenberg Picture . In it, the operators evolve with time and the wave-
functions remain constant.

The usual Schmdinger picture has the states evolving and the oerators constant.

We can now compute the time derivative of an operator.

d iH = iHt= iHt= iH e
—B(t) _elHt— hBe iHt= h e|Ht— hB — e iHt= h
dt h h

= L&' MH;Ble MM = L[H;B (1)

It is governed by the commutator with the Hamiltonian.

As an example, we may look at the HO operatorsA and AY. We have already computed the
commutator.

[H;A]l= hIA
—= _hA = ilA

We can integrate this. ‘
A(t)= e " A(0)
Take the Hermitian conjugate. _
AY(t) = €' AY(0)

We can combine these to get the momentum and position operators ithe Heisenberg picture.
p(t)
x(t)

p(0)cos(t) mix (0)sin(!t)

p(0)

x(0)cos(t ) + o

sin(!t )
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11.7 Examples
11.7.1 Time Development Example

Start 0 in the state. 1
(t=0)= P—E(Ul + Up)

In the Schredinger picture,

1 , . 1. ,
()= P—i(ule A T A P—ée o u+ e M up)

We can compute the expectation value of.

-

hixj i = % %mﬁ e UpjA + AVjur + € Ui
P om
= LN iAjuie M+ hujAYjugie®
2, 2m
1 h P 4 Poy
_ 1 0, Pa
rzj“! 2e 2¢e
= p cos(t)
In the Heisenberg picture
r
hjx(t)j i = % %h je " A+ et AYj i

This gives the same answer with about the same amount of work.

11.8 Sample Test Problems

1. Calculate the commutator [Ly;L,] whereLy = yp, zpy, and L, = xpy ypx. State the
uncertainty principle for Ly and L.
Answer

[Lx;iLz] = [yp: zpyixpy  ypx] = X[y;pylpz + z[py; ylpx
= Dt zp=ihop, zp) = inL
i R . _h. .
Ly L; EI’{LX,LZ]| = 5( ihhLyi = EH_yl

2. * A particle of massm is in a 1 dimensional potential  V(x). Calculate the rate of change

of the expected values ofx and p, % and %). Your answer will obviously depend on the
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state of the particle and on the potential.
Answer

dhAi 1
G - mh:A,H]l
dwi 1 p?
w T m Sam
1 p h iy
S hom T Tm
T = VOl = v (o)
) v
T

3. Compute the commutators JAY; A"] and [A; et | for the 1D harmonic oscillator.
Answer

[AY;A"] = n[AY;AJA" = nA" !
. R eynpgn X i\nfA- 4 N
[A;eIHt] - [A, (It) |H ]: (It) ['A\"H ]
n=0 n! n=0 n:
_ R n(i)"AHHD L it>4 (it)" hIAH " 1
=0 n! o1 (n 1)
X #+yn 1 n 1 X #\n 1pgn 1
i (it) h!AH| — ithiA (it) H|
et (n 1) et (n 1)
X irynHn .
= ithea o GOTHT A e
a0 (M

4. * Assume that the statesju; > are the eigenstates of the Hamiltonian with eigenvalues;,
(Hjui >= Ejju; >).
a) Prove that < ujj[H;Alju; >= 0 for an arbitrary linear operator A.

b) For a particle of massm moving in 1-dimension, the Hamiltonian is given byH = % +
V (x). Compute the commutator [H,X] where X is the position operator.

c) Compute < u;jPju; > the mean momentum in the stateju; >.

5. * At t =0, a particle of massm is in the Harmonic Oscillator state (t =0) = pl—z(uo + uy).
Use the Heisenberg picture to nd the expected value ok as a function of time.
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12 Extending QM to Two Particles and Three Dimensions

12.1 Quantum Mechanics for Two Particles

We can know the state of two particles at the same time. The positios and momenta of particle 2
commute with the positions and momenta of particle 1.

[X1;X2] = [P1;P2] = [X1;p2] = [X2;p1] = 0

The kinetic energy terms in the Hamiltonian are independent. There nay be an interaction between
the two particles in the potential. The Hamiltonian for two particles can be easily written.

i, P
H= —+ —<= +V ;
m; * 2m, (X1;X2)

Often, the potential will only depend on the di erence in the positions of the two particles
V(X1;X2) = V(X1 X2)

This means that the overall Hamiltonian has a translational symmetry . Lets examine an
in nitesimal translation in x. The original Schmedinger equation

H (X1,%2) = E (X1;X2)

transforms to
H (Xp+ dx;xo+dx)= E (X3 + dx;xz + dx)

which can be Taylor expanded

Ho Oaxe)+ 9 v S =k (X1;X2) + O i+ @ 4

@x = @x @x = @x
We can write the derivatives in terms of the total momentum operator.
h @, @
= =+ = — — 4+ —
P=p1t P2 i @x  O@x
H (X1;x2) + IHHD (X1;X2)dx = E (X1;X2) + IﬁEp (X1;X2)dx
Subtract of the initial Schredinger equation and commute E through p.

Hp (x1;X2) = Ep (X1;X2) = pH (X1;X2)

We have proven that
[H;p]=0

if the Hamiltonian has translational symmetry. The momentum is a constant of the motion
Momentum is conserved. We can havesimultaneous eigenfunctions of the total momentum
and of energy .
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12.2 Quantum Mechanics in Three Dimensions

We have generalized Quantum Mechanics to include more than one ptcle. We now wish to include
more than one dimension too.

Additional dimensions are essentially independent although they maybe coupled through the po-
tential. The coordinates and momenta from di erent dimensions commute. The fact that the
commutators are zero can be calculated from the operators thatve know. For example,

i 1=rx 1@ .
[vay]_[x!i_@)]/_o'

The kinetic energy can simply be added and the potential now depersl on 3 coordinates. The
Hamiltonian in 3D s

2

p? h®
+V(1=)=ﬂ+V(1=)= om’ + V(¥):

H:Zm 2m  2m

This extension is really very simple.

12.3 Two Particles in Three Dimensions

The generalization of the Hamiltonian to three dimensions is simple.

He B By V(1 f)

2m  2m
We de ne the vector di erence between the coordinates of the particles.
¥ 1

We also de ne the vector position of the center of mass

mifg + Moty
mi + mo

R

We will use the chain rule to transform our Hamiltonian. As a simple exanple, if we were working
in one dimension we might use the chain rule like this.

d_ @@, @R@
dy @i@r @f@R

In three dimensions we would have.
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~ ~ mz
o= [+ f
mqi+ mo
Putting this into the Hamiltonian we get
, " , #
2m; mi + Moy mqi+ mo
, " , #
e+ r f + V(¥
2m, ' my + m, R o m,+m, " R (¥)
1 1 mi + Mo
H= h? —+ F2+ —— <2 72 + V(5):
2mq 2mo r 2(m1+ m2)2 R ( )
De ning the reduced mass
1 1 1
= 4+ —
m; mp
and the total mass
M=m;+ my
we get.
h? h?
H= —f? —rZ+V(r
2 r ZM R ( )

The Hamiltonian actually separates into two problems

: the motion of the center of mass as a
free particle

— h2--2
H = M (=}

and the interaction between the two particles

2

h
H = 2—r$+ V()

This is exactly the same separation that we would make in classical phsics.
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12.4 Identical Particles

It is not possible to tell the di erence between two electrons. Theyare identical in every way. Hence,
there is a clearsymmetry in nature under the interchange of any two electron S.

We de ne the interchange operator  Pj,. By our symmetry, this operator commutes with H so
we can have simultaneous eigenfunctions of energy and interchaeg

If we interchange twice, we get back to the original state,
P> (X15%2) = (X2, X1)

P1oP1o (X1:X2) = (X1;X2)

so the possible eigenvalues of the interchange operator are just + 1and-1.

P =

It turns out that both possibilities exist in nature. Some particles like the electron, always have
the -1 quantum number. The are spin one-half particles and are cal fermions . The overall
wavefunction changes sign whenever we interchange any pair ofrfeions. Some patrticles, like the
photon, always have the +1 quantum number. They are integer spinparticles, called bosons.

There is an important distinction between fermions and bosons whichwe can derive from the in-
terchange symmetry. If any two fermions are in the same state, ie wave function must be zero in
order to be odd under interchange.

= Ui(X)uj(X2) oui(Xa)uj (x2) Uy (X2)ui(X2)

(Usually we write a state like uj(x1)u; (X2) when what we mean is the antisymmetrized version of
that state u;j(X1)u; (X2)  Uj (X1)ui(x2).) Thus, no two fermions can be in the same state. This is
often called the Pauli exclusion principle

In fact, the interchange symmetry di erence makes fermions behve like matter and bosons behave
like energy. The fact that no two fermions can be in the same state means they take up space,
unlike bosons. It is also related to the fact that fermions can only becreated in conjunction with
anti-fermions. They must be made in pairs . Bosons can be made singly and are their own
anti-particle as can be seen from any light.

12.5 Sample Test Problems

1. * Calculate the Fermi energy forN particles of massm in a 3D cubic \box" of side L. Ignore
spin for this problem.
Answer
The energy levels are given in terms of three quantum numbers.

212
— 2 2 2
- ZmLz(nX + ny + nZ)

The number of states with inside some 2 + n2 + n?)max (& of a a sphere inn space) is

y
14 3
N =23 (N + nJ + n2)dax
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So forN particles lling the levels,

3
(n>2< + n)z/ + ng)rznax = —

(ng + n)z/ + N)max = —

The energy corresponding to this is the Fermi energy.

2p2 BN
Er = — —

2mL 2
. * We put N fermions of massam into a (cold) one dimensional box of length L. The particles
go into the lowest energy states possible. If the Fermi energy is deed as the energy of the
highest energy particle, what is the Fermi energy of this system? ¥u may assume that there
are 2 spin states for these fermions.
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13 3D Problems Separable in Cartesian Coordinates

We will now look at the case ofpotentials that separate in Cartesian coordinates . These will
be of the form.
V() = Vi(x) + Va(y) + V3(2)

In this case, we can solve the problem byeparation of variables

H = Hy+ Hy + H,
(Hx + Hy + H)u(x)v(y)w(z) = Eu(x)v(y)w(z)

[He UGl VW) + u(x) (Hy + H) V)W) =  Eu(v(y)w(z)
HUGO _ p (Hy + Hvyw@)
u(x) v(y)w(2) '

The left hand side of this equation depends only orx, while the right side depends ony and z. In
order for the two sides to be equal everywhere, theynust both be equal to a constant which
we call .

The x part of the solution satis es the equation
Hxu(x) = xu(x):
Treating the other components similarly we get

Hyv(y) = yv(y)
H.w(z) = .w(2)

and the total energy is

There are only a few problems which can be worked this way but they g important.

13.1 Particle in a 3D Box

An example of a problem which has a Hamiltonian of the separable form ishe particle in a 3D
box. The potential is zero inside the cube of side Land in nite outside. It can be written as a
sum of terms.

H=Hx+Hy+H,

The energies are
212

Enxnyinz = W(ni + n§ + ng):
They depend onthree quantum numbers , (since there are 3 degrees of freedom).
. NyXx ..n . Nz
Unx;ny;nz (¥) =sin X sin yLy sin ZL

For a cubic box like this one, there will often be degenerate states.
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13.1.1 Filling the Box with Fermions

If we Il a cold box with N fermions, they will all go into di erent low-energy states. In fact, if the
temperature is low enough, they will go into the lowest energyN states.

If we Il up all the states up to some energy, that energy is called the Fermi energy . All the states
with energies lower thanEg are lled, and all the states with energies larger than Eg are empty.
(Non zero temperature will put some particles in excited states, bty the idea of the Fermi energy is
still valid.)

2K2 2h2

miz(M ) = oren <Er

Since the energy goes lika2 + nf, + n2, it makes sense to de ne a radiug, in n-space out to which
the states are lled.

‘ny

© o0 o o o/
o 0 0 & o0 o0 o

o o0 0 o0 o0 o

[-) o o (] (]
Occupied States

nx

The number of states within the radius is

14

N =(2)spin 55" n
( )spln 83 n

where we have added a factor of 2 because fermions have two spitates. This is an approximate

counting of the number of states based on the volume of a sphere im-space. The factor of%

indicates that we are just using one eighth of the sphere im-space because all the quantum numbers

must be positive.
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We can nowrelate the Fermi energy to the number of particles in the box

2h2 , _ 2n2 3N 5 _ % 3N 5 _ 2h® 3n §

Tomlz" T 2mz . T 2m L3 T 2m

Er

We can also integrate to get thetotal energy of all the fermions.

Zn 5 5
1 2 2h2 3h2 5 3h2 3N 3 3h2 3 3
Eiot =2= 4r 2! dr = Tn - =T N7
8 2mL 2 2mL2 5 10mL?2 10m
0

where the last step shows how the total energy depends on the mber of particles per unit volume
n. It makes sense that this energy is proportional to the volume.

The step in which Eg and Ey is related to N is often useful.

2h2 3 %
Er = —3
2m L
302 3N 3
Etot = > T
10mL

13.1.2 Degeneracy Pressure in Stars

The pressure exerted by fermions squeezed into a small box is whiéeps cold stars from collapsing.
White Dwarfs are held up by electrons and Neutron Stars are held ugpy neutrons in a much smaller
box.

We can compute the pressure from the dependence of the energy on the volume for a xed
number of fermions.

dE = F ds= PAds= PdV
]
@V
32 3N 3
Eiot = 10m — V%
32 3N 3
P= m — V7
32 2 312 s
p = _n 3N 5_ °h" 3n
15m 15m

The last step veri es that the pressure only depends on the densjt not the volume and the N
independently, as it should. We will use.

32 3N 3 3p2 3N gst




199

To understand the collapse of stars, we must compare this to th@ressure of gravity . We compute
this approximately, ignoring general relativity and, more signi cant ly, the variation of gravitational
pressure with radius.

R
E = GMinsidre4r2 dr
0

R
_ G(§r3)4r2OIr
r

0
_ (4 ). ,05_ 3GM?
- 1SG R™= 5R

The mass of the star is dominated by nucleons.
M = NMy

Putting this into our energy formula, we get.

W=

E = gG(NMN)Z 4 %y

We can now compute the pressure.

The pressures must balance. For avhite dwarf , the pressure from electrons is.

3h? 3N, 2
15m,

wlor

Pe = Vv

We can solve for the radius.

2 5 5
3 3K2 3 NS

R= — - =
4 3GmeM 2 N 2

There are about two nucleons per electron
N 2N

so the radius becomes.
g1z § p2

N
512 GmeM,ﬁ

The radius decreases as we add mass. For one solar makis= 10°7, we get a radius of 7200 km,
the size of the earth. The Fermi energy is about 0.2 MeV.

Wl

R =

A white dwarf is the remnant of a normal star. It has used up its nuclear fuel, fugg light elements
into heavier ones, until most of what is left is Fe® which is the most tightly bound nucleus. Now
the star begins to cool and to shrink. It is stopped by the pressue of electrons. Since theoressure
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from the electrons grows faster than the pressure of gravity , the star will stay at about
earth size even when it cools.

If the star is more massive, the Fermi energy goes up and it becorsgossible to absorb the electrons
into the nucleons, converting protons into neutrons. The Fermi energy needs to be above 1 MeV.
If the electrons disappear this way, the star collapses suddenly dun to a size for which the Fermi
pressure of the neutrons stops the collapse (with quite a shock)Actually some white dwarfs stay
at earth size for a long time as they suck in mass from their surrounthgs. When they have just
enough, they collapse forming a neutron star and making a superna. The supernovae are all nearly
identical since the dwarfs are gaining mass very slowly. The brightngs of this type of supernova has
been used tomeasure the accelerating expansion of the universe

We can estimate theneutron star radius

My
Me
Its about 10 kilometers. If the pressure at the center of a neuton star becomes too great, it collapses

to become a black hole. This collapse is probably brought about by gesral relativistic e ects, aided
by strange quarks.

5

N32 3=10

R! R

13.2 The 3D Harmonic Oscillator

The 3D harmonic oscillator can also be separated in Cartesian coordates. For the case of a
central potential, V = %m! 2r2, this problem can also be solved nicely in spherical coordinates using
rotational symmetry. The cartesian solution is easier and better 6r counting states though.

Lets assume the central potential ~ so we can compare to our later solution. We could have three
di erent spring constants and the solution would be as simple. The Hamiltonian is

p? 1 55
= -+ —_m!
H om 2m.r
g1 5, psz/ 1 2, P2, 1 5,
H = 2+ -m! + ——+ —m! + =+ -—m!
am 2 X Tt Y ot aM ?
H = Hy+Hy+H,

The problem separates nicely, giving ughree independent harmonic oscillators

3
E = nx+ny+nz+§ h!

nx;ny;nz (X;¥;Z) = Unx (X)uny (Y)unz (2)

This was really easy.

This problem has a di erent Fermi surface in n-space than did the particle in a box. The boundary
between lled and un lled energy levels is a plane de ned by

Er

N+ nNy+n,= —
h!

3
2
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13.3 Sample Test Problems

1.

10.

11.

A particle of massm in 3 dimensions is in a potential V (x;y;z) = 1k(x? + 2y? + 3z2). Find
the energy eigenstates in terms o8 quantum numbers . What is the energy of the ground
state and rst excited state?

. * N identical fermions are bound (at low temperature) in a potential V(r) = %m! r2, Use

separation in Cartesian coordinates to nd the energy eigenvaluesn terms of a set of three
guantum numbers (which correspond to 3 mutually commuting operdors). Find the Fermi
energy of the system. If you are having trouble nding the number of states with energy less
than Er, you may assume that it is (Eg =h! )3.

. A particle of mass m is in the potential V(r) = im! 2(x? + y?). Find operators that commute

with the Hamiltonian and use them to simplify the Schmdinger equation. Solve this problem
in the simplest way possible to nd the eigen-energies in terms of a satf "quantum numbers"
that describe the system.

. A particle is in a cubic box. That is, the potential is zero inside a cubeof side L and in nite

outside the cube. Find the 3 lowest allowed energies. Find the numbeof states (level of
degeneracy) at each of these 3 energies.

. A particle of mass m is bound in the 3 dimensional potentialV/ (r) = kr?2.

a) Find the energy levels for this particle.

b) Determine the number of degenerate states for the rst three energy levels.

. A particle of massm is in a cubic box. That is, the potential is zero inside a cube of sidd

and in nite outside.

a) Find the three lowest allowed energies.
b) Find the number of states (level of degeneracy) at each of thee three energies.

¢) Find the Fermi Energy Er for N particles in the box. (N is large.)

. A particle is con ned in a rectangular box of length L, width W, and \tallness" T. Find

the energy eigenvalues in terms of a set of three quantum number&vhich correspond to 3
mutually commuting operators). What are the energies of the three lowest energy states if
L=2a,W=1a, and T =0:5a.

A particle of mass m is bound in the 3 dimensional potentialV (r) = kr?.
a) Find the energy levels for this particle.

b) Determine the number of degenerate states for the rst hree energy levels.

In 3 dimensions, a particle of massn is bound in a potential V (r) = p——

x2+ 22"

a) The de nite energy states will, of course, be eigenfunctions oH. What other operators
can they be eigenfunctions of?

b) Simplify the three dimensional Schredinger equation by using these operators.
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14  Angular Momentum

14.1 Rotational Symmetry

If the potential only depends on the distance between two particls,
V()= V(r)

the Hamiltonian has Rotational Symmetry . This is true for the coulomb (and gravitational)
potential as well as many others. We know from classical mechanicthat these are important
problems.

If a the Hamiltonian has rotational symmetry, we can show that the Angular Momentum operators
commute with the Hamiltonian (See section 14.4.1).

[H;Li]=0
We therefore expect each component of to be conserved.

We will not be able to label our states with the quantum numbers for the three components of
angular momentum. Recall that we are looking fora set of mutually commuting operators

to label our energy eigenstates. We actually want two operators fus H to give us three quantum
numbers for states in three dimensions.

The components of angular momentum do not commute (See sectiob4.4.2) with each other

[Lx;Ly]=ihL,
12. .
[Li;Lj]=ih j Lk
but the square of the angular momentum commutes with any of the components
[L*Li]=0
These commutators lead us to choose thenutually commuting set of operators to be H, L?,

and L,. We could have chosen any component, however, it is most convemieto choosel , given
the standard de nition of spherical coordinates.

The Schmdinger equation can now be rewritten (See section 14.4)3 with only radial derivatives
and L2,
h2
2
—— " “Ue(¥) + V(r)ue(+)
" 2
#
1 1 2
—_— = = + —
r

@ L7
@r h?r2

Eug (1‘)

Ue (F) + V(r)ue () Eue ()
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This leads to a great simpli cation of the 3D problem.

It is possible to separate the Schiedinger equation sincer and L? appear separately. Write the
solution as a product

Ue(f) = Re (NYm (; )

where * labels the eigenvalue of thel? operator and m labels the eigenvalue of thel, operator.
SincelL, does not appear in the Schredinger equation, we only label the raidl solutions with the
energy and the eigenvalues of.

We get the three equations.

L%m (5 )= "C+1)h*Ya(; )
" , LYm (5 ) =mhYm (5 )
S & e trer ) Re(*V(ORe ()= ERe ()

By assuming the eigenvalues of 2 have the form *(* + 1) h?, we have anticipated the solution
but not constrained it , since the units of angular momentum are those oh and since we expect
L? to have positive eigenvalues.

hY‘mJLZJY‘m| = rtxY‘mjoY‘mi + rLyY‘mJLyY‘ml + rth‘mjLzY‘mi O

The assumption that the eigenvalues ofL, are some (dimensionless) number time$ does not
constrain our solutions at all.

We will use the algebra of the angular momentum operators to help usolve the angular part of
the problem in general

For any given problem with rotational symmetry, we will need to solve a particular di erential
equation in one variable  r. This radial equation can be simpli ed a bit.

h? @

2  @¢F

“C +1)h?
2r 2

=SIN

2 Re()+ V()+ Re: (1) = ERe (1)

We have grouped the term due to angular momentum with the potental. It is often called a pseudo-
potential. For ~ 6 0, it is like a repulsive potential.

14.2 Angular Momentum Algebra: Raising and Lowering Operat ors

We have already derived thecommutators of the angular momentum operators

[Lx;Ly] = ihL,



204

[Li;L]
L% Li]

ih ijk Lk

1
o

We have shown that angular momentum is quantized for a rotor with asingle angular variable. To
progress toward the possible quantization of angular momentum wvaables in 3D, we de ne the
operator L. and its Hermitian conjugate L

L Ly iLy:
SinceL? commutes with L, and Ly, it commutes with these operators.

[L%L 1=0

The commutator with L, is.
[L ;Lz]=[Lx;Lz] i[Ly;Lz]=1ih( Ly iLy)= hL

From the commutators [L?;L ]=0and[L ;L,]= hL ,we can derive the e ect of the operators
(See section 14.4.5)L on the eigenstatesY., , and in so doing, show that™ is an integer greater
than or equal to 0, and that m is also an integer

T=0;1;2;
NN

rB— R

L Yy =nh \(\+1) m(m 1)Y(m 1)

Therefore, L. raises thez component of angular momentum by one unit ofh and L  lowers it by

one unit. The raising stops whenm = ~ and the operation gives zeroL. Y- = 0. Similarly, the
lowering stops becausd. Y- - =0.
=0 =1 =2 =3 =4 m
4
3
2
1
0
-1
-2
-3
-4
Angular momentum is quantized . Any measurement of a component of angular momentum will

give some integer timesh. Any measurement of the total angular momentum gives the sometat

curious result p
jLi= "(C+1)h



205

where " is an integer.

Note that we can easily write the components of angular momentum interms of the raising and
lowering operators.

1
Le = SLe+L)

1
Ly = z('—+ L)

We will also nd the following equations useful (and easy to compute)
L+l ] ilLy;Lx] i[Lx;Ly]=h(Lz+ L) =2hL,
L? L.L +LZ hLy:

* See Example 14.5.1:

*

* See Example 14.5.2:

*

14.3 The Angular Momentum Eigenfunctions

The angular momentum eigenstates aresigenstates of two operators

L:Ym(; )= mhYm(; )
L2Ym (5 )= "C+1)h*Ym(; )

All we know about the states are the two quantum numbers™ and m. We have no additional
knowledge aboutL, and Ly since these operators don't commute withL,. The raising and
lowering operators L = Ly iLy raise or lowerm, leaving = unchanged.

L Yy = hp (C+1) m(m 1L)Yym g

The di erential operators take some work to derive (See section 4.4.4).

h @
Lz I_@
+

L =he'

: @
i cot @

SIS
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Its easy to nd functions that give the eigenvalue of L.
Ym(; )=( )( )=( )em
L:Y'm(; = ?@@( )eim = iEim ( )eim = mhYqn(; )

To nd the dependence, we will use the fact that there are limits orm. The state with maximum
m must give zero when raised.

. @ . @ .
L.Y-=he —+icot — () =0
This gives us a di erential equation for that state.
dfj )+i( )eot (i7)=0
d( ) .
i cot ()
The solution is i
( )=Csin :
Check the solution.
d . T TN
9 - C’ cos sin = "cot

Its correct.

Here we should note that only the integer value of® work for these solutions. If we were to use
half-integers, the wave functions would not be single valued, for eampleat =0and =2 . Even
though the probability may be single valued, discontinuities in the amplitude would lead to in nities
in the Schmdinger equation. We will nd later that the half-integer angular momentum states

are used for internal angular momentum (spin), for which no or coordinates exist.

Therefore, the eigenstate Y- is.

Y- = Csin ()€

We can compute the next state down by operating withL
Y\(\ 1) = CL Y“

We can continue to lowerm to get all of the eigenfunctions.

We call these eigenstates thespherical Harmonics . The spherical harmonics arenormalized .
4l 2
dicos) dY. ,Ym=1
! 2

d Yo Ym=1

Since they are eigenfunctions of Hermitian operators, they arerthogonal .
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z

d Yoy Yomo= o mmo

We will use the actual function in some problems.

1
Y, = —_
00 PT
-y
Y1 = 8—e' sin
Y
Yio = r 4—cos
15 .
Yy, = iez' sin?
rr__
1 | .
Y1 = — € sin cos
8
r
Yoo = > (3cog 1)
20 — 16

The spherical harmonics with negativem can be easily compute from those with positivem.

Y‘( m):( 1)mY‘m

Any function of and can beexpanded in the spherical harmonics

X X
f(; )= CmYm(: )
=0 m= °
The spherical harmonics form acomplete set .
X ®x o X
iYmihYmj= jmih'mj=1
=0 m= ° =0 m= °

When using bra-ket notation, j'mi is su cient to identify the state.

The spherical harmonics arerelated to the Legendre polynomials which are functions of .
2+1 %
Yo(; ) = 7 P-(cos )

2+1( my ?

Yim 4 (+m)

( pm PM(cos )e™
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14.3.1 Parity of the Spherical Harmonics

In spherical coordinates, theparity operation is

The radial part of the wavefunction, therefore, is unchanged ad the

R(r)! R(r)
parity of the state is determined from the angular part . We know the state Y- in general.
A parity transformation gives.
Yo(5; ) Y( ; +)=¢€ € sin()=¢€ Y =( 1Y

The states are either even or odd parity depending on the quanturmumber ".

parity = ( 1)

The angular momentum operators are axial vectors and do not chage sign under a parity transfor-
mation. Therefore, L does not change under parity and all theY-, with have the same parity as
Y-

LYs! (1)L Y-
Ym( 0+ )= D Yu(; )

14.4 Derivations and Computations
14.4.1 Rotational Symmetry Implies Angular Momentum Conse rvation

In three dimensions, this means that we can change our coordinaseby rotating about any one of
the axes and the equations should not change. Lets try and in nitesimal rotation about the z axis.
The x and y coordinates will change.

x°=x+dy
y’=y dx

The original Schmdinger Equation is
H (xy;z)= E (xy;z)
and the transformed equation is

H (x+dy;y dx;z)=E (x+dy;y dx;z):
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Now we Taylor expand this equation.

H (x;y;z)+ Hd %)2/ %}3( =E (x;y;z)+ Ed %)2/ %}3(
Subtract o the original equation.
We nd an operator that commutes with the Hamiltonian.
H;.E x—@ y—@ =
i@y " @x

Note that we have inserted the constant?— in anticipation of identifying this operator as the z
component of angular momentum.

@ _
@y y@x = Xpy  YPx

We could have done in nitesimal rotations about the x or y axes and shown that all the components
of the angular momentum operator commute with the Hamiltonian.

[HiL:]=[H;Lx]=[H;Ly]=0

Remember that operators that commute with the Hamiltonian imply physical quantities that are
conserved.

14.4.2 The Commutators of the Angular Momentum Operators

[Lx;Ly]&0;

however, the square of the angular momentum vector commutes ith all the components.
[LZ; L.]=0

This will give us the operators we need to label states in 3D central ptentials.

Lets just compute the commutator.

[Lx;Lyl = [ypz zpy:zpc  Xpz] = YI[Pz; zlpx +[Z; p.]py X

h .
i—[ypx xpy] = ihL,

Since there is no di erence betweerx, y and z, we can generalize this to

[LisLj]=ih jx Lk
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where jjx is the completely antisymmetric tensor and we assume a sum over rejated indices.

ik = gk T ik T K

The tensor is equal to 1 for cyclic permutations of 123, equal to -Tor anti-cyclic permutations, and
equal to zero if any index is repeated. It is commonly used for a cra@sproduct. For example, if

C=+ p

then
Li = rjpx ik
where we again assume a sum over repeated indices.

Now lets compute commutators of theL? operator.

L? = Li+Li+L?
[LZ;LZ] [LZ;L§]+[LZ;L)2/]
[Lz;Lx]lx + Lx[Lz;Lx] +[|—z;|-y]|-y + Ly[Lz;Ly]

We can generalize this to
[Li;L?]=0:

L2 commutes with every component oft.

14.4.3 Rewriting ‘Z’—ZUsing L2

We wish to use theL? and L, operators to help us solve the central potential problem. If we ca
rewrite H in terms of these operators, and remove all the angular derivative, problems will be greatly
simpli ed. We will work in Cartesian coordinates for a while, where we know the commutators.

First, write out LZ2.

L2 = (¢ p? "
= h2 y_@ Z—@ 2+ @ _@ 2+ _@ y_@ ’
@z @y @x @z @y ~ @x
Group the terms.
@ @ @ o @ @
2 _ 2 2 2 2
L= h® x @"’ @ + Yy @"‘ @ + 2z @‘l‘ @—9,
@ @ @ @ @ @
2xy@x@§;2yz@y@-£2xz @X@EZX@; Zy@y+ 22@2
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We expect to need to keep the radial derivatives so lets identify thee by dotting + into p. This will
also make the units matchL 2.

2 _ 2 @ @ @ *?
(r 9 = h X@x+ Y@y*' Z@Z
@ @ | @ @ @ @
2 2
" e ey T e Y aves Veve: X axer
@ @ @
ax Yay ‘ez

By adding these two expressions, things simplify a lot.
L2+(+ p2=r?p’+ihr p
We can now solve forp? and we have something we can use in the Schredinger equation.
P o= (e e p
1, h2 @’ ,1@

2T e Mrar

The Schredinger equation now can be written with only radial derivatives and L?2.

" #
h® 1 @’ 1@ L? ~
> 2 r@l’ + r@r hre Ug (¥) + V(r)ue (¥) = Eug(¥)
14.4.4 Spherical Coordinates and the Angular Momentum Oper ators

The transformation from spherical coordinates to Cartesian coadinate is.
rsin cos

rsin sin

r cos

N <
I

The transformation from Cartesian coordinates to spherical coodinates is.

P
r = X2+ y2 + 72

V4
COoS = =
X2 + y2+ 72
tan = X
X



212

We now proceed to calculate the angular momentum operators in spérical coordinates. The rst
step is to write the @—% in spherical coordinates. We use the chain rule and the above trarfisrmation

from Cartesian to spherical. We have useddcos =

sind anddtan =

—>—d . Ultimately

all of these should be written in the sperical cooridnates but its comenient to usex for example in

intermediate steps of the calculation.

@ _ @@, @os @ @an @
@x @x@r @x @os @x @an
- xX@, x 10 y @
B r@r+ 3 sin @ x2 o8’ @
- i @ 1 1 @ 1 sin sin @
= sin cos Z+ =sin cos cos - oo o cog ol
- o @ 1 @ 1sin @
= sin cos =+ ~cos cos = oo
@ _ @@ @s @ ,@n @
@y @y@r @y @os @y @an
_ye@ yz 1@ 1 @
= ter Pane " @
C e an @1 1 @ 1 1 @
= sin sin =+ Ssin sin cos - m S e cog ol
o . @ 1 . @ 1lcos @
= sin sin 2+ Ssin cos 2+ S
@ _ @@ @os @ . @an @
@z @zar @z @cos @z @an
. z@ 1 z? 1@
r@ r r3 sin @
_ @, 6 1 1 @
= cos o+ 1 co¢ )
_ 1. @
= cos o rsin &
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Bringing together the above results, we have.

—@ = sin cos —@+ }cos cos @ :—Lﬂi@
@x @r r @ rsin @
@ _ . @ 1. @ 1lcos @
@y sin  sin @r+ Fsm cos @ + Tsn @
@ _ @ 1. @
@z cos @ Fsm @
Now simply plug these into the angular momentum formulae.
L, -h,0 @ _ho
z i @y "@x i@
_ . h @ @ .. @ _@ _h @
L = Ly iLy= T y@z Z@y i Z@x X@z =T (y |x)@Z z
= h (x iy)—@ z —@ i—@
@z @x @y
_ , i @ @ @
= hr sin e @z cos @x I@y
= h sin e r cos a@r sin @ cos rsine @r+ cos e
_ i L, @ @ icos @
= he si” & cog @ sn @
= he' @@+ i cot @@

We will use these results to nd the actual eigenfunctions of angula momentum.

h @
i@

@, . @

— +1cot —

he @ @

14.4.5 The Operators L

The next step is to gure out how the
of L? are generated when we operate with.. or L ?

L2(L Ym)=L L?Ym = C+1)h%(L Ym)

L operators change the eigenstater, .

e .o
@y @x
@ ie' @
@ sin @

What eigenstates

Becausel 2 commutes with L , we see that we have the same(" + 1) after operation. This is also

true for operations with L,.

LZ(LZY‘m): LszY‘m =(+1 hz(LzY‘m)
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The operatorsL.,L and Lz do not change'. That is, after we operate, the new state is still an
eigenstate ofL 2 with the same eigenvalue, (" + 1).

The eigenvalue ofL , is changed when we operate with_, or L

Lz(L Ym) L L;Ym +[Lz;L Y

mh(L Ym) hL Yy =(m Dh(L Yyq)

(This should remind you of the raising and lowering operators in the HOsolution.)

From the above equation we can see thatl{ Y-.,) is an eigenstate ofL ;.

L Ym=C (‘;m)Y‘(m 1)
These operators raise or lower thee component of angular momentum by one unit ofh.
SincelLY = L , its easy to show that the following is greater than zero.

Writing L. L in terms of our chosen operators,

L L

(Lx iLy)(Lx iLy)=LEZ+ LS iLyxly iLyly
L+ Ly ilLxlLyl=L* LI hi,

we can derive limits on the quantum numbers.

e j(L? L2 hL,)Ymi O
CC+1) m?> mh? o
C+1) m(m 1)

We know that the eigenvalue (" + 1) h? is greater than zero. We can assume that
0

because negative values just repeat the same eigenvalues’ ¢f + 1) h?.

The condition that “(" +1) m(m 1) then becomes a limit onm.
m

Now, L. raisesm by one andL lowersm by one, and does not changé. Sincem is limited to be
intherange = m 7, the raising and lowering must stop form =,

L+Y“ :O
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The raising and lowering operators changem in integer steps, so, starting fromm =, there will
be states in integer steps up to'.

m= -, “+1;u0 10

Having the minimum at ~ and the maximum at + * with integer steps only works if * is an integer
or a half-integer . There are 2 +1 states with the same ™ and di erent values of m. We now know
what eigenstates are allowed.

The eigenstates ofL? and L, should be normalized
The raising and lowering operators acting onY,, give

L Ym=C (‘;m)Y‘(m 1)

The coe cient C (7;m) can be computed.

H Y‘mjl— Y‘mi = jC(‘;m)jth‘(m 1)jY‘(m 1)i
= jc(;m)j?
B Ymjl Ymi = hYmjl L Y
= hqpj(L? L2 hlL,)Yni
(CC+1) m? m)h?
jCC:m)i? = (C+1) m? m h?
C (hm) = hp‘(‘+1) m(m 1)

We now have the e ect of the raising and lowering operators in termsof the normalized eigenstates.

L Yo = h” C+1) mm DYm 1)

14.5 Examples

14.5.1 The Expectation Value of L,

q— q—
What is the expectation value of L, in the state (¥)= R(r)( 2Yu(; ) i 2Y1 1(; ))?

The radial part plays no role. The angular part is properly normalized.

*r 5 r T r 5 r I +
hijlz i = §Y11 [ §Y1 1L z] §Y11 i §Y1 1
*r 5 r T r 5 r 1 +
= z i = - +i =
3Y11 [ 3Y1 1] 3hY11 i 3hY1 1
2 1 1
= 3 3 n=3h
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14.5.2 The Expectation Value of Ly

q— q-—
What is the expectation value of L, in the state (#) = R(r)( 3Ywi(; ) Yio(; ))?

We needLy = (L+ + L )=2.

*

L r 5 r 1 r _ r 1 +
hiLeji = = -Y. “YqioiLy + L | =Y =Y.
JLx) 1 5 31 31oJ+ J311 3110
1*r 5 r T r _ r 1 +
= 3 §Y11 §Y101 §|- Y11 §L+ Y10
L T T T
= 5 30 30 3 2Y10 3 2Y1n
h?2 2
= 23ttt D= gh

14.6 Sample Test Problems

1. Derive the commutators [L?;L.] and [L,;L+]. Now show that L, Y.y, = CY:(m+1) , that is,
L. raises thel , eigenvalue but does not change thé 2 eigenvalue.
Answer

L+ = Ly+iLy
SinceL? commutes with both L, and Ly,
[L%Ls]=0:
[La;Le]=[LyLx+ily]l=[LsLx]+ [l Lyl = ih(Ly iLy)= h(Lx+iLy)= hL.
We have the commutators. Now we apply them to aY, .
[LZL+]Y'm = L2L+ Y'm  LiL2Yy, =0
L2(L+ Ym) = "C +1)h%(L+ Yom)
So, L. Y+, is also an eigenfunction ofL? with the same eigenvalue.L, does not change .
[Lz;L+]Y‘m = LzL+Y‘m L+ LzY‘m = hL+Y‘m

LZ(L+ Ym) mh(L+Y«m): h(L+Ym)
L(Ls Ym)=(m+21)h(Ls Ym)

So, L. raises the eigenvalue of ;.

2. Write the (normalized) state which is an eigenstate ofL2 with eigenvalue *(* +1) h? = 2h? and

also aneigenstate of Ly, with eigenvalue th in terms of the usual Y-, .
Answer
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An eigenvalue of (" +1) h? = 2h? implies * = 1. We will need a linear combination of the Yim
to get the eigenstate ofLy = 55—

Ls +L

5 (AY11+ BY10+ CY1 1) =0

h
p_E(AYlO + BY11 + BY; 1+ CY]_()) =0

(BY11 +(A+ C)Yio+ BY: 1)=0
Since this is true for all and , each term must be zero.
B=0
A= C
The state is 1
P—Q(Yn Y1 1)
The trivial solution that A = B = C =0 is just a zero state, not normalizable to 1.

3. Write the (normalized) state which is an eigenstate ofl2 with eigenvalue (" +1) h? = 2h? and
also aneigenstate of L, with eigenvalue 1h in terms of the usual Y, .

4. Calculate the commutators [p;;Lx] and [L2;L,].

5. Derive the relation L4 Y, = hp CH+LD) mMm+1)Y(may .

6. A particle isin a | = 1 state and is known to have angular momentum in thex direction equal
to+h. Thatis Ly = h . Since we knowl = 1, must have the form = R(r)(aYy1 +
bYi.o + cY1. 1). Find the coe cients a;b;and c for normalized.

7. Calculate the following commutators: ;L ], [L+;L?], [zm! ?r2;p].
8. Prove that, if the Hamiltonian is symmetric under rotations, then [H;L ;] =0.
9. In 3 dimensions, a particle is in the state:
(r) = C(iYss 2Y3o +3Ya1) R(r)
where R(r) is some arbitrary radial wave function normalized such that

Z,
R (r)R(r)r2dr = 1:

a) Find the value of C that will normalize this wave function.

b) If a measurement ofL, is made, what are the possible measured values and what are
probabilities for each.

¢) Find the expected value of< L y > in the above state.
10. Two (di erent) atoms of massesM; and M, are bound together into the ground state of a
diatomic molecule. The binding is such that radial excitations can be nglected at low energy

and that the atoms can be assumed to be a constant distanca = 3A apart. (We will ignore
the small spread aroundr = a.)

a) What is the energy spectrum due to rotations of the molecule?
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b) Assuming that R(r) is given, write down the energy eigenfunctions for the ground st&e
and the rst excited state.

¢) Assuming that both masses are about 1000 MeV, how does the eixation energy of the
rst excited state compare to thermal energies at 300K.

15 The Radial Equation and Constant Potentials *

15.1 The Radial Equation *

After separation of variables, the radial equation depends on.
#

! 2 ANPAN
h? 1 @ + 1@ (+1) Re (r)+ V(r)Re (r) = ERg (r)

2 7 "er Trer "2

It can be simpli ed a bit.

> @ 2@ '(+1) _
o5 @"' T @r 2 Re' (r)+ V(r)Re (r) = ERg: ()
The term due to angular momentum is often included with the potential.
11. h? @ 2@ *(C +1)h?
- — 4+ —_ = . + + =~ 7 < = .
> @it rar R VIO+ S5 Re ()= ERy (1)

This pseudo-potential repels the particle from the origin.

15.2 Behavior at the Origin  *

The pseudo-potential dominates the behavior of the wavefuncti on at the origin if the
potential is less singular than r—lz

W @ 2@ (C+h? _
o5 @"' T @r Ro (r)+  V(r)+ o2 Rn (1) = ERp ()
For small r, the equation becomes
@ 2@, ,, C+1_ = _
@"’ T @r Rn (1) 12 R (r)=0

The dominant term at the origin will be given by some power ofr

R(r) = r3:
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Higher powers ofr are OK, but are not dominant. Plugging this into the equation we get
s(s s 2+2sr 2 “(C+1)r® 2=0:

s(s 1)+2s="( +1)
s(s+1)= “(C+1)

There are actually two solutions to this equation,s= "~ ands= " 1. The rst solution, s= ", is
well behaved at the origin (regular solution ). The second solution,s= =~ 1, causes normalization
problems at the origin (irregular solution ).

15.3 Spherical Bessel Functions *

We will now give the full solutions in terms of
= kr:
These are written for E >V but can be are also valid forE <V where k becomes imaginary.

=kr! ir

The full regular solution  of the radial equation for a constant potential for a given" is

. _ . 1d  sin
FO=C ) S5

the spherical Bessel function . For small r, the Bessel function has the following behavior.

FOY T35 e

The full irregular solution  of the radial equation for a constant potential for a given is

cos

. 1d
n()= () 5 —
the spherical Neumann function . For small r, the Neumann function has the following behavior.
1352 +1
n()! ‘+1( )

The lowest ™ Bessel functions (regular at the origin) solutions are listed below.

. sin
jo( )= —
. sin cos
j1(0)= —5— —
) 3sin 3cos sin
JZ( ): 3 2
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The lowest ™ Neumann functions  (irregular at the origin) solutions are listed below.

No( )= ==

cos sin
ni( )= - —

_3cos  3sin cos
nZ( )_ 3 2 +

The most general solution is a linear combination of the Bessel and Neumann functions.
The Neumann function should not be used in a region containing the dgin. The Bessel and
Neumann functions are analogous the sine and cosine functions ofi¢ 1D free particle solutions.
The linear combinations analogous to the complex exponentials of th&D free particle solutions are
the spherical Hankel functions

1 sin  icos T
= —€

()= Orin()=( ) TL S TS,

h2()=j-() in()=h" ()

The functional for for large r is given. The Hankel functions of the rst type are the ones that
will decay exponentially asr goes to innity if E <V , so it is right for bound state solutions

The lowest ™ Hankel functions of the rst type are shown below.

e
he) ()= T
el_ 1+|_

3i 3
t—

h ()=

ial
hP ()= = 1

We should also give thelimits for large r, ( >>" ),of the Bessel and Neumann functions.

sin —

PO T

n()! M

Decomposing the sine in the Bessel function at large, we see that the Bessel function is composed
of an incoming spherical wave and an outgoing spherical wave of theame magnitude .

()1 -~ e ik 2 ik 2)

This is important. If the uxes were not equal, probability would build u p at the origin. All our
solutions must have equal ux in and out.
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15.4 Particle in a Sphere *

This is like the particle in a box  except now the particle is con ned to the inside of a sphere of
radius a. Inside the sphere, the solution is a Bessel function. Outside thephere, the wavefunction
is zero. The boundary condition is that the wave function go to zeroon the sphere.

j*(ka)=0

There are an in nite number of solutions for each*. We only, need to nd the zeros of the Bessel

functions. The table below gives the lowest values oka = m—,?ZZ—E which satisfy the boundary
condition.

“In=1 n=2 n=3
0 3.14 6.28 9.42
1| 4.49 7.73

2 5.72 9.10

3 6.99 1042

4 8.18

5 9.32

We can see bothangular and radial excitations

15.5 Bound States in a Spherical Potential Well *

We now wish to nd the energy eigenstates for a spherical potential well of radiusa and potential
Vo.

MU Spherical Potential Well (Bound States)

We must use the Bessel function near the origin.

Re (1) = A (k)
2 (E+ Vo)

k= -z
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We must use the Hankel function of the rst type for large r.

kr! ir

r___
2E
h2

Ry = Bh®(ir)

To solve the problem, we have to match the solutions at the bounday. First match the wavefunction.

Al()] zia =B ()] =ia
Then match the rst derivative.

d-( _any d()
Ak =22 =B() —5—

=ka =ia

~—
~

We can divide the two equations to eliminate the constants to get a codition on the energies.

"y "

—
—~
~

This is often called matching the logarithmic derivative

Often, the * = 0 term will be su cient to describe scattering. For ~ =0, the boundary condition is

" # "o -

cos sin ie €
K ——  =0) ——

=ka [ =ia

.
|
e

Dividing and substituting for , we get

1 1
k t(k — = —
cot(ka) ia i =
kacottka) 1= a 1
k cot(ka) =
This is the same transcendental equation that we had for the odd solutio n in one dimen-
sion.
0s_ 1
2 (E+ V) E
@ Z1\=_ VoA -
cot 2 a Vot E

The number of solutions depends on the depth and radius of the wellThere can even be no solution.



223

L ] >

V, WhZ/Smaz 0

15.6 Partial Wave Analysis of Scattering *

We can take a quick look atscattering from a potential in 3D We assume thatV = 0 far from
the origin so the incoming and outgoing waves can be written in terms bour solutions for a constant
potential.

In fact, an incoming plane wave along the  z direction can be expanded in Bessel functions.

ikz _— ikr cos _X pxi-‘-\ 3
e =¢€ = 4 (22 +1)i j(kr)Y-

Each angular momentum () term is called a partial wave . The scattering for each partial wave
can be computed independently.

For large r the Bessel function becomes

1 ) . ) .
i I i e i(kr "= 2) e|(kr =2) :
i) 2ikr
so our plane wave becomes
ikz R P 1 i(kr "= 2) i(kr =2
e | 4 (2 +1)|m e e Yo

‘=0

The scattering potential will modify the plane wave, particularly the outgoing part. To maintain
the outgoing ux equal to the incoming ux, the most the scatterin g can do ischange the relative
phase of the incoming an outgoing waves

1 ; . : : o
R-(r)! ek "= Q2 (K)i(kr "= 2)
(") 2ikr

- sin(kr =2+ (k)) ei (k)
kr
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The - (k) is called the phase shift for the partial wave of angular momentum . We can compute
the di erential cross section for scattering

d scattered ux into d
d incident ux

in terms of the phase shifts.

18% o ?
2 (2°+1)€ sin( -)P-(cos )

‘=0

Q.|Q_

The phase shifts must be computed by actually solving the problem fothe particular potential.

In fact, for low energy scattering and short range potentials, the rstterm ~ = 0 is often enough to
solve the problem.

gz RERRERRRYA

Only the low  partial waves get close enough to the origin to be a ected by the ptential.

15.7 Scattering from a Spherical Well *

For the scattering problem, the energy is greater than zero. We mast choose the Bessel function in
the region containing the origin.

R = Aj- (k%

f j - (K)

kO = M
= =

For large r, we can have a linear combination of functions.

R = Bj-(kr) + Crn«(kr)

2E
k= 7
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v Scattering from a Spherical Well

Matching the logarithmic derivative, we get
" 4 "
o dd() . de()+cnd()
O _.. BO+Ccn()

#

—

Recalling that for r ' 1,

i sin(C )
y cos( )
and that our formula with the phase shift is
sin -+ (K

R(r) /
-1 cos - sin( \—)+sin - cos( \—) ;
- 2 27

we canidentify the phase shift  easily.

tan - = E
T B

We need to use the boundary condition to get this phase shift.

For * =0, we get

ocosk®) _ kB coska) + C sin(ka)
sin(k%) ~ Bsin(ka) C coska)
0

k?cot(koa) (B sin(ka) Ccoska)) = B coska)+ C sin(ka)

0 0
k?cot(koa)sin(ka) coska) B = sin(ka)+ k?cot(koa)cos(ka) C

We can now get the phase shift.
k coska) sin(k®%) k%cosk‘a) sin(ka)
k sin(ka) sin(k%) + kOocosk®) cos(ka)

C
tan ¢ = §:
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With just the * =0 term, the di erential scattering cross section is.
d | sin?( +)
d -~ k2

The cross section will have zeros when
M = cot( ka) tan(k"a)
k°cot(k%) = k cot(ka):

There will be many solutions to this and the cross section will look like di raction.

logs
diffractive scattering

15.8 The Radial Equation for  u(r) = rR(r) *

It is sometimes useful to use
Up (r) = rRy (1)

to solve a radial equation problem. We can rewrite the equation foru.

@ 20 un_d ld u 24 2
drz  rdr r dr rdr r2 rzdr r3
iy ldu ldu, 20, 2du 2 1du
rdr2  r2dr  r2dr r3 r2dr r3 rdr2

L) 2y C+Dh? u) _

r dr2 h2 2r 2 r
d?u(r) 2 “C +1)h? _

This now looks just like the one dimensional equation except the pselo potential due to angular

momentum has been added.

We do get the additional condition that
ui)=0

to keep R normalizable.
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For the case of a constant potentialo, we de nek = 2. ¥ and = kr, and the radial equation
becomes.
du(r) | 2 (+1)h? _
dar2 + F E VO T U(r) =0
du(r) , (+1) _
a2 + k“u(r) = u(r)=0
d?u C+1
L D0+ u)=0

For * =0, its easy to see that sin and cos are solutions. Dividing by r to get R( ), we see that
these arejo and ng. The solutions can be checked for other, with some work.

15.9 Sample Test Problems

1. A particle has orbital angular momentum quantum number | = 1 and is bound in the potential
well V(r)= Vp forr<a andV(r) =0 elsewhere. Write down the form of the solution (in
terms of known functions) in the two regions. Your solution should stisfy constraints at the
origin and at in nity. Be sure to include angular dependence. Now usehe boundary condition

at r = a to get one equation, the solution of which will quantize the energies.Do not bother
to solve the equation.

. A particle of mass m with 0 total angular momentum is in a 3 dimensional potential well
V(r)= Vyforr < a (otherwise V(r) =0).

a) Write down the form of the (I = 0) solution, to the time independent Schmdinger equa-
tion, inside the well, which is well behaved at atr = 0. Specify the relationship between
the particles energy and any parameters in your solution.

b) Write down the form of the solution to the time independent Schredinger equation, outside

the well, which has the right behavior asr ! 1 . Again specify how the parameters
depend on energy.

¢) Write down the boundary conditions that must be satis ed to mat ch the two regions.
Useu(r) = rR(r) to simplify the calculation.

d) Find the transcendental equation which will determine the energ eigenvalues.

. A particle has orbital angular momentum quantum number| = 1 and is bound in the potential
well V(r)= Vp forr<a andV(r) =0 elsewhere. Write down the form of the solution (in
terms of known functions) in the two regions. Your solution should stisfy constraints at the
origin and at in nity. Be sure to include angular dependence. Now usethe boundary condition

at r = a to get one equation, the solution of which will quantize the energies.Do not bother
to solve the equation.

. A particle is con ned to the inside of a sphere of radiusa. Find the energies of the two lowest
energy states for' = 0. Write down (but do not solve) the equation for the energies for™ = 1.
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16 Hydrogen

The Hydrogen atom consists of an electron bound to a proton by tle Coulomb potential

V(r)= ?

We can generalize the potential to a nucleus of charg&e without complication of the problem.

Ze?
V(r) = R

Since the potential is spherically symmetric , the problem separates and the solutions will be a
product of a radial wavefunction and one of the spherical harmoits.

n'm (‘F) = Rp (r)Y‘m ( ; )
We have already studied the spherical harmonics.

The radial wavefunction  satis es the di erential equation that depends on the angular momentum
guantum number

& 2d 2 ze?2 “( +1)h?
—+ —— Rpg + —~ E+ — —~ "2 Rg =0
drz  rdr e (1) h2 r 2r 2 e (1)

where is the reduced mass of the nucleus and electron.

MeMy
me + mN

The di erential equation can be solved (See section 16.3.1) usingechniques similar to those

used to solve the 1D harmonic oscillator equation. We nd the eigen-energies
1
E= _— 72232
2n?

and the radial wavefunctions

Re( )= & ke =2

where the coe cients of the polynomials can be found from therecursion relation

s = k+ +1 n
1T D (k2 +2)
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and

— 8E .
= "

The principle quantum number n is an integer from 1 to in nity.
n=1;23;::
This principle quantum number is actually the sum of the radial quantum number plus * plus 1.
n=n,+ " +1
and therefore, the total angular momentum quantum number™ must be less thann.
"=0;L2::5n 1

This unusual way of labeling the states comes about because a radliexcitation has the same energy
as an angular excitation for Hydrogen. This is often referred to asan accidental degeneracy

16.1 The Radial Wavefunction Solutions

De ning the Bohr radius
h
aO - mc ’
we can compute the radial wave functions (See section 16.3.2) Heiga list of the rst several radial

wave functions Ry, (r).

3
2

Rio = 2 % e o
Rpo = 2 % : 1 2% e 272
Rs2 = 237'39% % ‘ % 2e2r=3a0
P 3
Ra1 = 4—32 %g % 1 %' g 4r=3
Ry = 2 Z : ZZI’+2(Zr)2. e 4r=3

1 -
3a, 3a, 27a3

For a given principle quantum number n,the largest " radial wavefunction is given by

Rn'n 1/ I,n 1e Zr=na o
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The radial wavefunctions should benormalized as below.

2
r’R, Ry dr=1

* See Example 16.4.2:

The pictures below depict the probability distributions in space for the Hydrogen wavefunctions.

The graphs below show the radial wave functions. Again, for a givem the maximum ° state has no
radial excitation, and hence no nodes in the radial wavefunction. A ell gets smaller for a xed n,
we see more radial excitation.
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A useful integral for Hydrogen atom calculations is.

3
n!

n ax —
dx x" e = gt

* See Example 16.4.2:\What is the expectation value ofrl in the state 190 ?*
* See Example 16.4.3:\What is the expectation value ofr in the state 199 7*

* See Example 16.4.4\What is the expectation value of the radial component of velocity in the state
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16.2 The Hydrogen Spectrum

The gure shows the transitions between Hydrogen atom states.

The ground state of Hydrogen hasn =1 and ~ = 0. This is conventionally called the 1s state. The
convention is to name™ = 0 states \s", ~ = 1 states \p", = = 2 states \d", and ~ = 3 states \f".
From there on follow the alphabet with g, h, i, ...

The rst excited state of Hydrogen has n = 2. There are actually four degenerate states (not
counting di erent spin states) for n = 2. In terms of ., these are 200, 211, 210, @and 21 1.
These would be called the 2s and 2p states. Remember, all values of n are allowed.

The second excited state hasy = 3 with the 3s, 3p and 3d states being degenerate. This totals 9
states with the di erent allowed m values.

In general there aren? degenerate states, again not counting di erent spin states.

The Hydrogen spectrum was primarily investigated by measuring theenergy of photons emitted in
transitions between the states, as depicted in the gures above rd below.
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Transitions which change™ by one unit are strongly preferred, as we will later learn.

16.3 Derivations and Calculations
16.3.1 Solution of Hydrogen Radial Equation *

The di erential equation we wish to solve is.

2 2 N~ 2
@ 2d o oys 2 ge2€ (DN

aztrar h2 .~ ~a2rz Re(=0

First we change to adimensionless variable ,

_ _8E
= h2 r;
giving the di erential equation
d’R 2drR (+1) 1
— 4+ - + - = =0:
d? d z R 4 R=0;
where the constant ro r
e,
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Next we look at the equation for large r.

This can be solved byR = ez, so we explicitly include this.

R()=G()e=

We should also pick of thesmall r behavior.

d?R 2dR “( +1)
aztq 2

R=0

AssumingR = 5, we get

s(s 1)52+2552 ‘(‘+1)52 =0:

s? s+2s="( +1)
s(s+1)= "(+1)

So eithers= " ors= =~ 1. The second is not well normalizable. Wewrite G as a sum.
R X .
G()= a K= a ¢
k=0 k=0

The di erential equation for G( ) is

d°G 2 dG 1 (C+1) A
qz 1 - d—+ —_— 5 G()=0:

We plug the sum into the di erential equation.

ac (k+ ) (k+" 1K 2 (k) K te2(k+ ) K2
k=0
+ K o+ 2 =0

ac((k+)(k+ " 1+2(k+7) “(+1) K2
k=0

b3 .
= a(k+) (1)
k=0

Now we shift the sum so that each term contains ¥+ 1.

R
aer (k+ +1)(k+)+2(k++1) “(C+1) K = g (k+) (1)t
k= 1 k=0
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The coe cient of each power of must be zero , so we can derive therecursion relation  for
the constants ay.
Ak +1 _ k+ +1
a  (k+ THL(k+ )+2(k+ T +1) (+1)
_ k+ +1 _ k+  +1
o k(k+2 +1)+2(k+ +1)  k(k+2 +2)+(k+2 +2)
k+ +1 ;1

(k+1)(k+2 +2)  k

This is then the power series for i
G()! e

unless it somehow terminates. We carierminate the series if for some value ofk = n,,
=n+ " +1 n:

The number of nodes inG will be n,. We will call n the principal quantum number, since the energy
will depend only on n.

Plugging in for we get the energy eigenvalues .
r

c2
Z = n:
2E
1
E= _— 72 2¢2
2n2
The solutions are
Ro ()= a ke =2
k=0

The recursion relation is .
k+ +1 n

K+ D(k+2 +2) %

Ak+1 =

We can rewrite , substituting the energy eigenvalue.

r
8E (= 4 2¢?72 Zr— 2czZ (= 2_Zr
h2 h?n2 " hn ' nag

16.3.2 Computing the Radial Wavefunctions *

The radial wavefunctions are given by

R()= a ke =2



where
_ 2z,
" nag

and the coe cients come from the recursion relation

s = k+ +1 n a
KT kT )(k+2 +2) ¢

The series terminates fork = n =~ 1.

Lets start with Rjg.

OX) k
Rio(r) = ax ‘e
k=0

Rig(r) = Ce #™®0

=2

We determine C from the normalization condition.
A
r’R, Ry dr=1

0
A

JCJ2 I,Ze 2Zr=a g dr=1
0

This can be integrated by parts twice.

ag 2 o
Q0 ‘A2 2Zr=a o 4y —
2 57 iCj e dr=1
0
8 3. 5 _
2 >z iCjc =
2ol 2’
2 &
3
1 2z 2
C= I
2
3
Z ? _
Rip(r)=2 — e %o
10() ag

R2; can be computed in a similar way. No recursion is needed.

Lets try Ryp.

OXl
Rao(r) = a
k=0

Roo(r) =(ao+ a1 )e

ke =2

=2

237
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_ k+7+1 n
ak+1_(k+1)(k+2\+2)ak
0+0+1 2 1

a

T 0+D)0+20)+2) T 3

Zr -
Ro(r)=C 1 — e %2
20( ) 23

We again normalize to determine the constant.

16.4 Examples
16.4.1 Expectation Values in Hydrogen States

An electron in the Coulomp eld of a proton is in the state described by the wave function
%(4 100+3 211 | 210+ 10 21 1). Find the expected value of the Energy,L?, L., and Ly.

First check the normalization.

42+ 32+ | i2+ " 107 _ 36

36 36

The terms are eigenstates of, L2, and L, so we can easily compute expectation values of those
operators.
21

2

n
,165 +95 +154 +10% _

2

E, = c

2

NI NIl

FEi

(@]

|

1
NI =

C

Similarly, we can just square probability amplitudes to compute the expectation value of L?. The
eigenvalues are (" +1) h?.

_ 2160 +9(2)+1(2) +10(2) _ 10,,

2.
Lo 36 9

The Eigenvalues ofL, are mh.

H16(0)+9(1) +1(0)+10( 1) | 1

i = 36 36

Computing the expectation value ofLy is harder because the states are not eigenstates bf,. We
must write Ly =(L+ L )=2i and compute.

1 ) pP— ) ) ) pP— )

ﬁh“ 100+t3 211 0 200t 10 21 1jb+ L j4 100+3 211 i 210+ 10 21 1i
1 ) pP— ) . p— )

= ﬁh“ 100+3 211 i 200+ 1021 1j 3L 211 i(L+ L ) 210+ 10L+ 21 ai

hyi
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h ) p— ) p . ) QS o Jp .
= ?M 100+3 211 1 200% 1021 1) 3 2210 1 22+ i 22 1+ 10 2 530l
2h . p— . . . pP—
= p77h4 100+3 211 1200+ 10 21 1) 3 210 0 211+ i 210 1+ 10 20l
2 PP P_ .
~ %2h o p_— p—._ (6+2° 10j 2h_ (25 3 2)h
= ﬁ( 3 3i+ 10+ 10)= 7 = 36

16.4.2 The Expectation of 1 in the Ground State

r

3

2
RlO - e Zr=a o

&N

2
Y4 2 1
YooY()O d rZFRlORlo dr
0

1. .
h 100 ] 100!

A 34 3
Z _ Z ag 2
= rR,;gRypgdr = 4 = re #2raoqr=4 = 271
1o 2 a0 2
0 0
- Z
ap
We can compute the expectation value of the potential energy.
Ze? Z2¢? mc
h 100f ——j 100l = =27%€— = Z? ’mc*=2E
100) r J 100 % h 100
16.4.3 The Expectation Value of r in the Ground State
2 !
. . Z - lag 3ag
h - 3R R dr =4 = 3 ZZr—aod =31-0 - 29D
100Jr} 100! r"RipRi1o dr % r’e r 17 57
0 0

16.4.4 The Expectation Value of v, in the Ground State

For © = 0, there is no angular dependence to the wavefunction so no velitg except in the radial
direction. So it makes sense to compute the radial component of # velocity which is the full
velocity.

P

2
We can nd the term for 7= in the radial equation.

p

. o h? o2 2d
h 100i(v)%] 100i = r’Ryg

mZ gzt rgr Rwodr
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Sinceag =

ooz %, a7z 7 s
= —4 — r‘eso. — — e@ dr
m % a§ aof
. M,z w2z
m?2 ap a;~ 2z ap 27
h2 z 2
T om? a

h

——, we get

h 100j(Vr)?] 100i = Z2 2¢

For Z = 1, the RMS velocity is ¢ or

We can compute the expected value of the kinetic energy.

h?z2 1
K:E: = Emvzz mal = EZ2 ’mc® = Ejgo

This is what we expect from the Virial theorem.

16.5 Sample Test Problems

1. A Hydrogen atom isinits 4D state (n = 4;" = 2). The atom decays to a lower state by emitting

a photon. Find the possible photon energies that may be observedSive your answers in eV.
Answer

The n = 4 state can decay into states withn = 1;2;3. (Really the n = 1 state will be
suppressed due to selection rules but this is supposed to be a simpleastion.) The energies
of the states are

En = Fev
The photon energy is given by the energy di erence between the sites.
1 1

For the n =1 nal state, E = 1—]3213:6 =12:8 eV.
For the n =2 nal state, E = 1—913:6 =2:6 eV.
For the n =3 nal state, E = 177136 =0:7 eV.

. Using the . notation, list all the n = 1;2;3 hydrogen states. (Neglect the existence of

spin.)

Answer

The states are, 100, 200, 211, 210, 21 1, 300, 311, 310, 31 1, 322, 321, 320, 32 1,
32 2.

. Find the dierence in wavelength between light emitted from the 3P ! 2S transition in

Hydrogen and light from the same transition in Deuterium. (Deuterium is an isotope of
Hydrogen with a proton and a neutron in the nucleus.) Get a numericd answer.
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14.
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. An electron in the Coulomb eld,of a proton is in the state described by the wave

function %(4 100+3 o11 210+ 10 21 1). Find the expected value of the Energy,L? and
L,. Now nd the expected value of Ly.

. * Write out the (normalized) hydrogen energy eigenstate s1a(r 5 )
. Calculate the expected value of r in the Hydrogen state ,q0.
. Write down the wave function of the hydrogen atom state 321 (r).

. A Hydrogen atom is in its 4D state (n =4 ;1 = 2). The atom decays to a lower state by emitting

a photon. Find the possible photon energies that may be observedsive your answers ineV.

. A Hydrogen atom is in the state:

1 . .
(r)= P?)( 100+2 211 3220 2 310+ 20 300 4 433)

For the Hydrogen eigenstatesh nm j#j nm i = 357. Find the expected value of the potential

energy for this state. Find the expected value ofl .

A Hydrogen atomis in its 3D state (n = 3;| = 2). The atom decays to a lower state by emitting
a photon. Find the possible photon energies that may be observedsive your answers ineV.

The hydrogen atom is made up of a proton and an electron boundbgether by the Coulomb
force. The electron has a mass of 0.51 Me\. It is possible to make a hydrogen-like atom
from a proton and a muon. The force binding the muon to the protonis identical to that for

the electron but the muon has a mass of 106 MeW?.

a) What is the ground state energy of muonic hydrogen (in eV).
b) What is the\Bohr Radius" of the ground state of muonic hydrogen.

A hydrogen atom is in the state: (r) = p%( 322+2 201+2i 20+ 11 1) Find the possible
measured energies and the probabilities of each. Find the expectaglue of L ,.

Find the di erence in frequency between light emitted from the 2P ! 1S transition in Hydro-
gen and light from the same transition in Deuterium. (Deuterium is an isotope of Hydrogen
with a proton and a neutron in the nucleus.)

Tritium is an isotope of hydrogen having 1 proton and 2 neutronsin the nucleus. The nucleus
is unstable and decays by changing one of the neutrons into a protowith the emission of
a positron and a neutrino. The atomic electron is undisturbed by this decay process and
therefore nds itself in exactly the same state immediately after the decay as before it. If the
electron started 0 inthe 290 (n =2, | =0) state of tritium, compute the probability to nd
the electron in the ground state of the new atom with Z=2.

At t =0 a hydrogen atom is in the state (t =0) = pl—z( 100 200). Calculate the expected

value ofr as a function of time.
Answer

1 . . o1 . _
(t) = P—z( 100€ 1N o000 E2EM) = 'Elt_hﬁ—z( 100 200€(Fr E2EN)

hijri i=35hio 2008 B0 a0 o00€ (B EEN
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The angular part of the integral can be done. All the terms of the wavefunction contain a Ygo
and r does not depend on angles, so the angular integral just gives 1.

p!

hjrj i = (Rio Rpoe '(Fz EIEN) (R Rype (B2 EUEM)2g

NI =

0

The cross terms are not zero because of the

2
R%0+ R%O R10R20 ei(Ez E1)t=h + e i(E2 E1)t=h r3dr

NI =

hirj i=

2
E E;

t r3d
h r-ar

hijrj i= R2,+ R3, 2R19Rz0cOs

NI =

0

Now we will need to put in the actual radial wavefunctions.

Ry = 2 — e Mo
10 a
1 1 ¢
r _
Ro = Pz — 1 — e ™2
20 9—2 % T
A
1 1 r 2 _
hiri i = - 42r—a0+_1 oy r=ag
jrj i 22 e 5 1z ©
0
p_ E E
272 1 L e =205 =2 Yt r3dr
2 h
A
-1 4r3e s + rlew 4oy 4 5.7
= Z_ag r-e 2o r-eao > r-eao FI’ eao
0 | |
— 3r pi 3r E, E;
+ 2 2r%eZo + ——r%e%0  cos . t dr
= = 24 D 4388 248+ —12
4 P 5°
+ 2p§6 28 —224 2% cos E2 Elt
3 h
: p_ ! #
a 3 p_16 2 32 E, E;
= — —+3 12+15+ 12 2—+ —24— — "t
2 2 81" @ 243 °°° T n
" P #
a 3 P_-64 256 2 E, E;
= X 243 12+15+ 20y 20 2 2 iy
2 2 27" T81 % Tn
" o 4
_ 15+ 32 ZCOS E, Elt
B T h
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17 3D Symmetric HO in Spherical Coordinates *

We have already solved the problem of a 3D harmonic oscillator by sepation of variables in Carte-
sian coordinates (See section 13.2). It is instructive tosolve the same problem in spherical
coordinates and compare the results. The potential is

1
V()= 1 %2
(=37
Our radial equation is
®” 2d 2 “(C+1)h?
— 4+ —_— N + ~ 7 < =
g7 rg RE+ 2 E V) —55— Re() =0
d’R  2dR 212, C+1) 2E
- 4+ - + =
drz  rdr thR r2 R 7R 0
Write the equation in terms of the dimensionless variable
r
y = -
s
_ h
T
r- =y
d _ dyd_1d
dr ~ drdy dy
*® _ 1d
dr2 ~ 2 dy?
Plugging these into the radial equation, we get
1d?R 12dR 1 ,, 1°(C+1) 2E _
Zaz T Zyay 4 YR 2oy RYEpR =0

&R 2dR 2R “C+1) 2E

a “yay Y A TR
Now nd the behavior for large y.
d’R 2
— R=0
dy? y
R e V=2

Also, nd the behavior for small y.
R 2dR ()
dy> ydy y?

R y®

s(s 1)y® 2+2sy° 2="(+1)y° ?
s(s+1)= "(+1)

R vy
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Explicitly put in this behavior and use a power series expansion to solveéhe full equation.
A

R=y  ay<e

k=0 k=0

— ~ 2_
=2 _ acy *Ke V'=2

We'll need to compute the derivatives.

dR R s T+ T+ k+ =
&= alCrRy Tt yrite v
y k=0
?rR R . . N . N
g2 - &lC+kC+k 1y K2 (CHky T
y k=0
C+k+1)y k4 yrkiz)g v°=2
@R X . . «
d—yZ: alC+ K( +k 1)y+k z

k=0
(2‘ +2k+1)y‘+k + y\+k+2]e y2:2

We can now plug these into the radial equation.

®?R 2dR ,_ (+1)_ 2E_
&t yay VR —ym RER=0

. . . 2_ .
Each term will contain the exponential e Y =2, so we can factor that out. We can also run a single
sum over all the terms.

a C+K(C+k Ly*™ 2 (2 +2k+1)y K+yri?
k=0

+2(\+ k)y‘+k 2 2y‘+k y‘+k+2 ‘(‘+1)y‘+k 2+ t21_IE

The terms for large y which go like y ***2 and some of the terms for smally which go likey ** 2

should cancel if we did our job right.

ac [C+KC+k 1) “C+n+2("+kly " 2

k=0
+ E—IE 2 (2 +2k+1) y*k =0
X a [ 1+k@ +k 1) “(+1)+2 +2Kky** ?
k=0
+ ﬁ—IE 2 (2 +2k+1) y*k =0
R | 2

ac k@ +k+1)ly " 2+
k=0

o (2°+2k+3) y*k =0
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Now as usual, the coe cient for each power ofy must be zero for this sum to be zero for ally. Before
shifting terms, we must examine the rst few terms of this sum to learn about conditions on a; and
a;. The rst term in the sum runs the risk of giving us a power of y which cannot be canceled by
the second term ifk < 2. For k = 0, there is no problem because the term is zero. Fok =1 the
termis (2° +2)y ! which cannot be made zero unless

a, =0:

This indicates that all the odd terms in the sum will be zero, as we will se from the recursion
relation.

Now we will do the usual shift of the rst term of the sum so that everything has ay *¥ in it.

k! k+2

A (k+2)2° + k+3)y K+ a 2= (2 +2k+3) y 'K =0

Ko h!

a2 (K+2)2° + k+3)+ a f]—IE (2 +2k+3) =0

a2 (k+2)2° + k+3)=  a ﬁ—IE 2" +2k +3)

_E (2 +2k+3)

2 T WF 2+ k+3)

For large k,
2

Ay +2 Eak;

Which will cause the wave function to diverge. We must terminate the series for somek = n, =
0; 2; 4:::, by requiring

i—!E (2 +2n, +3)=0

.. 3
E = n, + +§ h!

These are the same energies as we found in Cartesian coordinatekets plug this back into the
recursion relation.

(2>+2n,+3) (2°+2k+3)
(k+2)(2" + k+3)
2(k nr)
(k+2)(2° + k+3)

A+2 = a

A+2 =

a

To rewrite the series in terms ofy? and let k take on every integer value, we make the substitutions
n,! 2n, andk! 2k in the recursion relation for ax+; in terms of ax.
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The table shows the quantum numbers for the states of each engy for our separation in spherical
coordinates, and for separation in Cartesian coordinates. Remeber that there are 2° + 1 states

E =

(k

- (D k+3=2) %
“+2k

~ = ay
k=0

., 3
n, + +§

with di erent z components of angular momentum for the spherical coordinate sites.

E Ny ) NxNyNz N Spherical N cartesian
EY 00 000 1 1
5h! 01 001(3 perm) 3 3
ih! 10, 02 002(3 perm), 011(3 perm) 6 6
§h! 11, 03 | 003(3 perm), 210(6 perm), 111 10 10
%h! 20, 12, 04| 004(3), 310(6), 220(3), 211(3) 15 15

The number of states at each energy matches exactly. The paritieof the states also match. Remem-
ber that the parity is (1) for the angular momentum states and that it is ( 1)"x*"v*"z for the
Cartesian states. If we were more industrious, we could verify thathe wavefunctions in spherical

coordinates are just linear combinations of the solutions in Cartesia coordinates.
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18 Operators Matrices and Spin

We have already solved many problems in Quantum Mechanics using wafunctions and di erential
operators. Since the eigenfunctions of Hermitian operators arerthogonal (and we normalize them)
we can now use the standard linear algebra to solve quantum problesnwith vectors and matrices.
To include the spin of electrons and nuclei in our discussion of atomicreergy levels, we will need
the matrix representation.

These topics are covered at very di erent levels inGasiorowicz Chapter 14, Gri ths Chapters
3, 4 and, more rigorously, in Cohen-Tannoudji et al. Chapters Il, IV and IX.

18.1 The Matrix Representation of Operators and Wavefuncti ons

We will de ne our vectors and matrices using a complete set of, ortbnormal basis states (See
Section8.1) u;, usually the set of eigenfunctions of a Hermitian operator. These &sis states are
analogous to the orthonormal unit vectors in Euclidean spacex

hJijUj i = ij

De ne the components of a state vector (analogous tox;).

. . - - X - -
i huj i ] 1= ijuil

The wavefunctions are therefore represented agectors. De ne the matrix element

Oij h UijOjUjiZ
We know that an operator acting on a wavefunction gives a wavefunction.
X X
jOi:Oj i=0 jjUji: jOjUji

j j
If we dot hu;j into this equation from the left, we get
X X
(O )i =hjo i = jhuijOjuji = Oy
j j
This is exactly the formula for a state vector equals amatrix operator times a state vector.

(O) 011 012 . Oj_J

VN 'é@ é

(0)

P
Similarly, we can look at the product of two operators (using the identity  jugihugj = 1).
k

X X
(OP)ij = hJijOPjUji = hJijOjukihUijjUji = Oik ij
k k
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This is exactly the formula for the product of two matrices.

O (OP)y (OP) = (OP)y !
%(Op)zl (OP)ZZ i (OP)zj ZZZE
(Op)il (OP)|2 ol (OP)ij
0 O11 O i Olj ::. Pll P]_z o Plj o 1
%Ogl 022 o OZJ E %Pgl P22 o ng E
O.l O|2 o P.l P|2 o Py
So, wave functions are represented by vectors and operators by matrices, all in the space
of orthonormal functions.
* See Example 18.10.1: *
* See Example 18.10.2: *
* See Example 18.10.3: *

Now compute the matrix for the Hermitian Conjugate (See Section82) of an operator.

(Oy)ij = hJijOyju,-i = I’OUijUji = hJ,-jOuii = Oji
The Hermitian Conjugate matrix is the (complex) conjugate transpose.

Check that this is true for A and AY.

We know that there is a di erence bgtween abra vecgor and a ket vector. This becomes explicit

in the matrix representation. If = jup and = kUk then, the dot product is
i k
X X X
hji= i khojjud = kK = Kk K
ik ik k
We can write this in dot product in matrix notation as
0o 1

1
hii=(, . 5 B 2K

The bra vector is the conjugate transpose of the ket vector. Tle both represent the same state but
are di erent mathematical objects.

18.2 The Angular Momentum Matrices *

An important case of the use of the matrix form of operators is tha of Angular Momentum (See
Section14.1) Assume we have an atomic state with = 1 (xed) but m free. We may use the
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eigenstates ofL, as a basis for our states and operators. Ignoring the (xed) radal part of the
wavefunction, our state vectors for™ = 1 must be a linear combination of the Yin,

= +Yn+ oYt Yu
where ., for example, is just the numerical coe cient of the eigenstate.

We will write our 3 component vectors like

The angular momentum operators are therefore 3X3 matrices. Weean easily derive (see section
18.11.1)the matrices representing the angular momentum operators for = 1.

0 1 0 1 0 1
H 010 h 0 1 0 10 0
Ly=p=@1 0 1A Ly=p=@ 1 0 1A L,=h@0 0 O0A (1)
2. 010 2 0 10 00 1

The matrices must satisfy the samecommutation relations  as the di erential operators.
[Lx;Ly]=ihL,
We verify this with an explicit computation of the commutator. (see section 18.11.2)

Since these matrices represent physical variables, we expect timeto be Hermitian.  That is, they
are equal to their conjugate transpose. Note that they are alsdraceless.

As an example of the use of these matrices, let's compute aaxpectation value of Ly in the matrix
representation for the general state .

0 10 1

h 010
hilui i = (1 2 3 )Ps@1 0 1A@ ,A
010 3

h
9—2(12*' 201+ )+ 3 2)

18.3 Eigenvalue Problems with Matrices

It is often convenient to solve eigenvalue problems like A = a using matrices. Many problems
in Quantum Mechanics are solved by limiting the calculation to a nite, manageable, number of
states, then nding the linear combinations which are the energy eig@nstates. The calculation is
simple in principle but large dimension matrices are dicult to work with by hand. Standard
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computer utilities are readin available to help solve this problem.
A11 A1z Az ;1 0 11 0 11

%An Az Az X%) zgza% 2%

A31 Azx  Asz

Subtracting the right hand side of the equation, we have

0A11 a Ap Az 3"10 11
%) Az A» a A23 X%) X 0

A31 Az Aszs

For the product to be zero, the determinant  of the matrix must be zero. We solve this equation
to get the eigenvalues.

Ay a A1 A3
Az Ax a Agx -0
Az Az Az a
* See Example 18.10.4! *

The eigenvectors computed in the above example show that the x axis not really any di erent than
the z axis. The eigenvalues are +h, 0, and h, the same as for z. The normalizectigenvectors
of Ly are

0 ;1 0 1 1 0 ;1
(X)_@,j_A (X)_@?A (X)_@p?_A.
+h ~ 2 oh ~ 1 h — 20

1 = _1
2 2 2

These vectors, and any’ = 1 vectors, can be written in terms of the eigenvectors ofS;.

We can check whether theeigenvectors are orthogonal,  as they must be.
1

0
honj +ni= #5 0 5 @p5A=

Nl T}—‘I\Jll—‘
N

The others will also prove orthogonal.

should %) and ® be orthogonal?
NO. They are elgenvectors ofdi erent hermitian operators.

The eigenvectors may be used to compute the probability or amplitueé of a particular measurement.
For example, if a particle is in a angular momentum state and the angular momentum in the x
direction is measured, the probability to measure + is

2
Pin=h ¥ji
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184 An " =1 System in a Magnetic Field *

We will derive the Hamiltonian terms added when an atom is put in a magnéic eld in section 20.
For now, we can be satis ed with the classical explanation that the drculating current associated
with nonzero angular momentum generates anagnetic moment, as does a classical current loop.
This magnetic moment has the same interaction as in classical EM,

H= -~ B:
For the orbital angular momentum in a normal atom, the magnetic moment is
__ e
2mc

For the electron mass, in normal atoms, the magnitude of- is one Bohr magneton,

eh
2mecC’

B=

If we choose the direction ofB to be the z direction, then the magnetic moment term in the

Hamiltonian becomes 0 1
B 1 0 O

H=-2"1L,= gB@0 0 O0A:

h 00 1

So the eigenstates of this magnetic interaction are the eigenstaseofL ; and the energy eigenvalues
are+ gB,0,and gB.

* See Example 18.10.6: *
* See Example 18.10.8: *

18.5 Splitting the Eigenstates with Stern-Gerlach

A beam of atoms can be split into the eigenstates ot , with a Stern-Gerlach apparatus . A
magnetic moment is associated with angular momentum.

e C
“2mc~ Bh

This magnetic moment interacts with an external eld, adding a term to the Hamiltonian.
H= ~ B
If the magnetic eld has a gradient in the z direction, there is a forceexerted (classically).

@u_ @B

F= @z ‘@z

A magnet with a strong gradient to the eld is shown below.
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.m\\

\
o

Lets assume the eld gradient is in the z direction.

In the Stern-Gerlach experiment, abeam of atoms (assume™ = 1) is sent into a magnet with a
strong eld gradient. The atoms come from an oven through some allimator to form a beam. The
beam is said to be unpolarized since the three m states are equally likelyo particular state has
been prepared. An unpolarized,” = 1 beam of atoms will be split into the three beams (of equal
intensity) corresponding to the di erent eigenvalues of L ;.

S

N

The atoms in the top beam are in them =1 state. If we put them through another Stern-Gerlach
apparatus, they will all go into the top beam again. Similarly for the middle beam in them =0
state and the lower beam in them = 1 state.

We can make afancy Stern-Gerlach apparatus which puts the beam back together as shown
below.

N 00

o +
Il ©

We can represent the apparatus by the symbol to the right.
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We can use this apparatus toprepare an eigenstate . The apparatus below picks out them =1

state
S N S
N S N
8 Q
< + =
o, !

—
N

again representing the apparatus by the symbol at the right. We ould also represent our apparatus

plus blocking by an operator
O = j+ih+j

where we are writing the states according to them value, either +, -, or 0. This is a projection

operator onto the + state.

An apparatus which blocks both the + and - beams

S N -
,,,,,,,,,,,,,,,,,-,,,/,/W——————ff————7777i S I
e —— I
N S -
8—9
< + J =

would be represented by the projection operator

O = j0i hoj

Similarly, an apparatus with no blocking could be written as the sum of the three projection oper-

ators. 8 9
< + = Xl
0 ! =j+ih+j + jOihQj + jihj = jzmihzmj=1
' m= 1

z
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If we block only the m = 1 beam, the apparatus would be represented by

8 9
<+J:
0 ! =j0iho + jihj

z

* See Example 18.10.7: 3

18.6 Rotation operators for =1 *

We have chosen thez axis arbitrarily. We could choose any other direction to de ne our basis states.
We wish to know how to transform from one coordinate system to another. Experience has
shown that knowing how an object transforms under rotations is inportant in classifying the object:

scalars, vectors, tensors...

We can derive (see section 18.11.3}he operator for rotations about the z-axis. This operator
transforms an angular momentum state vector into an angular monentum state vector in the rotated
system.

R:(z) = gzt h
0 = Rz( 2)

Since there is nothing special about the z-axis, rotations about tk other axes follow the same form.

RX ( X) — ei xLx=h

Ry(y) = ¢
The above formulas for therotation operators  must apply in both the matrix representation and
in the di erential operator representation.
Rede ning the coordinate axes cannot change any scalars, like dgtroducts of state vectors. Oper-
ators which preserve dot products are calledunitary. We proved that operators of the above form,

(with hermitian matrices in the exponent) are unitary.

A computation (see section 18.11.4df the operator for rotations about the z-axis gives

0 .
ez 0 0
R:(:)=@0 1 0 A:
0O 0 e':

A computation (see section 18.11.5pf the operator for rotations about the y-axis yields

ld+cos(y) #sin(y) (@ cos(y))
Ry( y)= %} pl—isin( v) cos( y) pl—isin( v)
3@ cos(y)  esin(y)  3(1+cos( y))

Try calculating the rotation operator for the x-axis yourself.
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Note that both of the above rotation matrices  reduce to the identity matrix for rotations of 2
radians. For a rotation of radians, Ry interchanges the plus and minus components (and changes
the sign of the zero component), which is consistent with what we epect. Note also that the above
rotation matrices are quite di erent than the ones used to transform vectors and tensors in normal
Euclidean space. Hence, the states here are of a new type and aeferred to asspinors.

* See Example 18.10.5: *

18.7 A Rotated Stern-Gerlach Apparatus *

Imagine a Stern-Gerlach apparatus that rst separates an™ = 1 atomic beam with a strong B-
eld gradient in the z-direction. Let's assume the beam has atoms muing in the y-direction. The
apparatus blocks two separated beams, leaving only the eigenstatof L, with eigenvalue +h. We
follow this with an apparatus which separates in the u-direction, whid is at an angle from the
z-direction, but still perpendicular to the direction of travel of th e beam, y. What fraction of the
(remaining) beam will go into each of the three beams which ar e splitin the u-direction?

We could represent this problem with the following diagram .

8 9 8 9
< + = <+ D, =
Oven! 0. !  0Dg.
SN D i

We put a detector in each of the beams split inu to determine the intensity.
To solve this withythe rotation matrices, we rst determine the state after the rst apparatus

It is just iz) = @0A with the usual basis. Now werotate to a new (primed) set of basis

0
states with the z°along the u direction. This means a rotation through an angle about the y
direction. The problem didn't clearly de ne whether itis + or , but, if we only need to know
the intensities, it doesn't matter. So the state coming out of the second apparatus is
L(+cos(,) ehsin(,) 3 cos(y) O 4l
R() @ = & #hsin(y)  cos(y) dsin(y) X @0A
3(1 cos(y))  esin(y) F(L+cos(y)) 0

1(1+cos( y))
@ #hsin(y) A

11 cos(y))

The 3 amplitudes in this vector just need to be (absolute)squared to get the 3 intensities

1 1. 1
. = Z(l+COS( y))? lo = ESW‘Z( y) I = é_l(l cos(y))?
These add up to 1.

An alternate solution would be to use theL, = &4 L = cos L, +sin L, operator. Find the

eigenvectors of this operator, like ﬂ”). The intensity in the + beam is then 1. = jh fr”)j frz)ij 2,
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18.8 Spin 3

Earlier, we showed that both integer and half integer angular mometum could satisfy (See section
14.4.5) the commutation relations for angular momentum operatorsbut that there is no single
valued functional representation for the half integer type.

Some particles, like electrons, neutrinos, and quarks have half intger internal angular momen-
tum, also calledspin. We will now develop aspinor representation  for spin % There are no
coordinates and associated with internal angular momentum so the only thing we haves our
spinor representation.

Electrons, for example, have total spin one half. There are no spir3/2 electrons so there are only
two possible spin states for an electron. The usual basis states arthe eigenstates ofS,. We know
from our study of angular momentum, that the eigenvalues ofS, are +%h and %h. We will simply

represent the +%h eigenstate as the upper component of a 2-component vector. En %h eigenstate
amplitude is in the lower component. So the pure eigenstates are.

An arbitrary spin one half state can be represented by a spinor.

a
b

with the normalization condition that jaj? + jb2 = 1.

It is easy to derive (see section 18.11.6)he matrix operators for spin.

0

_h 01 _h 0 i 1
<=5 1 ¢ T35 0 0 Sz 0 1

N =
1
N =

These satisfy the usual commutation relations from which we derivd the properties of angular
momentum operators. For example lets calculate the basic commutar.

_ o h 01 0 i 0 i 01
[SaS1 = 2 10 i O i 0 10
I T i 0 _h i o _.h 1 0 _.
- 720 i 0 i "~ 2 0 i h3 o 3 TS

The spin operators are an (axial)vector of matrices . To form the spin operator for an arbitrary
direction {1, we simply dot the unit vector into the vector of matrices.

Su=u S

The Pauli Spin Matrices, i, are simply de ned and have the following properties.

h
Si 5
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h

S = —~

2
01 0 10
*7 10 y - i 0 70 1

[i5 3] = 2igk «
2=
They also anti-commute.
Xy = y X X z = z X zy= y z
fi,j9=2

The matrices are the Hermitian, Traceless matrices of dimension 2. Any 2 by 2 matrix can
be written as a linear combination of the matrices and the identity.

* See Example 18.10.9: *
* See Example 18.10.10: *
* See Example 18.10.11: *

The (passive) rotation operators,  for rotations of the coordinate axes can becomputed (see
section 18.11.7) from the formulaR;( ;) = €S i=",
g=? 0 coS; isin; cos;  siny
Rz()= i=2 Re()= . .2 2 Ry()= 2 2
0O e' isiny cos; sin; cos;
Note that the operator for a rotation through 2 radians is minus the identity matrix for any of the
axes (because; appears everywhere). Thesurprising result is that the sign of the wave function
of all fermions is changed if werotate through 360 degrees.

* See Example 18.10.12: *

As for orbital angular momentum (L), there is also amagnetic moment  associated with internal
angular momentum (S).
I o
spin — ch

This formula has an additional factor of g, the gyromagnetic ratio, = compared to the formula
for orbital angular momenta. For point-like particles, like the electron, g has been computed in
Quantum ElectroDynamics to be a bit over 2,g =2+ — + ::.. For particles with structure, like the
proton or neutron, g is hard to compute, but has been measured. Because the factof & from g
cancels the factor of 2 froms = % the magnetic moment due to the spin of an electron is almost
exactly equal to the magnetic moment due to the orbital angular manentum in an *~ = 1 state. Both
are 1Bohr Magneton, g = 2L
H= - =9

4amc

If we choose thez axis to be in the direction of B, then this reduces to

B = B"‘B

H = BB z-

* See Example 18.10.13: *
* See Example 18.10.14; *
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A beam of spin one-half particles can also be separated by a SterngBach apparatus (See section
18.5) which uses a large gradient in the magnetic eld to exert a forceon particles proprtional
to the component of spin along the eld gradient. Thus, we can measre the component of spin
along a direction we choose. A eld gradient will separate a beam of dp one-half particles into two
beams. The particles in each of those beams will be in a de nite spin sta, the eigenstate with the
component of spin along the eld gradient direction either up or down, depending on which beam
the particle is in.

We may represent a Stern-Gerlach appartatus which blocks the loer beam by the symbol below.
T
U

This apparatus is equivalent to the operator that projects out the +% eigenstate.

10

jtih+j= 00

1
We can perform several thought experiments. The appartus bely starts with an unpolarized beam.
In such a beam we don't know the state of any of the particles. For aeally unpolarized beam, half
of the particles will go into each of the separated beams. (Note thaan unpolarized beam cannot
be simply represented by a state vector.) In the apparatus belowywe block the upper beam so that
only half of the particles come out of the rst part of the apparatu s and all of those particles are in
the de nite state having spin down along the z axis. The second partof the apparatus blocks the
lower separated beam. All of the particles are in the lower beam so rtbing is left coming out of the

apparatus.

Unpolarized Beam (N particles)! " ! NE 0 N

! I
1...O

The result is una ected if we insert an additional apparatus that separates in the x direction in the
middle of the apparatus above. While the apparatus separates, rither beam is blocked (and we
assume we cannot observe which particles go into which beam). Thispparatus does not change
the state of the beam!

(N particles) ! ) ! NE 0 * NE 0 N

I ! ! !
1 ! ! 1...0

Now if we block one of the beams separated according to the x direilcn, particles can get through
the whole apparatus. The middle part of the apparatus projects he state onto the positive eigenstate
of Sx. This state has equal amplitudes to have spin up and spin down alonghte z direction. So
now, 1/8 of the particles come out of the apparatus. By blocking oe beam, the number of particles
coming out increased from 0 toN=8. This seems a bit strange but the simple explanation is that the
upper and lower beams of the middle part of the apparatus were intdering to give zero particles.
With one beam blocked, the inteference is gone.

+j|ﬁ0 + N
2 1

z J X

1
B + N 1

| ] [ 2 [ ]
(N)! ! . ! 1§ ! j '35 o !

z

Note that we can compute the number of particles coming out of thesecond (and third) part by
squaring the amplitude to go from the input state to the output state

N 4, 4 0 *_N

2 "2 %2 1 T 7%
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1
_ o gL L1
or we can just use the projection operator 2 pl—i pl—§ = 7 %2
P 2 2

NN
NN

18.9 Other Two State Systems *
18.9.1 The Ammonia Molecule (Maser)

The Feynman Lectures (Volume lll, chapters 8 and 9) makes a complete study of the two ground
states of the Ammonia Molecule. Feynman's discussion is very instritve. Feynman starts with two
states, one with the Nitrogen atom above the plane de ned by the tree Hydrogen atoms, and the
other with the Nitrogen below the plane. There is clearly symmetry béween these two states. They
have identical properties. This is an example of an SU(2) symmetrylike that in angular momentum
(and the weak interactions). We just have two states which are di erent but completely symmetric.

Since the Nitrogen atom can tunnel from one side of the molecule tohte other, there are cross terms
in the Hamiltonian (limiting ourselves to the two symmetric ground stat es).

h above]H] abovel = N pelowjH] belowi = Eo

h aboveiH] belowi = A

Eo A
A Eo

We can adjust the phases of the above and below states to mal real.

H =

The energy eigenvalues can be found from the usual equation.

Eo E A -0
A Eg E

(Eoc E)> = A?

E Eo = A
E = Eo A

Now nd the eigenvectors.

H =E
Eo A a _ a
A Eo b ~(Eo Ay
Epa Ab _ (Eo A)a
Eob Aa - (Eo A)b

These are solved ib= a. Substituting auspiciously, we get.

Epa Aa _ (Ep A)a
Eob Ab = (Eo A)b
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So the eigenstates are

E=Eo+ A

-T;H NT._\ NT“ I\JT'_\

The states are split by the interaction term.

Feynman goes on to further split the states by putting the molecules in an electric eld. This makes
the diagonal terms of the Hamiltonian slightly di erent, like a magnetic eld does in the case of
spin.

Finally, Feynman studies the e ect of Ammonia in an oscillating Electric eld, the Ammonia Maser.

18.9.2 The Neutral Kaon System  *

The neutral Kaons, K° and K© form a very interesting two state system. As in the Ammonia
molecule, there is a small amplitude to make a transition form one to tke other. The Energy (mass)
eigenstates are similar to those in the example above, but the CP (Clrge conjugation times Parity)
eigenstates are important because they determine how the parties can decay. A violation of CP
symmetry is seen in the decays of these particles.

18.10 Examples
18.10.1 Harmonic Oscillator Hamiltonian Matrix

We wish to nd the matrix form of the Hamiltonian for a 1D harmonic osc illator.

The basis states are the harmonic oscillator energy eigenstates. &\know the eigenvalues oH .

HUJ‘:EJ‘U]
L 1
HiHjji =& 4 = j+35 htj

The Kronecker delta gives us a diagonal matrix.
0
H = h! %

18.10.2 Harmonic Oscillator Raising Operator

O O ONIF
oMo o

: O ONwO

We wish to nd the matrix representing the 1D harmonic oscillator raising operator.
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We use the raising operator (See section 10) equation for an engrgigenstate.

| —
AyUn = n +:I.Un+1

Now simply compute the matrix element.
oy P——
AY = HjAYjT =" f+1

Now this Kronecker delta puts us one o the diagonal. As we have it seup, i gives the row and j
gives the column. Remember that in the Harmonic Oscillator we start @unting at 0. For i=0, there
is no allowed value of j so the rst row is all 0. For i=1, j=0, so we have an entry for A), in the
second row and rst column. All he entries will be on a diagonal from tat one.

A ds

18.10.3 Harmonic Oscillator Lowering Operator

oo oo
fo 000
MO OOO

We wish to nd the matrix representing the 1D harmonic oscillator lowering operator. This is similar
to the last section.

The lowering operator (See section 10) equation is.

p_—
AUn = nUn 1

Now we compute the matrix element from the de nition.

e ... P =
Aj = hjAjji =" j i 1

00 P1 o o o
0O O 2 IO0_ 0

A= %O 0 0 3 IO0 :::§
0 0 o

0 0 4

This should be the Hermitian conjugate of AY.

18.10.4 Eigenvectors of Ly

We will do it as if we don't already know that the eigenvalues aremh.

0 10 kxza0101
010

— 1 1
@1 0 1A@, JA = hza@zA b@ ,A
010 3 3 3
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b 1 0
1 b 1 =0
0 1 b
wherea = b,
b(t> 1) 1( b 0)=0
> 2)=0
There are three solutions to this equation:b=0, b=+ P 2,and b= P 2ora=0, a=+h,and

a= h. These are the eigenvalues we expected for= 1. For each of these three eigenvalues, we
should go back and nd the corresponding eigenvector by using thenatrix equation.

0 10 1 0 1
010 1 1
@1 0 1A@ ,A=p@ ,A
010 3 3
0 1 0 1
2 1
@ 1+ 3A = b@ 2A
2 3
Up to a normalization constant, the solutions are:
0,1 0 1 0o ;1
P3 L P2
+h=C@1A Oh:C@OA h:C@lA
% ! g

We should normalize these eigenvectors to represent one particl&or example:

hoypj +pi = 1
0
2

g2 f5 1 5 @1A = 2ig’=1

oL
2

c = pl—

!

Try calculating the eigenvectors ofLy.
You already know what the eigenvalues are.

18.10.5 A 90 degree rotation about the z axis.

If we rotate our coordinate system by 90 degrees about the z axighe old x axis becomes the new
-y axis. So we would expect that the state with angular momentum +h in the x direction, SX), will
rotate into ¥ within a phase factor. Lets do the rotation.

0 .
€z 0
Rz(z)z@o 1
0O O
0.

>

0
0
iz

e

1
0
0A:

R,(,=90)= @

o o -
oORr O
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Before rotation the state is 0,1
) _ @k
+Xh) - @p_iA
1
2
The rotated state is. 0 10 ;1 0 ;1
i 0 O 5 5
0= @0 1 0A@FA= @A
0 0 i % 7'

Now, what remains is to check whether this state is the one we expécWhat is )2 We nd that
state by solving the eigenvalue problem.

Ly M= O
0 10 1 0 1
h 0 1 O a a
=@ 1 0 1A@pA= h@pA
2 9 10 c c
0O » 1 o0 1
# 0%
B-2K = @A
pib c

2

Setting b= 1, we get the unnormalized result.
0 .1

i

W-c@ A

[}
P35

Normalizing, we get. 0o .1
i

) = @'ﬁ_iA

2

This is exactly the same as the rotated state. A 90 degree rotatiorabout the z axis changes er)

ino ¥,

18.10.6 Energy Eigenstates of an =1 System in a B-eld

Recall that the Hamiltonian for a magnetic moment in an external B- eld is

B
H= =L

As usual, we nd the eigenstates (eigenvectors) and eigenvaluesf @ system by solving the time-
independent Schmdinger equationH = E . We see that everything in the Hamiltonian above is
a (scalar) constant except the operatorL ;, so that

s B

H = ——L, = constant (L, ):
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Now if 1 is an eigenstate ofL,, thenL, , = mh , thus

B
H m= = (mh m)=(m 5B) m

Hence the normalized eigenstates must be just those of the opera L, itself, i.e., for the three
values ofm (eigenvalues ofL ;), we have

0 1 0 1 0 1
1 0 0

m=+1 = @OA m=0 = @1A m= 1= @OA
0 0 1

and the energy eigenvalues are just the values thaE = m g B takes on for the three values of m
ie.,

Em=+1 =+ gB Em=0 =0 Em= 1= g B:

18.10.7 A series of Stern-Gerlachs

Now that we have the shorthand notation for a Stern-Gerlach apparatus, we can put some
together and think about what happens. The following is a simple example in which three successive
apparati separate the atomic beam using a eld gradient along the zdirection.

8 9 8 9 8 9
< +]= < + = < +|=
Oven(lo)! . 0. (l)! G (I2)! 0. (Is)!
' , z ' ’ z J , z
If the intensity coming out of the oven is lo, what are the intensities at positions 1,

2, and 3?7 We assume an unpolarized beam coming out of the oven so that 1/3 ahe atoms will
go into each initial beam in apparatus 1. This is essentially a classical deulation since we don't
know the exact state of the particles coming from the oven. Now aparatus 1 removes them =1
component of the beam, leaving a state with a mixture ofm=0and m= 1.

2
|]_: §|0

We still don't know the relative phase of those two components and|n fact, di erent atoms in the
beam will have di erent phases.

The beam will split into only two parts in the second apparatus since trere is nom = 1 component
left. Apparatus 2 blocks the m = 0 part, now leaving us with a state that we can write.

1
|2: §|0

All the particles in the beam are in the same state.

- @
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The beam in apparatus 3 all goes along the same path, the lower oné\pparatus 3 blocks that path.

|3=0

The following is a more complex example using a eld gradients in the z an directions (assuming
the beam is moving in y).

8 9 8 9 8 9
< + = < +J = < +J =
Oven(lo)! . O, (It . 0, (I2)! | . ()
. ] , z . ' X . ' z
If the intensity coming out of the oven is lo, what are the intensities at positions 1, 2,

and 3?

Now we have a Quantum Mechanics problem. After the rst apparatus, we have an intensity as

I - —I(j
3

and all the particles are in the state 0 1

1
(#) = @oA :
0

The second apparatus is oriented to separate the beam in the x diction. The beam separates into
3 parts. We can compute the intensity of each but lets concentra¢ on the bottom one because we
block the other two.

- 0 @2

I2 g B

We have written the probability that one particle, initially in the the sta te f,z), goes into the state

) \when measured in the x direction (times the intensity coming into the apparatus). Lets
compute that probability.

0 1
1 1
h @ Pi= 3 f 3 @A= 3
0
So the probability is 2.
I, = 1'I = i|
2 = 4 1= 120

The third apparatus goes back to a separation in z and blocks then = 1 component. The incoming

state is 0 ,1
00 = @ A
2

1

2
Remember that the components of this vector are just the amplitudes to be in the di erent m states
(using the z axis). The probability to get through this apparatus is just the probability to be in the

m = 0 beam plus the probability to be in the m = 1 beam.
b o .13
- 3 2 4
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3 1
3= le_ —lo

Now lets see what happens if we remove the blocking in apparatus 2.

8 9 8 9 8 9
< + = < = < t+|=

+ =
Oven(lo) ! . O, (1! . 0 (2! . 0 (3!
Sy S : -
Assuming there are no bright lights in apparatus 2, the beam splits inb 3 parts then recombines
yielding the same state as Was coming in, (Z) . The intensity coming out of apparatus 2 isl, = |;.
Now with the pure state + gomg into apparatus 3 and the top beam being blocked there, no
particles come out of apparatus 3.
|3 =0
By removing the blocking in apparatus 2, the intensity dropp ed from %Io to zero. How
could this happen?

What would happen if there were bright lights in apparatus 2?

18.10.8 Time Development of an " =1 System in a B-eld: Version |

We wish to determine how an angular momentum 1 state develops with itne (See Section 7.4),
develops with time, in an applied B eld. In particular, if an atom is in the s tate with x component

of angular momentum equal to +h, er)’ what is the state at a later time t? What is the expected
value of Ly as a function of time?

We will choose the z axis so that the B eld is in the z direction. Then we know the energy eigenstates
are the eigenstates ot ; and are the basis states for our vector representation of the wae function.
Assume that we start with a general state which is known att = 0.

0 1
(t=0)= @ OA:

But we know how each of the energy eigenfunctions develops with tim so its easy to write

0 +eiEth=h1 0 +eiBBt=h1
()= @ e Eo=h A =@ 0 A
eiE t=h el B Bt=h

As a concrete example, let's assume we start out in the eigenstatef &, with eigenvalue +h.

0 ll

(t=0) = @Pf—z
0 z|Br:n_hl
M = - % P% X




0 10 el
. . . gti BB 1 e i BBEN h @0 1 OA%)TX
h (iLxj (O = > P : P5@1 0 1 s
01 0 gl BBt=h
. . . h e+IBBt—h 1 1 eiBBI—h eiBBt:h eiBBt=h 1
h (DjLxj ()i = P—E Tp—z+ p_i 5 + 5 + 5 p_i
_h Bt _ g Bt
= Z(4cos( h )) = hcos( H )

Note that this agrees with what we expect att = 0 and is consistent with the angular momentum

precessing about the z axis.

con rming the precession.

18.10.9 Expectation of

Let = *

hSyi

18.10.10 Eigenvectors of

If we checketh jLyj i, we would see a sine instead of a cosine,

Sx in General Spin 1 State

, be some arbitrary spin% state. Then the expectation value of the operator

= hjs i
_ h 01 .
- ( + )E 1 0
h h
= E( + ) . —5( +  7F + )
Sy for Spin 1

First the quick solution. Since there is no di erence between x and zwe know the eigenvalues of
S must be % So, factoring out the constant, we have

0 1 a _ a
10 b b
b _ a

a b

a = b ,

L !

po= 7

p_§|

!

) _ p‘g

{9—§

These are the eigenvectors 08,. We see that if we are in an eigenstate 06, the spin measured in
the z direction is equally likely to be up and down since the absolute squa of either amplitude is

1

5-

The remainder of this section goes into more detail on this calculatiorbut is currently notationally

challenged.
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Recall the standard method of nding eigenvectors and eigenvalug
A =
(A ) =0
For spin % system we have, in matrix notation,

ag a 1 1
az 2 0

ap az 1
as ay 2

For a matrix times a nonzero vector to give zero, the determinant & the matrix must be zero. This

gives the \characteristic equation" which for spin 3 systems will be a quadratic equation in the

2
eigenvalue :

a a
' a . S(a X&) @as=0
2 (a+ay) +(aas apag)=0
whose solution is s
2
a3+ ay a3+ ay
:(14 ) (12 ) (mas  agag)

To nd the eigenvectors, we simply replace (one at a time) each of tie eigenvalues above into the
equation
a1 a: 1

=0
ag =} 2
and solve for ; and ».
. _ _n 01 . . _
Now speci cally, for the operator A = S, = 3 10 the eigenvalue equation &4« ) =0
becomes, in matrix notation,
h o1 0 1 o_g
2 10 0 >
h=2 1
=0
) h=2 2
The characteristic equation is detjSk j=0,o0r
h? h
2 = = —
4 0 ) 2

These are the two eigenvalues (we knew this, of course). Now, ssiituting . back into the
eigenvalue equation, we obtain

+ h=2 1 _ h=2 h=2 1
h=2 + 2 B h=2 h=2 2
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The last equality is satised only if ; = , (just write out the two component equations to see
this). Hence the normalized eigenvector corresponding to the eigealue =+ h=2 is

- g 1
R
Similarly, we nd for the eigenvalue = h=2,
- g 1
“P2

18.10.11 Eigenvectors of Sy for Spin %

To nd the eigenvectors of the operator S, we follow precisely the same procedure as we did fy
(see previous example for details). The steps are:

1. Write the eigenvalue equation ) =0
2. Solve the characteristic equation for the eigenvalues
3. Substitute the eigenvalues back into the original equation

4. Solve this equation for the eigenvectors

Here we go! The operatorSy = % ? 0' , SO that, in matrix notation the eigenvalue equation
becomes H
ih=2 _
ih=2 =0
The characteristic equation isdetjS, j=0,o0r
h? h
2 = = —
=0 ) 2

These are the same eigenvalues we found f& (no surprise!) Plugging . back into the equation,

we obtain
+ ih=2 1 _ h 1 i 1 _ 0
ih=2 + 2 - 2 i 1 2 -

Writing this out in components gives the pair of equations

1 i 2=0 and i 1 2=0
which are both equivalent to , = i ;. Repeating the process for , we ndthat ., = i j.
Hence the two eigenvalues and their corresponding normalized eigegctors are
1
+ =+ h=2 _('_Y) = p_i il'
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18.10.12 Eigenvectors of S,

As an example, lets take theu direction to be in the xz plane, between the quiﬂvex and z axes,
30 degrees from the x axis. The unit vector is thenu”= (cos(30); 0; sin(30)) = ( %; 0; ). We may
simply calculate the matrix S, =4 S.

r 0 q_1
3., 1. _hge2 i
= — + — = — _
Su 4Sx 252 5> 2d T .
4 2
We expect the eigenvalues to be % as for all axes.
Factoring out the % the equation for the eigenvectors is.
0 qg_1
1 3 a a
@ 2_ 4A -
a 3 1 b b
b ) 2 q 1
sa+ =b
@4_ 4 A= z
3 1
za 3b
q-_!
_ 3
For the positive eigenvalue, we havea = P 3b, giving the eigenvector fr”) = 14 For the
I 2

q_
negative eigenvalue, we have = %b, giving the eigenvector W= q . Of course each of

Aow [NIE

these could be multiplied by an arbitrary phase factor.

There is an alternate way to solve the problem using rotation matrices. We take the states @) and
rotate the axes so that the u axis is where thez axis was. We must think carefully about exacty
what rotation to do. Clearly we need a rotation about the y axis. Thinking about the signs carefully,
we see that a rotation of -60 degrees moves the axis to the old z axis.

cos sin

Ry - 22 2
sin; CoS5
0 q% 121
_ cos(30) sin(30) _ 2 2 A
Ry( 60)= sin(30) cos(30) @ 1 d 3
0q 1 2 1 |
(u) g % 1 | 3
W - A = 7
©=@ 1 a 3 0 1
0 qz_ q 1 2 |
3 1 1
w-@ * q2A 0 - a2
1 3 1 3
2 1 4

This gives the same answer. By using the rotation operator, the phse of the eigenvectors is consistent
with the choice made for ‘®. For most problems, this is not important but it is for some.
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18.10.13 Time Development of a Spin % State in a B eld

Assume that we are in an arbitrary spin state (t =0) = ﬁ and we have chosen the z axis to

be in the eld direction. The upper component of the vector (a) is the amplitude to have spin up
along the z direction, and the lower component (b) is the amplitude tohave spin down. Because
of our choice of axes, the spin up and spin down states are also th@ergy eigenstates with energy
eigenvalues of gB and g B respectively. We know that the energy eigenstates evolve with time
quite simply (recall the separation of the Schmdinger equation wrere T (t) = e E= M), So its simple
to write down the time evolved state vector.

0 = ae-i sBt=h ae-i!t
- bd g Bt=h - bé!t
— 8B
where! = £=.
I
) !
p—
So let's say we start out in the state with spin up along the x axis, (0) = pﬁ . We then have
2
!
el g it
t = piei!t
2 !
N - w h o1 #se™
— 1 atilt 1 it 2
= —e —e — .
h (1)iSkj (1)i 3 73 2 10 et
I
1 +ilt
_ g et ple ;’E: :'t
2
h1 i i h
= 53 et +e 2 = Ecos(2 g Bt=h)

So again the spin precesses around the magnetic eld. Becauge= 2 the rate is twice as high as for
T=1.

18.10.14 Nuclear Magnetic Resonance (NMR and MRI)

Nuclear Magnetic Resonance is an important tool in chemical analysis. As the name implies,
it uses the spin magnetic moments of nuclei (particularly hydrogen)and resonant excitation. Mag-
netic Resonance Imaging uses the same principle to get an image (of the inside of the body for
example).

In basic NMR, a strong static B eld is applied. A spin % proton in a hydrogen nucleus then has
two energy eigenstates. After some time, most of the protons fainto the lower of the two states.

We now use an electromagnetic wave (RF pulse) to excite some of tharotons back into the higher
energy state. Surprisingly, we can calculate this process alreadyThe proton's magnetic moment
interacts with the oscillating B eld of the EM wave.
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m=-1/2 E=mB

Pulse of oscillating
B field excites spin
state if m=2mB

m=+1/2 E=-mB

As we derived, the Hamiltonian is

H= ~B= $5pg=-9N_ 5. &
2mpcC 4myc 2

Note that the gyromagnetic ratio of the proton is about +5.6. The magnetic moment is 2.79
(Nuclear Magnetons ). Di erent nuclei will have di erent gyromagnetic ratios, giving us m ore tools
to work with. Let's choose our strong static B eld to be in the z direction and the polarization on

our oscillating EM wave so that the B eld points in the x direction. The E M wave has (angular)
frequency! .

_®» _ % B, By coslt
H= 3 N (Bz 2+ Bxcos(t) x) = 2 N B, coslt B

Now we apply the time dependent Schredinger equation.

d

ih=— = H
dt
ih a _ % B, By coslt a
b 2 N B, coslt B, b
a _ igp N B, By cos!t a
b~ 2h By coslt B, b
. 'o I 1 coslt a
B I 4 coslt o b

The solution  (see section 18.11.8pf these equations represents and early example of time
dependent perturbation theory.

%(bé! oty = ”71(ei(! 210ty g i(1 2000)y

Terms that oscillate rapidly will average to zero. The rst term oscilla tes very rapidly. The second
term will only cause signi cant transitions if ! 2! 5. Note that this is exactly the condition that
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requires the energy of the photons in the EM eld E = h! to be equal to the energy di erence
between the two spin states E = 2h! 5. The conservation of energy condition must be satis ed
well enough to get a signi cant transition rate. Actually we will nd lat er that for rapid transitions,
energy conservation does not have to be exact.

So we have proven that we should set the frequency of our EM wave according to the energy
di erence between the two spin states. This allows us to cause trasitions to the higher energy
state. In NMR, we observe the transitions back to the lower energ state. These emit EM radiation

at the same frequency and we can detect it after the stronger inpt pulse ends (or by more complex
methods). We don't yet know why the higher energy state will sponaneously decay to the lower
energy state. To calculate this, we will have to quantize the eld. But we already see that the energy
terms e EF M of standard wave mechanics will require energy conservation with fpoton energies of
E=nh!.

NMR is a powerful tool in chemical analysis because the molecular eldadds to the external B eld
so that the resonant frequency depends on the molecule as well &% nucleus. We can learn about
molecular elds or just use NMR to see what molecules are present in aample.

In MRI, we typically concentrate on one nucleus like hydrogen. We ca put a gradient in B, so that
only a thin slice of the material has! tuned to the resonant frequency. Therefore we can excite
transitions to the higher energy state in only a slice of the sample. Ifwe vary (in the orthogonal
direction!) the B eld during the decay of the excited state, we can gt a two dimensional picture.
If we vary B as a function of time during the decay, we can get to 3D.While there are more complex
methods used in MRI, we now understand the basis of the technigueMRIs are a very safe way to
examine the inside of the body. All the eld variation takes some time though. Ultimately, a very
powerful tool for scanning materials (a la Star Trek) is possible.

18.11 Derivations and Computations
18.11.1 The "~ =1 Angular Momentum Operators *

We will use states of de nite L, the Yim.

hmYL,j ' mi = mh pom

0 1
10 0
L,=h@0 0 O0A
00 1
. o p -
hmiL jmi = C+1) mm Dh mom 1)
0 p_ 1
0 "2 0
L. = h@o o 2A
0 0 O©
0 1
P 0 0
L = h@ 2 0 0A
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0 1
1 h 010
Ly = é(L++L Y= p=@1 0 1A
2 9010
0 1
1 h 0 1 0
Ly = §(L+ L)=p=—@ 1 0 1A
: ' o0 10
What is the dimension of the matrices for™ = 2?
Dimension 5. Derive the matrix operators for™ = 2.
Just do it.
18.11.2 Compute [Lyx;Ly] Using Matrices *
00 10 1 0 10 11
h2 010 0 1 0 0 1 0 010
[LX,Ly]—?@@l 0 1A@ 1 0 1A @ 1 0 1A@1 0 1AA
: 010 0 10 0 10 010
00 1 0 11 0 1 0
h2 1 01 1 0 1 h2 2 00 1 0 O
?@@o 0 0A @0 0 oAAz?@o 0 0A=ihh@0 0 O0A =ihL,
! 101 10 1 ' 0 o0 2 00 1

The other relations will prove to be correct too, as they must. Itsa reassuring check and a calcula-
tional example.

18.11.3 Derive the Expression for Rotation Operator R, *

The laws of physics do not depend on what axes we choose for ourardinate system- There is
rotational symmetry. If we make an in nitesimal rotation (throug h and angled ) about the z-axis,
we get the transformed coordinates

O = x dy
O = y+dx
We can Taylor expand any function f ,
o f ey @F @ oy
Fx%y) = f(xy) iyt ggx =@+ gdLof (xy):
So the rotation operator for the function is
R:(d)=(1+ dL )

A nite rotation can be made by applying the operator for an in nites imal rotation over and over.
Let , =nd . Then

. i ) _
D= 08 L = ¢

The last step, converting the limit to an exponential is a known identity. We can verify it by using

the log of the quantity. First we expand In(x) about x = 1: In(x) = In(1)+ % (x 1)=(x 1.

X x=1
. i 5 n_ i 5 i
nI!|lm In(1+ HFLZ) = n(ﬁFLZ)_ n sl

So exponentiating, we get the identity.
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18.11.4 Compute the ~ =1 Rotation Operator R;( ;) *
» jiL, N
gl z=h = h
=0 n!
0 1
L 0 1 00
-z =@o 1 O0A
h 00 1
0 1
L1 1 0 O
FZ =@ 0 O0A
00 1
0 1
L 2 1 00
FZ =@o 0 O0A
0 0 1
0 1
L3 1 0 O
f =@0 0 0A=L,=h
00 1

All the odd powers are the same. All the nonzero even powers ardé¢ same. Thehs all cancel out.
We now must look at the sums for each term in the matrix and identify the function it represents.
If we look at the sum for the upper left term of the matrix, we get a 1 times % This is just € .
There is only one contribution to the middle term, that is a one from n = 0. The lower right term

is like the upper left except the odd terms have a minus sign. We gef;—!)n term n. This is just
e ' . The rest of the terms are zero.

0 . 1
ez 0 0
Ri(2)=@0 1 0 A:
0 0 e':
18.11.5 Compute the ~ =1 Rotation Operator Ry( y) *
% iLy n
gl y=h = h
=0 n!
0 1
L 0 1 00
FV =@o 1 0A
0 01
0 1
L, 1 1 0 1 0
Fy =p—@ 1 0 1A
2 90 10
0 1 0 11
2
% = %@ 0 2 0A
1 0 1
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0 0o 2 01
3
Ly pl_}@ 2 0 2A = Ly
h 2i 2 2 0 h

0

All the odd powers are the same. All the nonzero even powers ardé same. Thehs all cancel out.
We now must look at the sums for each term in the matrix and identify the function it represents.

The n = 0 term contributes 1 on the diagonals.

The n =1;3;5;::: terms sum to sin( ) 'LTV .

The n =2;4;6;::: terms (with a -1 in the matrix) are nearly the series for % cos(). Then=0
term is is missing so subtract 1. The middle matrix element is twice the oher even terms.

0 0 1 0 1
10 o 0 1 0 1 0 1
ety =@0 1 0A +sin( )p—@ 1 0 1A+—(cos() 1)@o0 2 0A
001 0 10 10 1

Putting this all together, we get

3(L+cos(y)) #isin(y) 31 cos(y))
Ry( y)= %} pl—isin( v) cos( y) pl—isin( v)
(1 cos(y)) 91—5 sin( y) (1 +cos( y))

18.11.6 Derive Spin 3 Operators

We will again use eigenstates of5,, as the basis states.

SZ =

NID PO OF

0

_h 1
SZ'501

Its easy to see that this is the only matrix that works. It must be diagonal since the basis states are
eigenvectors of the matrix. The correct eigenvalues appear on thdiagonal.

Now we do the raising and lowering operators.

Sy + = %
S+ S(S+1) m(m+1)h +=h +
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_ 01
S: = h 0 0
S = %
S + = s(s+1) m(m 21h =nh
B 00
S = h 1 0

We can now calculateS, and S, .

1 _h 01
Sc=58+8) = 5 1,
1 ~h 0
S=565) = 35 0 o

These are again Hermitian, Traceless matrices.

18.11.7 Derive Spin %Rotation Matrices  *

In section 18.11.3, we derived the expression for the rotation opator for orbital angular momentum
vectors. The rotation operators for internal angular momentum will follow the same formula.

R:() = eishz =¢z >

Rx() = dz

Ry() = gdz vy

) X in

ez i = 2 n
P !

_ 1 O >_ 1 0
7 0 1 27 0 1
_ 0 i >_ 1 0
oo i 0 yo 0 1
_ 0 1 >_ 10
7 10 xT 0 1
Doing the sums
n! i
R = ! zZ = n=0 R n = €2 O
() ¢ % 0 P (= K 0 e'z
n!
0 . n=0 : 1
PPEr P ®
R ( ) — %n:o 2:4: n n=1;3;5:: n § - COSE sinz
Y i Py P(y) siny cosy
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Py Pyt
Re() = n=0;2;4:: .n! n=1;3;5:: .n! § - .0955 i sin5
X Py Py isiny cos,
n=1,3;5:: n' n=0;2;4:: n'

Note that all of these rotation matrices become the identity matrix for rotations through 720 degrees
and are minus the identity for rotations through 360 degrees.

18.11.8 NMR Transition Rate in a Oscillating B Field

We have the time dependent Schredinger equation for a proton in astatic eld in the z direction
plus an oscillating eld in the x direction.

d
ih— = H
Nt
in a _ ¢ B, B cos!t a
b~ 2 N Bycoslt B, b
a igp N B, By cosl!t a _ i ) 1 1 coslt a
h 2h By coslt B, b I ; coslt o b

So far all we have done is plugged things into the Schmdinger equain. Now we have to solve this
system of two equations. This could be hard but we will do it only neart = 0, when the EM wave
starts. Assume that att =0, a =1 and b= 0, that is, the nucleus is in the lower energy state.
Then we have

a = i! pa

a = 1é'

b = il coslta il ob=il jcoslte™ " il gb
b = HTl(el(l +1 o)t +e i(! !o)t) || Ob

Now comes the one tricky part of the calculation. The diagonal terns in the Hamiltonian cause a
very rapid time dependence to the amplitudes. To get b to grow, we eed to keep addinghin phase
with b. To see that clearly, let's compute the time derivative of be' °t.

%(bé' ot) — “71(ei(! +2 1 g)t + e i 2 o)t) il Obé! ot 4 il Obé! ot

- “_1(ei(! +210)t L g i(0 2 o)t)
2

Terms that oscillate rapidly will average to zero. To get a net changein bé °f, we need to have
! 2! 5. Then the rst term is important and we can neglect the second whic oscillates with a
frequency of the order of 16'. Note that this is exactly the condition that requires the energy of

the photons in the EM eld E = h! to be equal to the energy di erence between the two spin states
E =2h! 0-
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LI
2
. il
be ot = 1y
2

d {! ot
a(bé )

It appears that the amplitude grows linearly with time and hence the probability would grow like
t2. Actually, once we do the calculation (only a bit) more carefully, we will see that the probability
increases linearly with time and there is a delta function of energy coservation. We will do this
more generally in the section on time dependent perturbation theoy.

In any case, we can only cause transitions if the EM eld is tuned so tlat ! 2! o which means
the photons in the EM wave have an energy equal to the di erence inenergy between the spin
down state and the spin up state. The transition rate increases asve increase the strength of the
oscillating B eld.

18.12 Homework Problems

0 1
1

1. An angular momentum 1 system is in the state = s @3A . What is the probability that
4
a measurement ofL, yields a value of 0?

2. Aspin % particle is in an eigenstate ofS, with eigenvalue +% attime t = 0. At that time itis
placed in a constant magnetic eld B in the z direction. The spin is allowed to precess for a
time T. At that instant, the magnetic eld is very quickly switched to the x direction. After
another time interval T, a measurement of they component of the spin is made. What is the
probability that the value % will be found?

3. Consider a system of spin}. What are the eigenstates and eigenvalues of the operat@®, + S, ?
Suppose a measurement of this quantity is made, and the system istdind to be in the eigenstate

with the larger eigenvalue. What is the probability that a subsequentmeasurement ofS, yields
ho
o

4. The Hamiltonian matrix is given to be

0 1
8 4 6

H=nh @4 10 4A:
6 4 8

What are the eigen-energies and corresponding eigenstates ofethtsystem? (This isn't too
messy.)

5. What are the eigenfunctions and eigenvalues of the operatdry Ly + Ly L for a spin 1 system?

6. Calculate the ° = 1 operator for arbitrary rotations about the x-axis. Use the usual L,
eigenstates as a basis.

7. An electron is in an eigenstate ofS, with eigenvalue % What are the amplitudes to nd the

electronwitha) S; =+ %, b) S, = 1,5, =+ 1, S, =+ 1, where the u-axis is assumed to

be in the x y plane rotated by and angle from the x-axis.
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8. Particles with angular momentum 1 are passed through a Stern-@rlach apparatus which
separates them according to the z-component of their angular moentum. Only the m = 1
component is allowed to pass through the apparatus. A second appatus separates the beam
according to its angular momentum component along the u-axis. Theu-axis and the z-axis
are both perpendicular to the beam direction but have an angle between them. Find the
relative intensities of the three beams separated in the second appatus.

9. Find the eigenstates of the harmonic oscillator lowering operatoA. They should satisfy the
equation Aj i = | i. Do this by nding the coe cients mj i wherejni is the n energy
eigenstate. Make sure that the stateg i are normalized so thath j i = 1. Supposej G is
another such state with a di erent eigenvalue. Computeh 9§ i. Would you expect these states
to be orthogonal?

10. Find the matrix which represents the p?> operator for a 1D harmonic oscillator. Write out the
upper left 5 5 part of the matrix.

11. Let's de ne the u axis to be in the x-z plane, between the positivex and z axes and at an
angle of 30 degrees to the x axis. Given an unpolarized spiél beam of intensity | going into
the following Stern-Gerlach apparati, what intensity comes out?

N
Iy I
T
]Z u
T T,
]Z u z
N R TS B
]Z u z
Rt R T R
JZ u X

18.13 Sample Test Problems

1. * We have shown that the Hermitian conjugate of a rotation operata R(7) is R( 7). Use this

to prove that if the ; form an orthonormal complete set, then the set = R(7) ; are also
orthonormal and complete.

2. Given that u, is the n" one dimensional harmonic oscillator energy eigenstate: a) Evaluate
the matrix element hum jp?juni. b) Write the upper left 5 by 5 part of the p? matrix.
0 p_1
2

3. A spin 1 system is in the following state in the usualLz basis: = pl—g @1+ iA. What
[
is the probability that a measurement of the x component of spin yields zero? What is the
probability that a measurement of the y component of spin yields +h?

4. In a three state system, the matrix elements are given a$ 1jHj 1i = Ez, h ojHj 21 =
h 3jHj 3i = E2, h 1jHj 2i =0, h 1jHj 3i =0, and h ,jHj 3i = . Assume all of the
matrix elements are real. What are the energy eigenvalues and eigstates of the system? At
t =0 the system is in the state ,. What is (t)?
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10.

11.
12.

13.

14.

15.

. A spin % system is in the state = pl—E
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. Find the (normalized) eigenvectors and eigenvalues of th&, (matrix) operator for s =1 in
the usual (S;) basis.

. * A spin % particle is in a magnetic eld in the x direction giving a Hamiltonian H = gB .
Find the time development (matrix) operator e "= N in the usual basis. If (t =0) = é ,
nd (t).

P3
. A spin % system is in the following state in the usualS, basis: = pl—g 1+ ° What is the

oy . . l
probability that a measurement of the x component of spin yields +57?
'2 (in the usual S; eigenstate basis). What is the
probability that a measurement of Sy yields Th? What is the probability that a measurement
of Sy yields -'?

1

. A spin 5 object is in an eigenstate ofS, with eigenvalue % at t=0. The particle is in a

magnetic eld B = (0;0;B) which makes the Hamiltonian for the systemH = gB ;. Find
the probability to measure Sy = % as a function of time.

Two degenerate eigenfunctions of the Hamiltonian are properlyyormalized and have the fol-
lowing properties.

H1=Eo1 H 2=Ep 2
P 1= 2 P 2= 1

What are the properly normalized states that are eigenfunctions 6H and P? What are their
energies?

What are the eigenvectors and eigenvalues for the spié operator S + S;?

A spin % object is in an eigenstate ofS, with eigenvalue % at t=0. The particle is in a

magnetic eld B = (0;0;B) which makes the Hamiltonian for the systemH = gB ;. Find
the probability to measure S, = % as a function of time.

A spin 1 system is in the following state, (in the usualL ; eigenstate basis):
0o .1
i
= pl—_ @’zA.
S o1+

What is the probability that a measurement of Ly yields 0? What is the probability that a
measurement ofLy yields h?

A spin % object is in an eigenstate ofS, with eigenvalue% at t=0. The patrticle is in a

magnetic eld B = (0;B; 0) which makes the Hamiltonian for the systemH = gB . Find
the probability to measure S; = % as a function of time.

A spin 1 particle is placed in an external eld in the u direction such that the Hamiltonian is
given by 0 !
3 1

= — + —
H 5 Sc+ 35Sy

Find the energy eigenstates and eigenvalues.
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16. A (spin %) electron is in an eigenstate ofS, with eigenvalue % at t = 0. The particle is in a
magnetic eld B = (0;0; B) which makes the Hamiltonian for the systemH = gB ;. Find
the spin state of the particle as a function of time. Find the probability to measureS, = + %

as a function of time.
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19 Homework Problems 130A

19.1 HOMEWORK 1

1. A polished Aluminum plate is hit by beams of photons of known energy It is measured that
the maximum electron energy is 23  0:1 eV for 2000 Angstrom light and 090 0:04 eV for
2580 Angstrom light. Determine Planck's constant and its error bagd on these measurements.

2. A 200 keV photon collides with an electron initially at rest. The photon is observed to scatter
at 90 degrees in the electron rest frame. What are the kinetic engiies of the electron and
photon after the scattering?

3. Use the energy density in a cavity as a function of frequency and

8h 3
WOT)= " a1

to calculate the emissive power of a black bodyE(; T ) as a function of wavelength and
temperature.

4. What is the DeBroglie wavelength for each of the following particle® The energies given are
the kinetic energies.

a1l eV electron
a 10* MeV proton
a 1 gram lead ball moving with a velocity of 100 cm/sec.

R
5. The Dirac delta function has the property that f(x) (x Xxo) dx = f(xg) Find the
1
momentum space wave function (p) if (xX)= (X Xo).

6. Use the calculation of a spreading Gaussian wave packet to nd ta fractional change in size
of a wave packet betweert = 0 and t = 1 second for an electron localized to 1 Angstrom. Now
nd the fraction change for a 1 gram weight localized to 1 hanometer

7. Use the uncertainty principle to estimate the energy of the gromd state of a harmonic oscillator
. . . 2
with the Hamiltonian H = £+ Ikx2.

8. Estimate the kinetic energy of an electron con ned to be inside a nocleus of radius 5 Fermis.
Estimate the kinetic energy of a neutron con ned inside the same naleus.
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19.2 Homework 2

1.

10.

. Directly calculate the the RMS uncertainty in x for the state (x)= 2

. A particle is in a box with solid walls at x = §. The state att = 0 is constant (x; 0) =

Show that
ow tha 2 2

L@
X)x (x)dx = ih— dp:
(x)x (x) (p) @b (p)dp
1 1
Remember that the wave functions go to zero at in nity.

e—%= by computing

X = phj(x h xi)?j i:

. Calculate hp"i for the state in the previous problem. Use this to calculate pin a similar way

to the x calculation.

. Calculate the commutator [p?; x?].

. Consider the functions of one angle ( ) with and ( )= (). Show that the

angular momentum operatorL = 'I‘—di has real expectation values.

. A particle is in the rst excited state of a box of length L. What is that state? Now one

wall of the box is suddenly moved outward so that the new box has legth D. What is the
probability for the particle to be in the ground state of the new box? What is the probability
for the particle to be in the rst excited state of the new box? You may nd it useful to know
that Z

sin(Ax) sin(Bx)dx = sin((A  B)x) sin((A+ B)x)

2(A B) 2(A + B)

. A particle is initially in the n™ eigenstate of a box of length L. Suddenly the walls of the box

are completely removed. Calculate the probability to nd that the particle has momentum
betweenp and p+ dp. Is energy conserved?
q

2
a

for & <x< 0andthe (x;0) =0 everywhere else. Write this state as a sum of energy

eigenstates of the particle in a box. Write (x;t) in terms of the energy eigenstates. Write the
state att =0 as (p). Would it be correct (and why) to use (p) to compute (x;t)?

. The wave function for a particle is initially  (x) = Ae* + Be . What is the probability

ux j(x)?

Prove that the parity operatorde ned by P (x) = ( x) is a hermitian operator and nd its
possible eigenvalues.
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19.3 Homework 3

1. A general one dimensional scattering problem could be charaateed by an (arbitrary) poten-
tial V(x) which is localized by the requirement that V(x) = 0 for jxj > a. Assume that the

wave-function is ) )
(x) = Aex + Be Hx X< a
Cekx + pe kx X>a

Relating the \outgoing" waves to the \incoming" waves by the matrix equation

C Si1 Sw2 A

B Sy S D
show that
S11j% + [Snj® =

jS12j° + [S20j% =

Use this to show that the S matrix is unitary.

2. Calculate the S matrix for the potential

_ W jXxj<a
V= 5 xj>a

and show that the above conditions are satis ed.

3. The odd bound state solution to the potential well problem bearsmany similarities to the
zero angular momentum solution to the 3D spherical potential well. Assume the range of the
potential is 2:3 10 3 cm, the binding energy is -2.9 MeV, and the mass of the particle is
940 MeV. Find the depth of the potential in MeV. (The equation to solve is transcendental.)

4. Find the three lowest energy wave-functions for the harmonic scillator.

5. Assume the potential for particle bound inside a nucleus is given by

Vo X<R
V(x) = h22‘(‘+1) «>R
sz

and that the particle has massm and energye > 0. Estimate the lifetime of the particle inside
this potential.
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19.4 Homework 4

1. The 1D model of a crystal puts the following constraint on the wave number k.

ma?Vj sin(ka)
h? ka

cos( ) = cos(ka) +

Assume that ﬂhzﬁ = 37 and plot the constraint as a function of ka. Plot the allowed energy
bands on an energy axis assuminyfp = 2 eV and the spacing between atoms is 5 Angstroms.

. In a 1D square well, there is always at least one bound state. Asste the width of the square

well is a. By the uncertainty principle, the kinetic energy of an electron locdized to that width
. 2
is % How can there be a bound state even for small values &fy?

. At t = 0 a particle is in the one dimensional Harmonic Oscillator state (t =0) = pl—i(u0+ us).

Is correctly normalized? Compute the expected value ok as a function of time by doing
the integrals in the x representation.

. Prove the Schwartz inequality jh j ij2 h j ihj i. (Start from the factthat h + C j +

C i OforanyC.

. The hyper-parity operator H has the property that H* = for any state . Find the

eigenvalues ofH for the case that it is not Hermitian and the case that it is Hermitian.
Find the correctly normalized energy eigenfunctionus(x) for the 1D harmonic oscillator.

A beam of particles of energyE > 0 coming from 1 is incident upon a double delta function
potential in one dimension. ThatisV(x)= (x+ a) (x a).

a) Find the solution to the Schmdinger equation for this problem.

b) Determine the coe cients needed to satisfy the boundary condtions.

c) Calculate the probability for a particle in the beam to be re ected by the potential and
the probability to be transmitted.
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19.5 Homework 5

1. At t =0, a 1D harmonic oscillator is in a linear combination of the energy eigestates
r_ r_

= Uz + i 3u
- 53 5 °

Find the expected value ofp as a function of time using operator methods.

2. Evaluate the \uncertainty" in x for the 1D HO ground state P hupj(x  X)2jugi where x =
hugjxjupi. Similarly, evaluate the uncertainty in p for the ground state. What is the product
p x? Now do the same for the rst excited state. What is the product p x for this state?

3. An operator is Unitary if UUY = UYU = 1. Prove that a unitary operator preserves inner
products, that is U jU i = h j i. Show that if the states ju;i are orthonormal, that the
states Uju;i are also orthonormal. Show that if the statesjuji form a complete set, then the
states Uju;i also form a complete set.

4. Show at if an operatorH is hermitian, then the operator €™ is unitary.
5. Calculate hu;jxju;i and hu;jpju;i.

P
6. Calculatehu;jxpju;i by direct calculation. Now calculate the same thing using  hu; jxjuxihuxjpju;i.
k

7. If h(AY) is a polynomial in the operator AY, show that Ah(AY)ug = dZ(AAyy)uo. As a result of
this, note that since any energy eigenstate can be written as a sis of raising operators times
the ground state, we can represeniA by d/%.

8. At t = 0 a particle is in the one dimensional Harmonic Oscillator state (t =0) = pl—z(u0+ u).

Compute the expected value ofk as a function of time usingA and AY in the Schrollinger
picture.

Now do the same in the Heisenberg picture.
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19.6 Homework 6

1.

The energy spectrum of hydrogen can be written in terms of theprincipal quantum number
2 2
ntobekE = z,n—cz What are the energies (in eV) of the photons fromthen =21 n=1

transition in hydrogen and deuterium? What is the di erence in photon energy between the
two isotopes of hydrogen?

. Prove that the operator that exchanges two identical particles is Hermitian.

. Two identical, non-interacting spin % particles are in a box. Write down the full lowest energy

wave function for both particles with spin up and for one with spin up and the other spin down.
Be sure your answer has the correct symmetry under the intercange of identical particles.

. At t = 0 a particle is in the one dimensional Harmonic Oscillator state (t =0) = pl—§(u1+ us).

Compute the expected value ofx? as a function of time.

. Calculate the Fermi energy of a gas of massless fermions with particles per unit volume.

. The number density of conduction electrons in copper is® 10?2 per cubic centimeter. What

is the Fermi energy in electron volts?

. The volume of a nucleus is approximately 11A3 Fermis, whereA = N + Z, N is the number

of neutrons, andZ is the number of protons. A Lead nucleus consists of 82 protons @126
neutrons. Estimate the Fermi energy of the protons and neutrms separately.

. The momentum operator conjugate to any cooridinatex; is ?—@Q. Calculate the commutators

of the center of mass coordinates and momentaP[; R;] and of the internal coordinates and
momenta [p;; r;]. Calculate the commutators [Pi;rj] and [pi; Rj].
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19.7 Homework 7

q_ g_  d_
R(r) 3Ya+i 1Yy 2Y2, . Find the expected values of

1. A particle is in the state
L2, L,, Ly, andLy.
q_ _
2. A particle is in the state R(r) %Yu + %Ylo . If a measurement of thex component
of angular momentum is made, what are the possilbe outcomes and vahare the probabilities
of each?

3. Calculate the matrix elementshY.m , jLxjY'm,i and hYy jL2j Y ,i

2 2 2
4. The Hamiltonian for a rotor with axial symmetry is H = %+ ;—22 where thel are constant
moments of inertia. Determine and plot the eigenvalues ofH for dumbbell-like case that
[1>>1 5.

5. Prove that hLZi = HLJi = 0 is only possible for* = 0.
6. Write the spherical harmonics for™ 2 in terms of the Cartesian coordinatesx, y, and z.

7. A particle in a spherically symmetric potential has the wave-funcion (x;y;z) = C(xy + yz+
zx)e ' *. A measurement ofL2 is made. What are the possible results and the probabilities
of each? If the measurement o2 yields 6h?, what are the possible measured values df,
and what are the corresponding probabilities?

8. The deuteron, a bound state of a proton and neutron with™ = 0, has a binding energy of -2.18
MeV. Assume that the potential is a spherical well with potential of Vy for r < 2:8 Fermis
and zero potential outside. Find the approximate value ofVf using numerical techniques.
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19.8 Homework 8

1.

Calculate the * = 0 phase shift for the spherical potential well for both and attractive and
repulsive potential.

. Calculate the ™ = 0 phase shift for a hard sphereV = 1 forr<a andV =0 for r>a. What
are the limits for ka large and small?

. Show that at larger, the radial ux is large compared to the angular components of the ux

. ikr

for wave-functions of the form C&——Y., (; ).

. Calculate the di erence in wavelengths of the 2p to 1s transition inHydrogen and Deuterium.
Calculate the wavelength of the 2p to 1s transition in positronium.

. Tritium is a unstable isotope of Hydrogen with a proton and two neurons in the nucleus.

Assume an atom of Tritium starts out in the ground state. The nucleus (beta) decays suddenly
into that of He 3. Calculate the probability that the electron remains in the ground state.

. A hydrogen atom is in the state = % 4 100+3 211 210+ pf) 21 1 . What are the

possible energies that can be measured and what are the probabiliseof each? What is the
expectation value ofL?? What is the expectation value ofL ,? What is the expectation value
of Ly?

. What is P(p;), the probability distribution of p, for the Hydrogen energy eigenstate ,107?

You may nd the expansion of € in terms of Bessel functions useful.

. The di erential equation for the 3D harmonic oscillator H = % + %m! 2r2 has been solved

in the notes, using the same techniques as we used for Hydrogen.s&Jthe recursion relations
derived there to write out the wave functions - (r; ; ) for the three lowest energies. You
may write them in terms of the standard Y-y, but please write out the radial parts of the
wavefunction completely. Note that there is a good deal of degemacy in this problem so the
three lowest energies actually means 4 radial wavefunctions and 1t0tal states. Try to write
the solutions 9o and 19 in terms of the solutions in cartesian coordinates with the same

energy nxnynz -
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19.9 Homework 9

1.

An electron in the Hydrogen potential V (r) = ?—2 is in the state (¥) = Ce " . Find the

value of C that properly normalizes the state. What is the probability that the electron be
found in the ground state of Hydrogen?

. An electron is in the ;19 state of hydrogen. Find its wave function in momentum space.

. Aspin % particle is in an eigenstate ofS, with eigenvalue +% attime t = 0. At that time itis

placed in a constant magnetic eld B in the z direction. The spin is allowed to precess for a
time T. At that instant, the magnetic eld is very quickly switched to the x direction. After
another time interval T, a measurement of they component of the spin is made. What is the
probability that the value % will be found?

. Consider a system of spin}. What are the eigenstates and eigenvalues of the operat@®, + S, ?

Suppose a measurement of this quantity is made, and the system istdind to be in the eigenstate

with the larger eigenvalue. What is the probability that a subsequentmeasurement ofS, yields
ho
Y

. Let's de ne the u axis to be in the x-z plane, between the positive xand z axes and at an

angle of 30 degrees to the x axis. Given an unpolarized spix}u beam of intensity | going into
the following Stern-Gerlach apparati, what intensity comes out?

I
Iy by
ot T,
] z u
T L R
] z u z
| + R
] z u z
I IS TS R
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20 Electrons in an Electromagnetic Field

In this section, we will study the interactions of electrons in an electomagnetic eld. We will
compute the additions to the Hamiltonian for magnetic elds. The gauge symmetry exhibited in
electromagnetism will be examined in quantum mechanics. We will showhat a symmetry allowing
us to change the phase of the electron wave function requires thexistence of EM interactions (with
the gauge symmetry).

These topics are covered inGasiorowicz Chapter 13, and in Cohen-Tannoudji et al. Com-
plements Ev,, Dy and Hy, .

20.1 Review of the Classical Equations of Electricity and Ma gnetism in
CGS Units

You may be most familiar with Maxwell's equations and the Lorentz force law in Sl units as given
below.
- B
- @B
f E+— =0
@t
F E = _
0
1 @E
fr B —=— = J
2 @t 0
F= eE+v B):

1
o

These equations have needless extra constants (not) of naturi@ them so we don't like to work in
these units. Since the Lorentz force law depends on the productfdhe charge and the eld, there is
the freedom to, for example, increase the eld by a factor of 2 butdecrease the charge by a factor
of 2 at the same time. This will put a factor of 4 into Maxwell's equations but not change physics.
Similar tradeo s can be made with the magnetic eld strength and the constant on the Lorentz force
law.

The choices made in CGS units are more physical (but still not perfef). There are no extra constants
other than . Our textbook and many other advanced texts use CGS units and @ will we in this
chapter. Maxwell's Equations  in CGS units are

- B
, 1@8B
c @t
r E =
1@E
c @t

r E

o|_‘>-l> o O

The Lorentz Force is 1
F= eEH+ Ev B):

In fact, an even better de nition (rationalized Heaviside-Lorentz units) of the charges and elds can
be made as shown in the introduction to eld theory in chapter 32. For now we will stick with the
more standard CGS version of Maxwell's equations.
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If we derive the elds from potentials,
B = 1 A
1@A
c @t
then the rst two Maxwell equations are automatically satis ed. Ap plying the second two equations
we getwave equations in the potentials.

r ? %@@g‘ A) = 4
r 2A‘+ i@-}f‘ r A+ }@ = 4_J'
c2 @% c @t c

Thesederivations (see section 20.5.1pre fairly simple using Einstein notation.

The two results we want to use as inputs for our study of Quantum Fhysics are

the classical gauge symmetry and

the classical Hamiltonian.

The Maxwell equations are invariant under agauge transformation  of the potentials.

A A rf(gt)
, leftxy)
c Ot

Note that when we quantize the eld, the potentials will play the role t hat wave functions do for the
electron, so this gauge symmetry will be important in quantum mechaics. We can use the gauge
symmetry to simplify our equations. For time independent charge aml current distributions, the
coulomb gauge, 7 A =0, is often used. For time dependent conditions, theLorentz gauge,

r A+ %%t = 0, is often convenient. These greatly simplify the above wave equ#ons in an obvious
way.

Finally, the classical Hamiltonian for electrons in an electromagnetic eld becomes
2
p 1 e 2
H=——! — p+-A e
2m 2m P c

The magnetic force is not a conservative one so we cannot just adal scalar potential. We know that
there is momentum contained in the eld so the additional momentum term, as well as the usual
force due to an electric eld, makes sense. The electron generatan E- eld and if there is a B- eld
present, E B gives rise to momentum density in the eld. The evidence that this is the correct
classical Hamiltonian is that we canderive (see section 20.5.2jhe Lorentz Force from it.

20.2 The Quantum Hamiltonian Including a B- eld

We will quantize the Hamiltonian
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in the usual way, by replacing the momentum by the momentum operaor, for the case of a constant
magnetic eld.

Note that the momentum operator will now include momentum in the e Id, not just the particle's
momentum. As this Hamiltonian is written, pis the variable conjugate to ¥ and is related to the
velocity by

e
=m -K
P Yos
as seen in our derivation of the Lorentz force (See Section 20.5.2).

The computation (see section 20.5.3Yields

h? e & 2n2 2 _ )

2mr +2chE+8mc2rB (*r B) =(E+e):
The usual kinetic energy term, the rst term on the left side, has been recovered. The standard
potential energy of an electron in an Electric eld is visible on the right side. We see two additional
terms due to the magnetic eld. An estimate (see section 20.5.4pf the size of the two B eld
terms for atoms shows that, for realizable magnetic elds, the rst term is fairly small (down by
a factor of ﬁg gauss compared to hydrogen binding energy), and the second cdre neglected.
The second term may be important in very high magnetic elds like those produced near neutron
stars or if distance scales are larger than in atoms like in a plasma (sesxample below).

So, for atoms, the dominant additional term is the one we anticipateal classically in section 18.4,

e
Hg = —B C= ~ B;
8~ 2mc
where~ = >2-[C. This is, e ectively, the magnetic moment due to the electron's orbital angular

momentum. In atoms, this term gives rise to the Zeeman e ect:  otherwise degenerate atomic
states split in energy when a magnetic eld is applied. Note that the el€tron spin which is not
included here also contributes to the splitting and will be studied later.

The Zeeman e ect , neglecting electron spin, is particularly simple to calculate becauselte the
hydrogen energy eigenstates are also eigenstates of the additarterm in the Hamiltonian. Hence,
the correction can be calculated exactly and easily.

* See Example 20.4.1: *

The result is that the shifts in the eigen-energies are
E= gBm:

where m- is the usual quantum number for the z component of orbital angula momentum. The
Zeeman splitting of Hydrogen states, with spin included, was a powsdul tool in understanding
Quantum Physics and we will discuss it in detail in chapter 23.

The additional magnetic eld terms are important in a plasma becausethe typical radii can be much
bigger than in an atom. A plasma is composed of ions and electrons, together to make a (usually)
electrically neutral mix. The charged particles are essentially free @ move in the plasma. If we
apply an external magnetic eld, we have a quantum mechanics prolem to solve. On earth, we use
plasmas in magnetic elds for many things, including nuclear fusion reators. Most regions of space
contain plasmas and magnetic elds.
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In the example below, we will solve the Quantum Mechanics problem twovays: one using our new
Hamiltonian with B eld terms, and the other writing the Hamiltonian in te rms of A. The rst
one will exploit both rotational symmetry about the B eld direction and translat ional
symmetry along the B eld direction . We will turn the radial equation into the equation we
solved for Hydrogen . In the second solution, we will usetranslational symmetry along the B

eld direction as well as translational symmetry transvers e to the B eld. We will now turn
the remaining 1D part of the Schredinger equation into the 1D harmonic oscillator equation
showing that the two problems we have solved analytically are actuallyrelated to each other!

* See Example 20.4.2: *

The result in either solution for the eigen-energies can be written as
eBh 1 . h%k?
+ .

n+ = :
MeC 2 2Mme
which depends on 2 quantum numbers.hk is the conserved momentum along the eld direction
which can take on any value.n is an integer dealing with the state in x and y. In the rst solution
we understand n in terms of the radial wavefunction in cylindrical coordinates and the angular
momentum about the eld direction. In the second solution, the physical meaning is less clear.

n:

20.3 Gauge Symmetry in Quantum Mechanics

Gauge symmetry in Electromagnetism was recognized before the adnt of quantum mechanics. We
have seen that symmetries play a very important role in the quantumtheory. Indeed, in quantum
mechanics, gauge symmetry can be seen as the basis for electrgnatism and conservation of charge.

We know that the all observables are unchanged if we make a globahange of the phase of the
wavefunction, ! € . We could call this global phase symmetry.  All relative phases (say for
amplitudes to go through di erent slits in a di raction experiment) re main the same and no physical
observable changes. This is a symmetry in the theory which we alreadknow about. Let's postulate

that there is a bigger symmetry and see what the consequencesear

(Bt € B (1)

That is, we can change the phase by a di erent amount at each pointin spacetime and the physics
will remain unchanged. Thislocal phase symmetry is bigger than the global one.

Its clear that this transformation leaves the absolute square of the wavefunction the same ,
but what about the Schredinger equation? It must also be uncharged. The derivatives in the
Schiedinger equation  will act on (¥;t) changing the equation unless we do something else to

cancel the changes.
L o+ Sx 7 =(Ere)
om P e -
A little calculation (see section 20.5.7) shows that the equation remains unchanged ifewalso

transform the potentials
Al A rf(xt)
, loftxt)
c @Ot
hc
- (£ 1):

f(rt)
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This is just the standard gauge transformation of electromagnetism , but, we now see that
local phase symmetry of the wavefunction requires gauge symmmt for the elds and indeed even
requires the existence of the EM elds to cancel terms in the Scloeinger equation. Electromagnetism
is called agauge theory because the gauge symmetry actually de nes the theory. It turrs out that
the weak and the strong interactions are also gauge theories and, in some sense, have the
next simplest possible gauge symmetries after the one in Electromagtism.

We will write our standard gauge transformation in the traditional way to conform a bit better
to the textbooks.

ALA THED
I +1~@f(1";t)
c @t

(£t) | e mfE) (g1)

There are measurablequantum physics consequences  of this symmetry. We can understand a
number of them by looking at the vector potential in a eld free regions . If B =0then A can
be written as the gradient of a function f (¥). To be speci c, take our gauge transformation of the
vector potential. Make a gauge transformation such thatA°= 0. This of course is still consistent
with B = 0.

A=K rf(p=0
Then the old vector potential is then given by
A=r1f(#):
Integrating this equation, we can write the function f (+) in terms of A(¥).

zr zr
df A= dr rf =1 f(r)

Fo o

If we choosef so that f (rp) = 0, then we have a very useful relation between the gauge
function and the vector potential in a eld free region.

7F
f()= dr A

fo

We canderive (see section 20.5.8)he quantization of magnetic ux by calculating the line integral
of A around a closed loop in a eld free region.

2n hc
e

A good example of aB = 0 region is a superconductor . Magnetic ux is excluded from the
superconducting region. If we have a superconducting ring, we h& a B=0 region surrounding some
ux. We have shown then, that the ux going through a ring of supe rconductor is quantized.
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J
[ A
I
L]
||
\\\/
A

Flux is observed to be quantized but the charge of the particle seers 2e.

2n hc
2e

This is due to the pairing of electrons inside a superconductor.

The Aharanov Bshm E ect brings us back to the two slit di raction experiment but adds mag-
netic elds.

electron N
aun |

screen

The electron beams travel through two slits in eld free regions but we have the ability to vary a
magnetic eld enclosed by the path of the electrons. At the screenthe amplitudes from the two
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slits interfere = 1+ 5. Let's start with B =0 and A = 0 everywhere. When we change theB
eld, the wavefunctions must change.
R
i drA
| 1
1 1€ R
i drFA
| 2
2 ! 2€e R
) i drA
= e i+ 5 e 2

The relative phase from the two slits depends on the ux between tfe slits. By varying the B eld,
we will shift the di raction pattern even thoughB = 0 along the whole path of the electrons.
While this may at rst seem amazing, we have seen similar e ects in classal E&M with an EMF
induced in a loop by a changingB eld which does not touch the actual loop.

20.4 Examples
20.4.1 The Naive Zeeman Splitting

The additional term we wish to consider in the Hamiltonian is »%-B L. Choosing the z axis so that
the constant eld points in the z direction, we have

H _eB;, .
Zeeman 2 c Z-

In general, the addition of a new term to the Hamiltonian will require us to use an approximation
to solve the problem. In this case, however, the energy eigenstas we derived in the Hydrogen
problem are still eigenstates of the full Hamiltonian H = Hhydrogen + Hzeeman. Remember,
our hydrogen states are eigenstates of H,? and L.

(thdrogen + HZeeman) nm — (En +m BB) n'm

This would be a really nice tool to study the number of degenerate sttes in each hydrogen level.
When the experiment was done, things did not work our according toplan at all. The magnetic
moment of the electron’ s spin greatly complicates the problem. We Wl solve this later.

20.4.2 A Plasma in a Magnetic Field

An important place where both magnetic terms come into play is in aplasma. There, many
electrons are not bound to atoms and external Electric elds are sreened out. Let's assume there
is a constant (enough) B eld in the z direction. We then have cylindrical symmetry and will work
in the coordinates, , , and z.

h? eB eB?  ,
+ — X< + =(E+e
2Me 2mec - 8me02( y) = )
The problem clearly hastranslational symmetry along the z direction and rotationa | sym-

metry around the z axis . Given the symmetry, we know that L, and p, commute with the
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Hamiltonian and will give constants of the motion. We therefore will be able to separate variables
in the usual way. _ _
(‘F‘) — Unmk( )elm eIkZ
In solving (see section 20.5.5) the equation in we may reuse the Hydrogen solution ultimately

get the energies

eBh 1+ m+ jmj h?k2
n+ +
MeC 2 2m

and associated LaGuerre polynomials (as in Hydrogen) in? (instead of r).

The solution turns out to be simpler using the Hamiltonian written in terms of (see section
20.5.6) A if we choose the right gauge by settingk = Bx¥.

1 e_2 1 eB 2
H = + A = 2+ + = + p?
2me ﬁ c 2me pX py c X pZ
!
1, , 2B eB %,
= +ps+ —Xxpy+ —  X°+
2me Px py c py c Pz

This Hamiltonian does not depend ony or z and therefore hastranslational symmetry in both
x and y so their conjugate momenta are conserved. We can use this syming to write the solution
and reduce to a 1D equation inv(x).

- V(X)eik y yeik 2Z

Then we actually can use our harmonic oscillator solution instead of hgrogen! The energies come

out to be
eBh 1 h%k?
E, = n+ - + :
MeC 2 2Me

Neglecting the free particle behavior inz, these are called theLandau Levels. This is an example
of the equivalence of the two real problems we know how to solve.

20.5 Derivations and Computations
20.5.1 Deriving Maxwell's Equations for the Potentials

We take Maxwell's equations and the elds written in terms of the potentials as input. In the left

column the equations are given in the standard form while the right cdumn gives the equivalent
equation in terms of indexed components. The right column uses théotally antisymmetric tensor

in 3D jx and assumes summation over repeated indices (Einstein notaton)So in this notation,

dot products can be simply written asa D= ajlj and any component of a cross product is written
(a D= aly i .

- @
B=0 =0
r ax
_ 1@B_ @ 1QR _
r E + E@ 0 @XEJ ijk + E@_
r E=4 @Ek_4

@x
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_ 1@E_ 4 @, 1@k _4
A Tl @k @t ok
@
B=F A Bi = —An mnj
r j On j
o 1@A _ @ 1@A
E= T Cat Be= @x  cat

If the elds are written in terms of potentials, then the rst two Ma xwell equations are automatically
satis ed. Lets verify the rst equation by plugging in the B eld inter ms of the potential and noticing
that we can interchange the order of di erentiation.

@ @ @ @ @
B= —Bi= ——A i = ——A i
@x ' @x@% "™ @xex "™
We could also just interchange the index names and m then switch those indices around in the
antisymmetric tensor.
@ @ @ @

B — —Apim = ——An mni
@x @x "™ @x @x "™

We have the same expression except for a minus sign which means the&e B = 0.

=

For the second equation, we write it out in terms of the potentials ard notice that the rst term

@—@x@—@; ik =0 for the same reason as above.
@, ek _ @ @  1er 10 @,
@x '™ " c @t @x @ c@t * ce@s "™
_ 1 @@A | @ @A
c @xet"™ an @™
-1 ©e@esr | @A
c @xaet™ exat™

The last step was simply done by renaming dummy indices (that are summed over) so the two terms
cancel.

Similarly we may work with the Gauss's law equation

@ @ @ 1@A
rE= —Ex= — — -——— = 4

' @x <~ @x @x ¢t

0 1@
E@{r A) = 4
For the fourth equation we have.

@X j ijk c @t C k
@ @ o ,1@ @ [ 1@A _4
@x@n’ "™ kot ex Tcat o

Its easy to derive an identity for the product of two totally antisym metric tensors my jk as occurs
above. All the indices of any tensor have to be di erent in order to get a nonzero result. Since the
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j occurs in both tensors (and is summed over) we can simplify things. dke the case thati = 1
and k = 2. We only have a nonzero term ifj = 3 so the other 2 terms in the sum are zero. But if
j =3, we must have eitherm =1 and n = 2 or vice versa. We also must not havei = k since all
the indices have to be di erent on each epsilon. So we can write.

mnj ik = mnj ki =( km in kn im)

Applying this identity to the Maxwell equation above, we get.

r 2A+C_12%+r r A:+(—1:%t =4?J“

The last two equations derived are wave equations with source tersobeyed by the potentials. As
discussed in the opening section of this chapter, they can be simpli@ with a choice of gauge.

20.5.2 The Lorentz Force from the Classical Hamiltonian

In this section, we wish to verify that the Hamiltonian

1 e 2
-A e
C

= — P+
H mp

gives the correct Lorentz Force law in classical physics. We will themproceed to use this Hamiltonian
in Quantum Mechanics.

Hamilton's equations  are

@H
@p
. @H
B = @q

whereq + and the conjugate momentum is already identi ed correctly p p. Remember that
these are applied assuming g and p are independent variables.

Beginning with g= @H=@ pve have

d+ 1 e
—_ = — + -A
dt m P c
e
= + -A
mv P c

o
I
3
<
|
]
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Note that p6& mv. The momentum conjugate to + includes momentum in the eld. We now time
di erentiate this equation and write it in terms of the components of a vector.

dp _ dei edA;

d  dt cdt

Similarly for the other Hamilton equation (in each vector component) p; = %‘, we have
dp e e @x @
—=p= — pt-A —+e—:
dt me P C @x @x

We now have two equations fordd% derived from the two Hamilton equations. We equate the two
right hand sides yielding

_ dyy _ e e @x @  edA .
ma=mMg = me PN @x T Cex ca
_ e (@ @ edA;
ma; = %(mv) _X+ e—x+ cdr

The total time derivative of A has one part from A changing with time and another from the
particle moving and A changing in space.

dx @

- = = 4+ r~
ot at v A
so that
e O @ e@A e _
Fi=maj= ¥ —+e—+_-———+—- v 1 A
' ' ¢ @ @x c@t c '
We notice the electric eld term in this equation.
e
eg + _@ = eEi
@x c @t
" #
e @ ~
Fi = ma = eEi+E ‘V@(*’ v A

Let's work with the other two terms to see if they give us the rest ofthe Lorentz Force.

" #
e _ @ e @ @A _e @A @A
- YT A ¥V — = V—A V— = -y — —
c ! @x ¢ '@x ' '@x c¢' @x @x
We need only prove that
@A @A
¥y B =v — —/—
i @x @x
To prove this, we will expand the expression using the totally antisymmetric tensor.
@A @A
v B = w r A =v; —" "wi = vi —— ("
i i j @K] mnk jki j @X] ( mnk  jki )

@A @r @4

@A . .
= Vja(mnk jik ) = Vja(mj noomion )=ty ox  ©x
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Q.E.D.

So we have e

Fi = eEi - v B

c [

which is the Lorentz force law. So this is the right Hamiltonian for an electron in a electromagnetic
eld. We now need to quantize it.

20.5.3 The Hamiltonian in terms of B

Start with the Hamiltonian )

1 h e h e
— -+ =A - + =A = (E+e
2 i C i c ( )
h? ,  ieh ieh e
- - Fr A — K F + 2 = (E+
2 ' T 2c ! 2mc? ( e)
h? ,  ieh ieh e
—_— — —_ o+ = +
2r CrA CA:r ZmCZA (E+e)
The second term vanishes in theCoulomb gauge i.e.,i~ A =0, so
h? ,  ieh e
— — A F + A2 =(E +
> " ' 2mc? ( e)
Now for constant B, we choose the vector potential
1
A= -+ B
2
since
- @, . 1@ " "
r A . @—xAj ik = E@_x(xmBn mnj ) "ijk
1 1
= 2 im Bn"mnj "k = EBn"inj "iik
0 1 0 1
1 X X 1 X X
= éBn @ "in ik A = EBk @ "2 A = By
i i
it gives the right eld and satis es the Coulomb gauge condition.
Substituting back, we obtain
h? ,  ieh e 2
- + — B + — B =(E +
> ' 2¢c ' gmcZ ( e)
Now let's work on the vector arithmetic
- . @ @ , _ i
¥ B f = riB,— ijk @—K: Bj ri@ ikj = B + = HB C



304

* B = 0iBj"k rmBn"mn =(riBjriBj riBjrjBi)

2
= r’B? £ B 0

So, plugging these two equations in, we get

2
L € g

2
+ = + :
2 2cC 8mc? *B (E+e)

We see that there are two new terms due to the magnetic eld. The rst one is the magnetic moment
term we have already used and the second will be negligible in atoms.

20.5.4 The Size of the B eld Terms in Atoms

In the equation

2 e? 2
M2 4 & + 2g2 =(E + :
2r 2CBI: 8c2rB + B (E+e):

the second term divided by €=a)

e e
zB E—(ez—ao) zB (mh) —(ez—ao)
B eBag  , a3
- 5= €= = M8
05 10 8cm? B

MB a7 @s 10 ©) ~ "5 10° gauss

- € LS
“he T me
Divide the third term by the second:
B2a8geer _ @, _ 05 108* B
>=Bh de (4)(137)(4:8 10 10) 100 gauss

20.5.5 Energy States of Electrons in a Plasma |

2 2
h" 2 , ©B 2 B ey y> =E
2me 2mec 8mec?
For uniform B eld, cylindrical symmetry ) apply cylindrical coordinates , ,»Z. Then

@ @ 1@ 1
2 _
__%+_2+__+_2

r

@
@2
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From the symmetry of the problem, we can guess (and verify) that[H;p;] = [H;L ;] = 0. These
variables will be constants of the motion and we therefore choose

() = um ()™ &
_ he _
L, s Te mh
_ h@e _
p: = T@z hk
2
r - k — + @elm gkz 4 Z=7gm dkz
d?u 1du m? e?B? , 2m¢E  eBm  ,
a7 7a 7 e VT e e €OUT°
q__
Let x = % (dummy variable, not the coordinate) and = “e";ehc E gif: 2m. Then
d?u 1du m? )
— 4+ - + =0
2 xax x2 o X
In the limit x!1
dzu 2 _ x2=2
vl X‘u=0 ) u e
while in the other limit x! O,
Cu, ldu m? o
dx2  xdx x2
Try a solution of the form x3. Then
s(s 1)x5 2+sx® 2 m?x® 2=0 ) s? = m?
A well behaved function) s 0) s=jmj
u(x) = xiMe X*=2G(x)
Plugging this in, we have
d’G 2imj+1 dG .
-+t — 22X —+ 2 2 G=0
dx2 X dx imj)
We canturn this into the hydrogen equation for
y=x?
and hence
dy = 2x dx
d_1d
dy  2x dx
Transforming the equation we get
d’G jmj+1 dG 2 2jmj
— + 1 —+ ——— -G =0:
dy? y dy dy
Compare this to the equation we had for hydrogen
2 ~ ~
d_H + ﬂ 1 d_H + 71H =0

d 2
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with = n; + ~ + 1. The equations are the same if WE set oury = n; + 1+imj wheren, =
0;1;2;:::. Recall thatour = et E gfnkz 2m. This gives us theenergy eigenvalues
h’k?2  eBh 1+ jmj+ m
) E = ne + ~rimprm
2Me MeC 2

As in Hydrogen, the eigenfunctions are
G(y) = LiM(y):

We can localize electrons in classical orbits for large E and; 0. This is the classical limit.

n, =0 ) Lo = const ) i 2 e xxami
Max when
d j? 2 oimi SRR T,
=0= 2xe X x9™ +2jmje * x4m
dx
. 2c 1=2
jmj = x? ) = —hm

eB

Now let's put in some numbers: LetB 20 kGauss =2 10* Gauss. Then

S

2 3 100 (1:05 10 7 erg sec)

. 6P —
@8 10 ©esu)(2 10°g) 25 107 mcm

This can be compaaed to the purely classical calculation for an electm with angular momentum

mh which gives = “é—*;:. This simple calculation neglects to count the angular momentum stoed
in the eld.

20.5.6 Energy States of Electrons in a Plasma Il

We are going to solve the same plasma in a constant B eld in a di erent qauge. If A = (0; Bx; 0),
then

@A
B=r A= 2=B2:
@x
This A gives us thesame B eld . We can then compute H for a constant B eld in the z direction.
|
1 e 2 1 eB_*?
H = + K = 2 4+ + + p2
2Me P c 2Me P Py C X Pz
!
1, ., 2B eB %,
- 2me Pk * py + TXpy + T S

With this version of the same problem, we have

[H;py] =[H;p]=0:

We can treat p, and py as constants of the motion and solve the problem irCartesian coordinates!
The terms in x and py are actually a perfect square.
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- V(X)eikyyeikzz
2 2!
1 , P eB hcky h2k2
—+ X+ —2 v(x) = E Z v(x
2Me dx2 c eB () 2Me (x)
!
h? o2 1 eB ? hck, 2 h2k2
———+ Mg — X+ —2 v(x) = E zZ v(x
2m, dx2 2% mec eB () 2me (x)
This is the same as the 1D harmonic oscillator equation with | = rﬁ—z‘c and xg = %.
212
E = n+}h!:heB n+1’+&
2 MeC 2 2Me
So we get thesame energies with a much simpler calculation . The resulting states are

somewhat strange and are not analogous to the classical solutions. (Note that an elémn could
be circulating about any eld line so there are many possible states,|yst in case you are worrying
about the choice ofk, and xo and counting states.)

20.5.7 A Hamiltonian Invariant Under Wavefunction Phase (o r Gauge) Transforma-
tions

We want to investigate what it takes for the Hamiltonian to be invariant under a local phase
transformation  of the wave function.
(£1)! € B (g1)

That is, we can change the phase by a di erent amount at each pointin spacetime and the physics
will remain unchanged. We know that the absolute square of the wagfunction is the same. The
Schmdinger must also be unchanged.

e 2
Pt EA =(E+e)
So let's postulate the following transformation then see what we need to keep the equation
invariant.
Bty e B (1)
Al A+ A
! +

We now need to apply this transformation to the Schredinger equdion.

2
PrvChe®an 6 = n@ieve &0
[ c c @t
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Now we will apply the dierential operator to the exponential to identify the new terms.
Note that & (1) = & (BUjF (£;t).

“ .y h e_ e D et) i @ @ (1)
¢ B —r 4+ SR+ - A+ h (Rt = ) ih=+e +e h
i c c (%1 ! @t ot
h_ e e 2 @ @ (1)
—F+-A+-"A+h 7 (xt = h=+e +e h :
i c c (%1 ! ot @t
Its easy to see that we caneave this equation invariant with the following choices.
hc
A = —r (Ft
Sl
_ hext)
T e @t
We can argue thatwe need Electromagnetism to give us the local phase transfor mation

symmetry for electrons. We now rewrite the gauge transformation in the moe conventional way,
the convention being set before quantum mechanics.

(£t € B (k1)
A ! K r1rf(xt)
! . leftx)
c Ot
(0 = (o

20.5.8 Magnetic Flux Quantization from Gauge Symmetry

We've shown that we can compute the functionf (¥) from the vector potential.

7
f()= dr A

o

A superconductor excludes the magnetic eld so we have our eld fee region. If we take a ring of
superconductor, as shown, we get a condition on the magnetic uxhrough the center.
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B field

path 1

ath 2

Consider two di erent paths from +y to +.
I Z Z

fi(r) fa(¥) = dt A= dS & A= dS B=
The di erence between the two calculations of f is the ux.

Now f is not a physical observable so thd; f, does not have to be zero, but,
single valued.

i e

1 - 2
e igfi= g igfe
®(f1 fy)=2n
hC 1 2) —
_2n hc

= f¢ f
) = fa fa= T

The ux is quantized.

does have to be

Magnetic ux is observed to be quantized in a region enclosed by a swgrconductor. however, the

fundamental charge seen is @

20.6 Homework Problems

1. Show that the Hamiltonian H = Zi[p+ %A'(f—;t)]z e (% t) yields the Lorentz force law for an
electron. Note that the elds must be evaluated at the position of the electron. This means
that the total time derivative of A must also account for the motion of the electron.

2. Calculate the wavelengths of the three Zeeman lines in thed! 2p transition in Hydrogen

atoms in a 10* gauss eld.

3. Show that the probability ux for system described by the Hamilto nian

_ 1 € 2
= 2_[13+ EA']
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is given by
j~=%[ oo ) 2k

Remember the ux satis es the equations a ot ) 4 7 =0.

. Consider the problem of a charged particle in an external magnét eld B = (0;0;B) with

the gauge chosen so thak = ( yB; 0;0). What are the constants of the motion? Go as far as
you can in solving the equations of motion and obtain the energy spemm. Can you explain
why the same problem in the gauges#X = (  yB=2;xB=2;0) and A = (0; xB; 0) can represent
the same physical situation? Why do the solutions look so di erent?

. Calculate the top left 4 4 corner of the matrix representation ofx* for the harmonic oscillator.

Use the energy eigenstates as the basis states.

. The Hamiltonian for an electron in a electromagnetic eld can be written asH = ﬁ[p+

%A’(f—;t)]z e (kt)+ %~ B (¥ t). Show that this can be written as the Pauli Hamiltonian

H ~ [p+ gA(f;t)] ? e (#1t):

- 2m

20.7 Sample Test Problems

1. A charged particle is in an external magnetic eld. The vector potential is given by A =

( yB;0;0). What are the constants of the motion? Prove that these are onstants by evalu-
ating their commutator with the Hamiltonian.

. A charged particle is in an external magnetic eld. The vector potential is given by A =

(0; xB; 0). What are the constants of the motion? Prove that these are onstants by evaluating
their commutator with the Hamiltonian.

. Gauge symmetry was noticed in electromagnetism before the adwnt of Quantum Mechanics.

What is the symmetry transformation for the wave function of an electron from which the
gauge symmetry for EM can be derived?
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21 Addition of Angular Momentum

Since total angular momentum is conserved in nature, we will nd that eigenstates of the total
angular momentum operator are usually energy eigenstates. Thexeeptions will be when we apply
external Fields which break the rotational symmetry. We must therefore learn how to add di erent
components of angular momentum together. One of our rst useof this will be to add the orbital

angular momentum in Hydrogen to the spin angular momentum of the éectron.

J=LC+S

audio
Our results can be applied to the addition of all types of angular mometum.

This material is covered in Gasiorowicz Chapter 15, in Cohen-Tannoudji et al. Chapter X
and very brie y in Griths Chapter 6.

21.1 Adding the Spins of Two Electrons

The coordinates of two particles commute with each other: [Pu)i;Xzj] = 0. They are inde-
pendent variables except that the overall wave functions for idetical particles must satisfy the
(anti)symmetrization requirements. This will also be the case for the spin coordinates.

[Swi:Sz;l=0

We de ne the total spin operators
S= S(l) + S(z):

Its easy to show (see section 21.8.1)he total spin operators obey the same commutation relations
as individual spin operators
[Si;Sj]=ih j Sk:

audio

This is a very important result since we derived everything about angilar momentum from the
commutators. The sum of angular momentum will be quantized in the eame way as orbital angular
momentum.

As with the combination of independent spatial coordinates, we canmake product states to
describe the spins of two particles. These products just mean, foexample, the spin of particle 1 is
up and the spin of particle 2 is down. There are four possible (product) spirstates when we combine
two spin % particles. Theseproduct states are eigenstates of total S; but not necessarily of
total S?. The states and their S, eigenvalues are given below.

| Product State | Total S, eigenvalue |

1 2

W @ h
m @ 0
® @ 0

:
® @ h
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audio

Verify the quoted eigenvalues by calculation using the operatolS, = Sy, + Sp) ;-

We expect to be able to formeigenstates of S? from linear combinations of these four states. From
pure counting of the number of states for eachS; eigenvalue, we can guess that we can make one
s = 1 multiplet plus ones = 0 multiplet. The s = 1 multiplet has three component states, two
of which are obvious from the list above. We can use the lowering opator to derive (see section
21.8.2)the other eigenstates ofS?.

_ o @
s=1;m=1 - + +
1 e ) @
s=1;m=0 = p_i Er) @4 @ Er)
_ o @
s=1;m= 1 —
1 ) @ ) @
s=0;m=0 = P—z o @ ® @

audio

As a necessary check, we operate on these states wif and verify (see section 21.8.3}hat they
are indeed the correct eigenstates.

Note that by deciding to add the spins together, we could not chang the nature of the electrons.
They are still spin %and hence, these are all still eigenstates (3(21 and 8(22) , however, (some of) the
above states are not eigenstates d§;), and S .. This will prove to be a general feature of adding
angular momenta. Our states of de nite total angular momentum and z component of total angular
momentum will still also be eigenstates of the individual angular mometa squared.

21.2 Total Angular Momentum and The Spin Orbit Interaction

The spin-orbit interaction (between magnetic dipoles) will play a role in the ne structure of
Hydrogen as well as in other problems. It is a good example of the ndefor states of total angular
momentum. The additional term in the Hamiltonian is

A S

Hso = 555 —=
2m2c2 r3

If we de ne the total angular momentum J in the obvious way we can writeC S in terms of
guantum numbers.

audio

= C+S
J? = L%?+2C S+ &?

- 1 2 2 2 h2-- NN
LS = Q% L2 891 S((+D) (+1 s(s+1)
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Since our eigenstates ofl? and J, are also eigenstates of.? and S? (but not L, or S,), these
are ideal for computing the spin orbit interaction. In fact, they are going to be the true energy
eigenstates, as rotational symmetry tells us they must.

21.3 Adding Spin % to Integer Orbital Angular Momentum

Our goal is to add orbital angular momentum with quantum number  to spin % We can show in
several ways that, for™ 6 0, that the total angular momentum quantum number has two possible

values j = "+ Zorj=" % For =0,onlyj=1isallowed. First lets argue that this makes
sense when we are adding twoectors. For example if we add a vector of length 3 to a vector of
length 0.5, the resulting vector could take on a length between 2.5 ah 3.5 For quantized angular
momentum, we will only have the half integers allowed, rather than a ontinuous range. Also we
know that the quantum numbers like = are not exactly the length of the vector but are close. So

these two values make sense physically.

We can also count states for each eigenvalue df, as in the following examples.

* See Example 21.7.1: *

* See Example 21.7.2: *

As in the last section, we could start with the highest J, state, Y~ ., and apply the lowering
operator to nd the rest of the multiplet with j = * + % This works well for some specic” but is

hard to generalize.

We can work the problem in general. We know that each eigenstate od? and J, will be a linear
combination of the two product states with the right m.

jme = Yom o+ Yoma

audio

The coecients and must be determined (see section 21.8.4py operating with J?2.

r.. r
+m+1l Tom
C+3H(m+ 1) >+l 'm + T >+l Y‘(m+1)
r r

m +m+1
C %)(m+%): —2\+1Y‘m + 72\_‘_1 Y‘(m+1)

We have made a choice in how to write these equationsm must be the same throughout. The
negative m states are symmetric with the positive ones. These equations will bapplied when we
calculate the ne structure of Hydrogen and when we study theanomalous Zeeman e ect.

21.4 Spectroscopic Notation

A common way to name states in atomic physics is to usepectroscopic notation . Itis essentially
a standard way to write down the angular momementum quantum nunbers of a state. Thegeneral
form is N25*1L;, where N is the principal quantum number and will often be omitted, s is the
total spin quantum number ((2s + 1) is the number of spin states), L refers to the orbital angular
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momentum quantum number ~ but is writtenas S; P; D; F; ::: for > =0;1;2;3;:::, and j is the
total angular momentum quantum number.

A quick example is the single electron states, as we nd in Hydrogen. ese are:

1

2

42S, 4°P; 4%P, 4?Ds 4°D: 4%F: 4°Fs
2 2 2 2 2 2

z
2

All of these have the pre-superscript 2 because they are all spinne-half. There are twoj values for
each’.

For atoms with more than one electron, the total spin state has moe possibilities and perhaps
several ways to make a state with the same quantum numbers.

21.5 General Addition of Angular Momentum: The Clebsch-Gor dan Se-
ries

We have already worked several examples of addition of angular moemtum. Lets work one more.

* See Example 21.7.3: *

The result, in agreement with our classical vector model, is multipletswith j =2;3;4;5; 6.
The vector model qualitatively explains the limits.

audio

In general,j takes onevery value between the maximum an minimum in integer steps.

v 2 0 it 2
The maximum and minimum lengths of the sum of the vectors makes sese physically. Quantum
Mechanics tells up that the result is quantized and that, because othe uncertainty principle, the
two vectors can never quite achieve the maximum allowed classically. ukt like the z component of
one vector can never be as great as the full vector length in QM.
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We can check (see section 21.8.5}hat the number of states agrees with the number of product
states.

We have been expanding the states of de nite total angular mometum j in terms of the product
states for several cases. The general expansion is called théebsch-Gordan series:

X
jm = h‘lml‘ZmZJJm\ 1‘2|Y‘1m1Y‘zmz
mima
or in terms of the ket vectors
.e . X .e .s .
Jjm 12l = himg amajjm™ 1720 1My omoi
mima

The Clebsch-Gordan coe cients are tabulated. We have computedsome of them here by using the
lowering operator and some by making eigenstates af?.

21.6 Interchange Symmetry for States with Identical Partic les

If we are combining the angular momentum from two identical particles, like two electrons in an
atom, we will be interested in the symmetry under interchange of tre angular momentum state. Lets
use the combination of two spin% particles as an example. We know that we get total spin states
ofs=1and s=0. The s=1 state is called atriplet because there are three states with di erent
m values. Thes = 0 state is called a singlet. The triplet state is symmetric under interchange.
The highest total angular momentum state, s = s + Sy, will always be symmetric under
interchange. We can see this by looking at the highestm state, m = s. To get the maximum m,
both spins to have the maximum z component. So the product state has just one term and it is
symmetric under interchange, in this case,

= O .
1 = + + -

When we lower this state with the (symmetric) lowering operator S = Sy + Sp) , the result
remains symmetric under interchange. To make thenext highest state, with two terms, we must
choose a state orthogonal to the symmetric state and this will alwgs be antisymmetric.

In fact, for identical particles, the symmetry of the angular momentum wave function will
alternate, beginning with a symmetric state for the maximum total angular momentum. For
example, if we add two spin 2 states together, the resulting statesre: 4s, 3a, 2s, 1o and Os. In
the language ofgroup theory, when we take the direct product of two representations of

the the SU(2) group  we get:

5 5= 93 7A 53 3A 18
where the numbers are the number of states in the multiplet.

* See Example 21.7.4: *
* See Example 21.7.5: *



316

21.7 Examples

21.7.1 Counting states for =3 Plus spin %

For ° = 3 there are 2° + 1 = 7 dierent eigenstates of L,. There are two di erent eigenstates of
S, for spin % We can have any combination of these states, implying 2 7 = 14 possible product
states like Ya1 +.

We will argue based on adding vectors... that there will be two total aagular momentum states that
can be made up from the 14 product statesj = * 1, in this casej = 3 andj = . Each of these
has 4 + 1 states, that is 6 and 8 states respectively. Since 6 +8 = 14 this gies us the right number
of states.

21.7.2 Counting states for Arbitrary " Plus spin %

For angular momentum quantum number °, there are (2 + 1) di erent m states, while for spin we
have 2 states . Hence the composite system has 2{2+ 1) states total.

Max j, = "+ % so we have a state withj = *+ 3. This makes up (3 +1) = (2 * +2) states, leaving

@+2) @+2)=2"= 2° % +1

Thus we have a state withj =~ % and that's all.

21.7.3 Adding =41t =2

As an example, we count the states for each value of total m (z coponent quantum number) if we
add ;1 =4to ,=2.

audio

Total m | (mq;m5y)

6 (4,2)

5 (3,2) (4,1)

4 (2,2) (3,1) (4,0

3 1,2) (2,1) (3,0) (4,-1)
2

1

0

(0,2) (1,1) (2,0) (3,-1) (4,-2)
(-1,2) (0,1) (1,0) (2,-1) (3,-2)
(-2,2) (-1,1) (0,0) (1,-1) (2,-2)
1| (1-2) (0-1) (-1,0) (-2,1) (-3,2)
2 | (02) (-1,-1) (-2,0) (-3,1) (-4,2)
3 | (-1,-2) (-2,-1) (-3,0) (-4,1)

-4 | (-2,-2) (-3,-1) (-4,0)

5| (-3,2) (-4,-1)

6 | (-4-2)
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Since the highest m value is 6, we expect to have p= 6 state which uses up one state for each m
value from -6 to +6. Now the highest m value left is 5, so aj =5 states uses up a state at each m
value between -5 and +5. Similarly we nd aj =4, j =3, and j = 2 state. This uses up all the
states, and uses up the states at each value of m. So we nd in thisase,

T T R B BT

and that j takes on every integer value between the limits. This makes sense imé¢ vector model.

21.7.4 Two electrons in an atomic P state

If we have two atomic electrons in a P state with no external elds applied, states of de nite
total angular momentum will be the energy eigenstates . We will learn later that closed
shells in atoms (or nuclei) have a total angular momentum of zero, allwing us to treat only the
valence electrons. Examples of atoms like this would be Carbon, Silicorand Germanium.

Our two electrons each haveell = 1 (P state) and s = % (electrons). We need to add four angluar
momenta together to get the total.

J=1O+15+S5+S

We will nd it useful to do this addition in two steps. For low Z atoms, it is most useful to add
1+ =L and S; + S, = S then to add these resultsC + S = J.

Since the electrons are identical particles and they are in the sameadial state, the angular momen-
tum part of the wavefunction must be antisymmetric under interchange. This will limit the allowed
states. So let's do the spinor arithmetic.

i1 2 X 1+
) 0;1;2
s = 0;1

These states have a de nite symmetry under interchange. Befar going on to make the total angular
momentum states, lets note the symmetry of each of the above ates. The maximum allowed state
will always need to be symmetric in order to achieve the maximum. The gmmetry will alternate as

we go down in the quantum number. So, for example, thé =2 and * = 0 states are symmetric, while
the * = 1 state is antisymmetric. The s =1 state is symmetric and the s = O state is antisymmetric.

The overall symmetry of a state will be a product of the these two gmmetries (since when we add

and s to give ] we are not adding identical things anymore). The overall state musbe antisymmetic

SO we can use:

1 s=1j=0;52 3Pg; 3Py; °P,
2 s=0 j=2 D,
0 s=0 j=0 s,

Each atomic state will have the angular momentum quantum numbers

“15 T2i S1; S5 3 oSy m:
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Normally we will not bother to include that the spins are one half since tat's always true for
electrons. We will (and must) keep track of the intermediate * and s quantum numbers. As can be
seen above, we need them to identify the states.

In the atomic physics section, we will even deal with more than two eletrons outside a closed shell.

21.7.5 The parity of the pion from d! nn.

audio

We can determine the internal parity of the pion by studying pion capture by a deuteron
+ d! n+ n: The pion is known to have spin 0, the deuteron spin 1, and the neutrn spin %
The internal parity of the deuteron is +1. The pion is captured by th e deuteron from a 1S states,
implying ~ = 0 in the initial state. So the total angular momentum quantum numb er of the initial

state isj = 1.

So the parity of the initial state is
()P Pyg=( 1°PPy=P

The parity of the nal state is
PaPa( 1) =( 1)

Therefore,
P =( 1):

Because the neutrons are identical fermions, the allowed stated two neutrons are Sy, 3Pg.1.2, Do,
3F,.3.4:: The only state with j = 1 is the 2P state, so” =1

) P = 1L

21.8 Derivations and Computations

21.8.1 Commutators of Total Spin Operators

S = S * S
[Si;S1 = [S" +sP;sW + 5P
1). 1) . (2 2) . 1 2) . (2
[Si()*Sj()]+[Si()'Sj()]+[Si()'sj()]+[si()'sj()]
ih ijk Slil)+0+0+ ihijk Slgz) = ihijk Sk

Q.E.D.
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21.8.2 Using the Lowering Operator to Find Total Spin States

The total spin lowering operator is
s =sW+s@;

First lets remind ourselves of what the individual lowering operatorsdo.
S

1
s W= 1o,

NI W

1
2

NI =

Now we want to identify 17 = 9) iz) . Lets operate on this equation withS . First the RHS gives

1 2 1 1 2 1 2 2 1 2 1 2
S WO W @, mg@ 0, 00

+ +
Operating on the LHS gives
P p_
S u=h 1)@ @O 0= 2h 10

So equating the two we have
p_
2h 10=h Mm@, O e

+ +

1
10 = p_§ @ &2) + il) @

Now we can lower this state. Lowering the LHS, we get
P P
S w=h )@ O( 1) 1« y= 2h g 1

Lowering the RHS, gives

1 1 P
s WO, we Ll o we, oo Piooe
2 2
) L= OO

Therefore we have found 3 s=1 states that work together. Theyare all symmetric under interchange
of the two particles.

There is one state left over which is orthogonal to the three state we identi ed. Orthogonal state:

1 ) @ ) @
OO:p_E Sr)() ()Er)

We have guessed that this is ars = 0 state since there is only one state and it has m=0. We could
verify this by using the S? operator.
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21.8.3 Applying the  S? Operator to 1m and qo.

We wish to verify that the states we have deduced are really eigenates of the S? operator. We will
really compute this in the most brute force.

2
S?2 = S$+S, =S2+S3+2S; S,
2P @ = g(si+1)h? P P agy(s,+1)h? P Pr2s P s, @

3
— éhz M @4p s + sPs@ + s sP © @

e . ho1 1 _ho _n
x*+* 7 210 0 "2 1 "2
_ h 0o i 1 _h 0 _.h
S+ =30 0 0720 73
S _h o1 0 _h 1 _h
X - 210 1 20 "2°
_h 0 i 0O _h i _ .h
S T 30 0 173 0 T '3+
2
2 M @ 32m@,h 0o o 0 0 _ 1 1
ST g 1,1, i, i, 0,0,
2
_3ewma, 0 0 o o , 1 1
2 1112 1112 0102

2

2
1) (2 h® o e 1) (2
hzi)“+7(+’ SL):ZhZS) Er)

+

N W

Note that s(s+ 1) = 2, so that the 2 h is what we expected to get. This con rms that we have an
s=1 state.

Now lets do the qg State.
S?2 g0 = SE+S2+251 S, oo
= SP+8i+2 sPUSP + sSSP+ sVSP o
= S+ si+2sVs@ +2 ss@ + sWs@ o
3 3

1
= 2t1 %4 h® so+2 SPSP + sSSP o

1
= 0wtz SPSP PSP gy PO O

h? 1 o .
h2 - P MO WAL DO (O e
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= R g pl_ me e, 0 oo
2 2
h?(1 1) oo =0h? g

1

21.8.4 Adding any ° plus spin 3.

We wish to write the states of total angular momentum j in terms of the product states Y-, . We
will do this by operating with the J? operator and setting the coe cients so that we have eigenstates
J?2 jm; = iG +1)h2 jm |

We choose to write the the quantum numberm; asm + % This is really just the de ntion of the

dummy variable m. (Other choices would have been possible.)
The z component of the total angular momentum is just the sum of he z components from the

orbital and the spin.
mj = m; + Mg

There are only two product states which have the rightm; = m + % If the spin is up we needY'n,
and if the spin is down, Y+ (i +1) .

jmed = Yom o+ ¥ Yo (ma

audio

We will nd the coe cients and sothat will be an eigenstate of
J2=(C+S)?=L2+S%2+2L,S,+L+S +L S;:
So operate on the right hand side withJ?.

R 3 1
jm+ % = h? C+1)Ym ++ ZYIm + +2m§Ylm_ +
|

P — p_
+ (C+1) mm+1) 1Vim+y

3 1
+ b C+D)Yma Fma F2AmA1) — Yima
i

p p
+ (C+1) (m+1)m (1)Yim +

And operate on the left hand side.
J? jm+1 = iG+1h jm+ L = iG+1)h* Yim 4+ Y (m+1)

Since the two terms are orthogonal, we can equate the coe cientsfor each term, giving us two
equations. TheY:y, . term gives

G +1)= ‘(‘+1)+§+m + Py mme
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The Y-(m+1)  term gives

G+D= CHD+ S med) + 0 CFD m@med)

Collecting terms on the LHS and terms on the RHS, we get two equations.

o < P~ <
iG+D (D S om = T m(rmeD

P M D

iG+D (D S+(me)

Now we just cross multiply so we have one equation with a common faor of
. . o < 3 . i 3
C mC+m+D=jG+1) C+1 7 m G+ (+1) Z+(m+1)

While this equation looks like a mess to solve, if we notice the similarity betveen the LHS and RHS,
we can solve it if 3
=ity T+ -
i+ O+ 4
If we look a little more carefully at the LHS, we can see that another slution (which just interchanges
the two terms in parentheses) is to replace by ~ 1.

1=iG+D) (D)
These are now simple to solve
iG+D=CHnre3) =l
iG+D="C+1 > 1+2)  j= 2

So these are (again) the two possible values fgr. We now need to go ahead and nd and

Pluggingj = " + % into our rst equation,

Com =" ¢ mFmeD)

we get the ratio between and . We will normalize the wave function by setting 2+ 2=1. So
lets get the squares.

2 _ (. m)? 2 - C m
¢ m)(+m+1) (+m+1)
24 221 tm+l+ T om o,
= pra— =
r—
T+ m+1
T 2+1
r r r
T om +m+l1 T m

S+ m+1l 2+1  2+1
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So we have completed the calculation of the coe cients. We will make se of these in the hydrogen
atom, particularly for the anomalous Zeeman e ect.

Writing this in the notation of matrix elements or Clebsch-Gordan coe cients of the form,

Hm; sj'm-smsi

we get.
audio
r
T S L L
2 2 2 22 r 2 +1
1 1 .1, 11 S m
+ = + = = +1) = — = =
3 Mtz 3 (M5 >+ 1
‘+} m+ = ‘}‘m}_l = 0
2 2 22 -
1 1 11
+ = + = = +1) == =
5 m 5 (m 1)22 0
Similarly
r
1 - \1\m11 _ m
2 2 22 r2‘+1
1 11 "+ m+1
1 Ll et L
2 M Mm+1)35 >+ 1

21.8.5 Counting the States for  j°1 "5 | 1+ o

If we add "; to ", there are (21 + 1)(2 "2 + 1) product states. Lets add up the number of states of
total *. To keep things simple we assume we ordered things s@  ».

o2 %2 %2
(2°+1)= (2C1 "2+ M+1)=(2 241271 2,+1)+2 n

=y, n=0 n=0
=@22+1)@21 22:+1)+(2 2+1)(22)=(2 2+1)(21+1)

This is what we expect.

21.9 Homework Problems

1. Find the allowed total spin states of two spin 1 particles. Explicitly write out the 9 states
which are eigenfunctions ofS? and S, .

2. The Hamiltonian of a spin system is given byH = A+ BSy524 1 52) Fing the eigenvalues

and eigenfunctions of the system of two particles (a) when both pdicles have spin % (b) when
one particle has spin% and the other spin 1. What happens in (a) when the two particles are
identical?
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3. Consider a system of two spinless identical particles. Show thatite orbital angular momentum
of their relative motion can only be even. ( = 0;2; 4, :::) Show by direct calculation that, for
the triplet spin states of two spin % particles, 4~ ~ 1m = 1m for all allowed m. Show that

for the singlet state v~ ~ o0 = 3 oo0-

4. A deuteron has spin 1. What are the possible spin and total angulamomentum states of two
deuterons. Include orbital angular momentum and assume the twqarticles are identical.

q-— q-—

5. The state of an electron is given by = R(r)[ 3Ywo(; ) + + 2Yu(; ) 1 Find the
possible values and the probabilities of thez component of the electron's total angular mo-
mentum. Do the same for the total angular momentum squared. Wiat is the probability
density for nding an electron with spin up at r; ; ? What is it for spin down? What is
the probability density independent of spin? (Do not leave your ansver in terms of spherical
harmonics.)

6. The n = 2 states of hydrogen have an 8-fold degeneracy due to the vanss | and m states
allowed and the two spin states of the electron. The spin orbit interation partially breaks
the degeneracy by adding a term to the HamiltonianH; = ﬁeczrrgt S. Use rst order
perturbation theory to nd how the degeneracy is broken under the full Hamiltonian and
write the approximate energy eigenstates in terms oRp, Y, , and

7. The nucleus of a deuterium (A=2 isotope of H) atom is found to hawe spin 1. With a neutral
atom, we have three angular momenta to add, the nuclear spin, theslectron spin, and the
orbital angular momentum. De ne J = C + S in the usual way andF = J+ "wherel denotes
the nuclear spin operator. What are the possible quantum numberg and f for an atom in
the ground state? What are the possible quantum numbers for an ®@m in the 2p state?

21.10 Sample Test Problems

1. Two identical spin % particles are bound together into a state with total angular momertum
I. a) What are the allowed states of total spin for| = 0 and for | = 1? b) List the allowed
states using spectroscopic notation fot =0 and 1. (>5*1L;)

2. A hydrogen atom is in the state = Ry3Yso +. A combined measurement of ofJ? and of
J; is made. What are the possible outcomes of this combined measurenteand what are the
probabilities of each? You may ignore nuclear spin in this problem.

3. We want to nd the eigenstates of total S? and S, for two spin 1 particles which have anS; S,
interaction. (S= S; + Sp)
(a) What are the allowed values ofs, the total spin quantum number.

(b) Write down the states of maximum mg for the maximum s state. Usejsmsi notation and
jsimiij s,myi for the product states.

(c) Now apply the lowering operator to get the other mg states. You only need to go down
to mg = 0 because of the obvious symmetry.

(d) Now nd the states with the other values of s in a similar way.
4. Two (identical) electrons are bound in a Helium atom. What are the dlowed statesjjlsl 115i

if both electrons have principal quantum numbern = 1? What are the states if one hasn =1
and the other n = 2?
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. A hydrogen atom is in an eigenstate () of J2, L?, and of J, such that J2 = 1°h? |

L2 =6h% ,J, = %h , and of course the electron's spin is%. Determine the quantum
numbers of this state as well as you can. If a measurement af, is made, what are the possible
outcomes and what are the probabilities of each.

. A hydrogen atom is in the state = Rz Y»; . If a measurement ofJ2 and of J, is made,
what are the possible outcomes of this measurement and what aréné probabilities for each
outcome? If a measurement of the energy of the state is made, \ahare the possible energies
and the probabilities of each? You may ignore the nuclear spin in this poblem.

. Two identical spin 1 particles are bound together into a state with orbital angular momentum
I. What are the allowed states of total spin (s) forl = 2, for | = 1, and for | = 0? List all
the allowed states giving, for each state, the values of the quantm numbers for total angular
momentum (j ), orbital angular momentum (1) and spin angular momentum (s) if | is 2 or less.
You need not list all the di erent m; values.

. List all the allowed states of total spin and total z-component d spin for 2 identical spin 1
particles. What * values are allowed for each of these states? Explicitly write down th¢2s+1)

states for the highests in terms of (+1); ﬁz); f)l); 82); @ and @,

. Two di erent spin % particles have a Hamiltonian given byH = Ep+ hﬁle S, + %(SlZ + Sy;).

Find the allowed energies and the energy eigenstates in terms of tHeur basis statesj + + i,
j+ i, +i,andj i

A spin 1 particle is in an” = 2 state. Find the allowed values of the total angular momentum
quantum number, j. Write out the jj;m;i states for the largest allowed;j value, in terms of
the jm;; msi basis. (That is give one state for everym; value.) If the particle is prepared in
the state jm; = 0;ms = 0i, what is the probability to measure J2 = 12h??

Two di erent spin % particles have a Hamiltonian given byH = Eqo+ AS; S, + B(S1z + Spz).

Find the allowed energies and the energy eigenstates in terms of théour product states
W@ O O g4q O
+ + 1 + .

+
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22 Time Independent Perturbation Theory

Perturbation Theory is developed to deal with small corrections to problems which we have
solved exactly , like the harmonic oscillator and the hydrogen atom. We will make a seies expansion
of the energies and eigenstates for cases where there is only a $insarrection to the exactly soluble
problem.

First order perturbation theory will give quite accurate answers if the energy shifts calculated are
(nonzero and) much smaller than the zeroth order energy di ererwes between eigenstates. If the
rst order correction is zero, we will go to second order. If the eig¢nstates are (nearly) degenerate
to zeroth order, we will diagonalize the full Hamiltonian using only the (nearly) degenerate states.

Cases in which the Hamiltonian is time dependent will be handled later.

This material is covered in Gasiorowicz Chapter 16, in Cohen-Tannoudji et al. Chapter XI,
and in Gri ths Chapters 6 and 7.

22.1 The Perturbation Series

Assume that the energy eigenvalue problem for the HamiltoniarHy can besolved exactly
Ho n= EQ
but that the true Hamiltonian has a small additional term or perturbation Hj.

H=Hy+ H;

The Schmdinger equation for the full problem is
(Ho+ H1) n=En n

Presumably this full problem, like most problems, cannot be solved eactly. To solve it using a
perturbation series, we will expand both our energy eigenvalues and eigenstates in powgeof the
small perturbation.

En = E% +EM + E@ o
X
no= N@ + Cok kA
kén
1 2
c = ¢+ c@ 4o

where the superscript (0), (1), (2) are the zeroth, rst, and second order terms in the series.N is
there to keep the wave function normalized but will not play an important role in our results.

By solving the Schmdinger equation at each order of the perturtation series, wecompute the
corrections to the energies and eigenfunctions. (see section 22.4.1)

E® = hajHij ai
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O - h «jH1j ni
L
n r(10) E|£0)
-t Rgug
k6 n En Ek
audio
So the rst order correction to the energy of the n" eigenstate,E,ﬁl), is just the expectation

value of the perturbation in the unperturbed state. The rst ord er admixture of  in g, cf}k)

depends on a matrix element and the energy di erence between stas. The second order correc-
tion to the energy @ has a similar dependence. Note that the higher order correctionsnay

not be small if states are nearby in energy.

The application of the rst order perturbation equations is quite sim ple in principal. The actual
calculation of the matrix elements depends greatly on the problem bieg solved.

* See Example 22.3.1: *

Sometimes the rst order correction to the energy is zero. Then w will need to use the second order
term E{? to estimate the correction. This is true when we apply an electric eld to a hydrogen
atom.

* See Example 22.3.2: *

We will exercise the use of perturbation theory in section 23 when weompute the ne structure,
and other e ects in Hydrogen.

22.2 Degenerate State Perturbation Theory

The perturbation expansion has a problem for states very close inrergy. The energy di erence
in the denominators goes to zero and thecorrections are no longer small. The series does not
converge. We can very e ectively solve this problem bytreating all the (nearly) degenerate
states like we did  , in the regular perturbation expansion. That is, the zeroth order sate will be
allowed to be an arbitrary linear combination of the degenerate stags and the eigenvalue problem
will be solved.

Assume that two or more states are (nearly) degenerate. De neN to be the set of those nearly
degenerate states. Choose a set of basis state b which are orthonormal

h (i)j M) =
wherei andj are in the setN . We will use the indicesi and | to label the states inN .

By looking at the zeroth and rst order terms in the Schredinger e quation and dotting it into one of
the degenerate states (), we derive (see section 22.4.2)he energy equation for rst order (nearly)
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degenerate state perturbation theory
h OjHo+ Haj Vi i =E j;
i2N
This is an eigenvalue equation with as many solutions as there are degrate states in our set. audio
We recognize this as simply the (matrix) energy eigenvalue equation lirited the list of degenerate
states. We solve the equation to get the energy eigenvalues and enyy eigenstates, correct to rst
order.

Written as a matrix, the equation is

0 Hia Hipp i H1n1 0 11 0 11
%Hn Hao i Han%} 26 - E%} 2
Hoi Moz o Hoo oo \

whereH;ji = h OjHq+ Hqj @i is the matrix element of the full Hamiltonian. If there are n nearly
degenerate states, there are n solutions to this equation.

The Stark e ect for the (principle quantum number) n=2 states of hydrogen requires the use of
degenerate state perturbation theory since there are four st@s with (nearly) the same energies. For
our rst calculation, we will ignore the hydrogen ne structure and assume that the four states are
exactly degenerate, each with unperturbed energy dEy. Thatis Ho »m = Eo 2'm . The degenerate
states 200, 211, 210, @nd 21 1.

* See Example 22.3.3: *

The perturbation due to an electric eld in the z direction is H; = + eEz. The linear combinations
that are found to diagonalize the full Hamiltonian in the subspace of dgenerate states are: ,11,
21( 1) and pl—f( 200 210) With energies ofE;, E,, and E;  3eEap.

22.3 Examples
22.3.1 H.O. with anharmonic perturbation ( ax?).

We add an anharmonic perturbation to the Harmonic Oscillator problem.
H; = ax*

Since this is a symmetric perturbation we expect that it will give a nonzero result in rst order
perturbation theory. First, write x in terms of A and AY and compute the expectation value as we

have done before.
2

o 4 ah . 4:
ERY = amixini = 2o mi(A + A)ni
2
- 4:12| SMj(AAAYAY + AAYAAY + AAYAYA + AYAAAY + AYAAYA + AYAYAA)jni
ah2 2 2
T ama2i2 (n+1)(n+2)+(n+1)"+n(n+1)+ n(n+1)+ n+n(n 1)
3ah?

= iz >(2n*+2n+1)
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22.3.2 Hydrogen Atom Ground State in a E- eld, the Stark E ec t.

We have solved the Hydrogen problem with the following Hamiltonian.

_p? Zeé?
Ho = 2 r

Now we want to nd the correction to that solution if an Electric eld is applied to the atom
We choose the axes so that the Electric eld is in the z direction. Theperturbtion is then.

H, = eEz
It is typically a small perturbation. For non-degenerate states , the rst order correction to the
energy is zero because the expectation value of z is an odd function

nim

We therefore need to calculate thesecond order correction . This involves a sum over all the
other states. _ o L
N nim jzj 100]
(0) (0)
nim 6100 El En

We need to compute all the matrix elements of z between the groundtate and the other Hydrogen
states. Z

h nm jzj) 100i = &R, (r cos )R10Y,m Yoo

We can do the angular integral by converting the cos term into a spherical harmonic.

The we can just use the orthonormality of the spherical harmonicgo do the angular integral, leaving
us with a radial integral to do.
z z
h nim jzj 1000 = —  r3drR, R d Y, Yio
Z

mo

= § I’sRm Rlodl'

Wit

The radial part of the integral can be done with some work, yielding.

. o 128n7(n 1> °
ih om 7 10001 2 = 3 (n(+1)2n)+5 a5 om0 f(n)a§ omo

We put this back into the sum. The Kronecker deltas eliminate the suns over™ and m. We write
the energy denominators in terms of the Bohr radius.

b3 2
EQ = &8 f (n)ag

n=2 2ap 2aon?
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This is all a little dissatisfying because we had to insert the general fonula for the radial integral
and it just goes into a nasty sum. In fact, we could just start with the rst few states to get a good
idea of the size of the e ect. The result comes out to be.

E@ = 2a3E2(0:74+0:10+::1) = 2:25a3E?

The rst two terms of the sum get us pretty close to the right answer. We could have just done
those radial integrals.

Now we computed, the electric dipole moment  of the atom which is induced by the electric eld.

_ @E _, o5
d= g = 41:125kE

The dipole moment is proportional to the Electric eld, indicating that it is induced. The E eld
induces the dipole moment, then the dipole moment interacts with theE eld causing a energy shift.
This indicates why the energy shift is second order.

22.3.3 The Stark E ect for n=2 Hydrogen.

The Stark e ect for the n=2 states of hydrogen requires the useof degenerate state perturbation
theory since there are four states with (nearly) the same energg For our rst calculation, we will
ignore the hydrogen ne structure and assume that the four stdes are exactly degenerate, each with
unperturbed energy ofEq. Thatis Hy >m = Eo 2'm . The degenerate states 00, 211, 210, and

21( 1)-

The perturbation due to an electric eld in the z direction is H; = + eEz. So our rst order
degenerate state perturbation theory equation is

D E

i DjHo+eEzj O =(Eo+E®) ;:

This is esentially a 4X4 matrix eigenvalue equation. There are 4 eigenvaes (Eo+ E®), distinguished
by the index n.

Because of the exact degeneracHy () = Eq (1)), Hy and Eq can be eliminated from the equation.

X D E
i(Eoj + (jeEzj ) = (Eo+EW)
i

X D \E
Eo j + i (J)jeEzj () Eo j + E®

E
i) jeEzj ® = E®
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This is just the eigenvalue equation forH; which we can write out in (pseudo)matrix form
0 10 ) 1 0 1

oAb 2K -0 oK

4 4

Now, in fact, most of the matrix elements of H; are zero. We will show that becausel],;z] = 0
that all the matrix elements between states of unequalm are zero. Another way of saying this is
that the operator z doesn't \change" m. Here is a little proof.

hYim i[L2; Z]i Yiemei =0 =(m  m9hYjm jzj Yiomoi
This implies that hYj, jzj Yiomoi =0 unlessm = mC
Lets de ne the one remaining nonzero (real) matrix element to be .
= eEh20]jz] 210

The equation (labeled with the basis states to de ne the order) is.

200 OO 0 010 11 0 1l
N SR T P
2112 0 0 0 O 4 4

We can see by inspection that the eigenfunctions of this operator@ 211, 21 1, and 91—5 ( 200 210)
with eigenvalues (ofH;) of 0, 0, and

What remains is to compute . Recall Yoo = pi: and Yio= 2 cos .
z r 1 r
= eE (2a) ¥?2 1 — e "oyy,z(2ay) = — e "oy dir
2 2a9 2 3 @
1 r r - 1
= 2eE(2 r3dr 1 — — e Mo —_ cos Y 10d
(ao) 9—3 280 % PT 10
z 1 4 5
= 2eE(2) plpn o e r=aogy
3 30 a‘o}z 2a3
ageE Z1 171
= == x%e Xdx = e *dx
12 2 %
ageE 54321
= X430 27222 -
12 2
E
= 3eEa0 ) EM =  3eEa

This is rst order in the electric eld, as we would expect in rst order (degenerate) perturbation
theory.

If the states are not exactly degenerate, we have to leave in theidgonal terms ofHg. Assume that
the energies of the two (mixed) states areEy , where comes from some other perturbation,
like the hydrogen ne structure. (The 211 and ;¢ 1) are still not mixed by the electric eld.)

Eo 1
Eo+ 2 2
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p

E = Ep 2+ 2
This is OK in both limits, , and . Itis also correct when the two corrections are of the
same order.
22.4 Derivations and Computations
22.4.1 Derivation of 1st and 2nd Order Perturbation Equatio ns

To keep track of powers of the perturbation in this derivation we will make the substitution Hj !

H ; where is assumed to be a small parameter in which we are making the seriespgansion of our
energy eigenvalues and eigenstates. It is there to do the book-&ping correctly and can go away at
the end of the derivations.

To solve the problem using aperturbation series , we will expand both our energy eigenvalues and
eigenstates in powers of .

En = EO +E O+ 2D + 5
X
n= NO)@ o+ cu() KA
k& n
cn() = cW+ 2@ 4
The full Schedinger equation is
0 1 0 1

X X
(Hot H) @+ cu( ) A=(ER+ ER+ PER +:)@ 0+ cnc() WA
kén k6 n

where theN ( ) has been factored out on both sides. For this equation to hold as vary , it must
hold for each power of . We will investigate the rst three terms.

0 H — (0)
0 n=En n
P
Y1l H1n+Ho G w=EP +EP
k6 n k6 n
P P P P
21 Ho 2w+ H1 e w=EY T 2@+ ER T ) o+ 26D
k& n k& n k& n k& n

The zero order term is just the solution to the unperturbed problem so there is no new information

there. The other two terms contain linear combinations of the orthonormal functions ;. This means

we can dot the equations into each of the ; to get information, much like getting the components

of a vector individually. Since | is treated separately in this analysis, we will dot the equation into
n and separately into all the other functions .

The rst order equation dotted into , yields

hnjH1j ni= EQ
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and dotted into  yields
hijHj ni+EQ ¢l =EO cW):

From these it is simple to derivethe rst order corrections

E® =h,jHqj i

@ _ hjHaj nl
nk Er(10) E|(<O)

The second order equation projected on ,, yields

cWhajiHij «i = 2EQ:
k6 n

We will not need the projection on  but could proceed with it to get the second order correction to
the wave function, if that were needed. Solving for thesecond order correction to the energy

and substituting for cf]lk) , we have

2p@ = X I dH aj aii?,
n © EO
kén n k

The normalization factor N ( ) played no role in the solutions to the Schredinger equation since
that equation is independent of normalization. We do need to go backand check whether the rst
order corrected wavefunction needs normalization.

P . P ) p . .
N_(l) = h nt CS'() k)] nt CSI.() Ki =1+ ZJCS[()JZ
k& n k|63n k6 n
NO 13T

k& n

The correction is of order 2 and can be neglected at this level of approximation.

These results are rewritten with all the removed in section 22.1.

22.4.2 Derivation of 1st Order Degenerate Perturbation Equ ations

To deal with the problem of degenerate states, we will allow an arbitary linear combination of
those states at zeroth order. In the following equation, the sum w@er i is the sum over all the states
degenerate with ,, and the sum over k runs over all the other states.

0 1

X X
n=N()@ O c® v+ A
i2N k62N
where N is the set of zeroth order states which are (nearly) degenerateith . We will only go

to rst order in this derivation and we will use  as in the previous derivation to keep track of the
order in the perturbation.
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The full Schre%inger equation is.

1 0 1
X X X X
(Ho+ H)@ O+ ou() A=(EQ+ ED+m)@ 1 O gue() (A
i2N k62N i2N k62N
If we keep the zer;)(th and rst ordt)e(r terms, we have X X
(Ho+ H 1) C0 CSK) «=(EQ + E @) OO Cﬁlk) K
i2N k62N i2N k62N

Projecting this onto one of the degenerate states (), we get

h DjHo+ H4j Vi =(E? + E®) ;:
i2N

By putting both terms together, our calculation gives us the full energy to rst order, not just the
correction. It is useful both for degenerate states and for nedy degenerate states. The result may
be simpli ed to
h WjHj O ;= E ;:
i2N
This is just the standard eigenvalue problem for the full Hamiltonian in the subspace of (nearly)
degenerate states.

22,5 Homework Problems

1. An electron is bound in a harmonic oscillator potential Vy = %m! 2x2. Small electric elds in
the x direction are applied to the system. Find the lowest order nonzero lsifts in the energies
of the ground state and the rst excited state if a constant eld E; is applied. Find the same
shifts if a eld E;x3 is applied.

2. A patrticle is in a box from a to a in one dimension. A small additional potential V; =
cos(3p) is applied. Calculate the energies of the rst and second excited sites in this new
potential.

3. The proton in the hydrogen nucleus is not really a point particle like the electron is. It has
a complicated structure, but, a good approximation to its charge dstribution is a uniform
charge density over a sphere of radius 0.5 fermis. Calculate the eat of this potential change
for the energy of the ground state of hydrogen. Calculate the eect for the n = 2 states.

4. Consider a two dimensional harmonic oscillator problem describedybthe Hamiltonian Hg =
2 2
pxz;py + zm! 2(x? + y?). Calculate the energy shifts of the ground state and the degerrate
rst excited states, to rst order, if the additional potential V =2 xy is applied. Now solve
the problem exactly. Compare the exact result for the ground stae to that from second order

perturbation theory.

P
5. Prove that (E, Eja)jhnjxjaij? = % by starting from the expectation value of the commu-

n
tator [ p; X] in the state a and summing over all energy eigenstates. Assume= mg—f and write

%—f in terms of the commutator [H; x] to get the result.

6. If the general form of the spin-orbit coupling for a particle of massm and spin S moving in a
potential V(r) is Hso = z—ml@t S%d\gf’), what is the e ect of that coupling on the spectrum
of a three dimensional harmonic oscillator? Compute the relativistic orrection for the ground

state of the three dimensional harmonic oscillator.
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22.6 Sample Test Problems

1. Assume an electron is bound to a heavy positive particle with a harmanic potential V (x) =
%m! 2x2. Calculate the energy shifts to all the energy eigenstates in an eléic eld E (in the
x direction).

2. Find the energies of then = 2 hydrogen states in a strong uniform electric eld in the z-
direction. (Note, since spin plays no role here there are just 4 degerate states. Ignore the
ne structure corrections to the energy since the E- eld is strong. Remember to use the fact
that [L,;z] = 0. If you are pressed for time, don't bother to evaluate the radal integrals.)

3. An electron is in a three dimensional harmonic oscillator potentialV (r) = %m! 2r2. A small
electric eld, of strength E;, is applied in the z direction. Calculate the lowest order nonzero
correction to the ground state energy.

4. Hydrogen atoms in then = 2 state are put in a strong Electric eld. Assume that the 2s and
2p states of Hydrogen are degenerate and spin is not important. hider these assumptions,
there are 4 states: the 2s and three 2p states. Calculate the sksfin energy due to the E- eld
and give the states that have those energies. Please work out theroblem in principle before
attempting any integrals.
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23 Fine Structure in Hydrogen

In this section, we will calculate the ne structure corrections to the Hydrogen spectrum. Some of
the degeneracy will be broken. Since the Hydrogen problem still haspherical symmetry, states of
de nite total angular momentum will be the energy eigenstates.

We will break the spherical symmetry by applying a weak magnetic eld, further breaking the
degeneracy of the energy eigenstates. The e ect of a weak maefic eld is known as the anomalous
Zeeman e ect, because it was hard to understand at the time it wasrst measured. It will not be
anomalous for us.

We will use many of the tools of the last three sections to make our daulations. Nevertheless, a
few of the correction terms we use will not be fully derived here.

This material is covered in Gasiorowicz Chapter 17, in Cohen-Tannoudji et al. Chapter
XIl, and in Griths 6.3 and 6.4

23.1 Hydrogen Fine Structure

The basic hydrogen problem we have solved has the following Hamiltonia
ze?

p?
Ho= — —
°7 2 r

To this simple Coulomb problem, we will add several corrections

1. The relativistic correction to the electron's kinetic energy.
2. The Spin-Orbit correction.
3. The \Darwin Term" correction to s states from Dirac eq.

4. The ((anomalouus) Zeeman) e ect of an external magnetic eld

Correction (1) comes fromrelativity . The electron's velocity in hydrogen is of order c . It is not
very relativistic but a small correction is in order. By calculating (see section 23.4.1fhe next
order relativistic correction to the kinetic energy we nd the additional term in the Hamiltonian
1 pd
Hi= S—5:

! 8 m3c?
Our energy eigenstates are not eigenfunctions of this operatoroswe will have to treat it as a
perturbation.

We can estimate the size of this correction compared to the Hydrogen binding energy by takng
the ratio to the Hydrogen kinetic energy. (Remember that, in the hydrogen ground state, % =
E=1 2mc?)
PP P _(pPP=2m) |1,

8m3c2  2m  4m2c2 2mc2 4
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Like all the ne structure corrections, this is down by a factor of order 2 from the Hydrogen binding
energy.

The second term, due toSpin-Orbit interactions, is harder to derive correctly. We understand
the basis for this term. The magnetic moment from the electron's spn interacts with the B eld
produced by the current seen in the electron's rest frame from tk circulating proton.

H2 = e B
We canderive (see section 23.4.2B from a Lorentz transformation of the E eld of a static proton
(We must also add in the Thomas Precession which we will not try to unetrstand here).

H, = 1 g€
27 22m2cr3

This will be of the same order as the relativistic correction.

Now we compute (see section 23.4.3}he relativity correction in rst order perturbation theory

o O’ 4n
h am jH1j nIm|:+2mC2 3 \+%

The result depends on™ and n, but not on m- or j. This means that we could use either the
nim ;s Or the m .sm, to calculate the e ect of H;. We will need to use the njm ;s to add in the
spin-orbit.

The rst order perturbation energy shift from the spin orbit correction is calculated (see
section 23.4.4)for the states of de nite j .
o . geh?1 . o 1
ham JH2) nm i = WED(J+1) (+1) s(s+1)] 3 .
" #

2

_ 9 BV e =3

2 2mc? (—f%_—) j = 3

Actually, the T S term should give 0 for* = 0! In the above calculation there is an - factor which
makes the result for™ = 0 unde ned. There is an additional Dirac Equation contribution calle d
the \Darwin term" (see section 23.4.5) which is important for = 0 and surprisingly makes the
above calculation right, even for™ = 0!

We will now add these three ne structure corrections together br states of de nite j. We start

with a formula which has slightly di erent forms for j = ° %
— '(‘0)2421 4n ( H;ﬁ) mz
Enim ;s = Eq T ome 3 \+%+ (2+% ()
02 n o4 2 ® #
Enjm is < Er(10) +—— 3 thl

2mc? C+3) 4+
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0?2 4 2"
E. .. =gO4 En i+ 3
njm ;s — Ep 2me2 +%
We can write ( + 1) as ( + 3 3), so that
2 . .
4 RT . 442 2 i+3 %
T+ 3 G+i+3 3  (+3

I 4 L
5 30+ 3)
and we get a nice cancellation giving us a simple formula.

h i
0, EQ?
Enm = Er(1) + 527 3 4n

This is independent of* so the states of di erent total angular momentum split in energy but there
is still a good deal of degeneracy.

n=2
‘I;\'\ """"""""""""""""""""""""""""""" Py e
o Pan Py
\\\ \\\\ S 1/2 Pl/Z -
add B-field
‘add Darwin
‘. ' + spin-orbit
] Sip !
add relativity

We have calculated the ne structure e ects in Hydrogen. There ae, of course, other, smaller
corrections to the energies. A correction from eld theory, the Lamb Shift, causes states of di erent
* to shift apart slightly. Nevertheless, the states of de nite total angular momentum are the energy
eigenstates until we somehow break spherical symmetry.
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23.2 Hydrogen Atom in a Weak Magnetic Field

One way to break the spherical symmetry is to apply an external B eld. Lets assume that the eld
is weak enough that the energy shifts due to it are smaller than the ne structure corrections. Our
Hamiltonian can now be writtenasH = Ho +(Hy + H,)+ H3z, whereHg = 5—2 Zrﬁ is the normal
Hydrogen problem,H; + H» is the ne structure correction, and

eB eB
Hs = me (C+2S8)= m(l-z'*'zsz)

is the term due to the weak magnetic eld.

We now run into a problem becauseH ; + H picks eigenstates ofl > and J, while H3 picks eigenstates
of L, and S;. In the weak eld limit, we can do perturbation theory using the stat es of de nite j.
A direct calculation (see section 23.4.6pf the Anomalous Zeeman E ect gives the energy shifts

in a weak B eld.

- . eB . — ehB . 1
E= njm-j 2mc(L2+ZSZ) mim ;= Zmc M 1 27+1

This is the correction, due to a weak magnetic eld, which we should ad to the ne structure
energies.

1, 5,1 2 1 3
Emis= 3 MY 2t iy I an
Thus, in a weak eld, the the degeneracy is completely broken for the states nim ;s All

the states can be detected spectroscopically.
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n=2

o Py o

o Pap Py

\\ \\\ S 1/2 P1/2 -

\ ! add B-field

\ ‘add Darwin

\ |+ spin-orbit

\ S !

add relativity

The factor 1 ﬁ is known as thelLande g Factor because the state splits as if it had this
gyromagnetic ratio. We know that it is in fact a combination of the orbital and spin g factors in a
state of de nite j.

In the strong eld limit we could use states of de nite m- and ms and calculate the e ects of the

ne structure, Hi + Hy, as a correction. We will not calculate this here. If the eld is very strong,
we can neglect the ne structure entirely. Then the calculation is eay.

E = E,?+ eBh

<+
2mC(m 2msg)

In this limit, the eld has partially removed the degeneracy in m- and mg, but not *. For example,
the energies of all thesen = 3 states are the same.

I
N =N
333
Z
|

N OO
33
n’

1
o

N
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23.3 Examples
23.4 Derivations and Computations
23.4.1 The Relativistic Correction

Moving from the non-relativistic formula for the energy of an electron to the relativistic formula we
make the change

2, PG 22 2.4 1=2 2 p°c =
+ == 1 + = + :
mc om p m-c mc 1 p—p
Taylor expanding the square root aroundp? = 0, we nd
= 1p?c? 1 pic? p? p?
22+ m2c* = me24 oo + me’+ - —
P 2mc2  8mS3ch 2m  8ms3c?

. . 2 . .
So we have our next order correction term. Notice thatzp—m was just the lowest order correction to
2
mc=.

What about the \reduced mass problem"? The proton is very non-relativistic so only the electron
term is important and the reduced mass is very close to the electromass. We can therefore neglect
the small correction to the small correction and use

23.4.2 The Spin-Orbit Correction

We calculate the classical Hamiltonian for the spin-orbit interaction which we will later apply as a
perturbation. The B eld from the proton in the electron's rest fra me is

B= Y E
c
Therefore the correction is o ge .- ge < e
27 2mc T 2mez
_ g€ _
2m2c2 Pt
—ad _ d
only depends onr ) r =5 = IF
ge 1d ge 1d
H,= ——-S _ -
27 om2c2 P 1cr dr  2m2c? r dr
_€ ) d e
Tor dr ~ r2
Hy = 1 g¢ LS
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Note that this was just a classical calculation which we will apply to quantum states later. It is
correct for the EM forces, but, the electron is actually in a rotating system which gives an additional
C S term (not from the B eld!). This term is 1/2 the size and of opposite sign. We have already
included this factor of 2 in the answer given above.

Recall that 1
H,/ C s:E J? L? g?

and we will therefore want to work with states of de nite j, °, and s.

23.4.3 Perturbation Calculation for Relativistic Energy S hift
i 1_p; 1 opr 2 ;
Rewriting H; = g3 asHi1 = 5. 55  we calculate the energy shift for a state pjm | s.

While there is no spin involved here, we will Qeed to use these statesifeéhe spin-orbit interaction
+
2

A B 1 p?
njm j’s JH1j njm ;s - W njm ;s ﬁ njm j’s
* 5 +
B 1 s
2mc2 nm ;s 0 r njm ;s
1 & ¢ ¢
= Py njm s H2+—HO+HO—+— njm s
2mc2 "M oy roor2 MM
= 1 E2 + . R f H . R
2mc2 n njm s r 0 njm;’s
e
+ HO njmij’s —— nm;’s
i r jm
et
+ nm ;s I‘_Z nm ;s
1 1 1
= —— E2+2E,&® = +¢* =
2mcz " oo, rz
where we can use some of our previous results.
1 e
En = = *mc?=n’= 5
2 2agn
1 1
r . an?
1 _ 1
2 i+ 3)
" #
2
o _ 1 1 2me2 vs L 2me2 2 . e
nim ;s JA1) njm ;s 2mc2 n2 n2 aon? = a2n3(" + %)
_ 1 EO2 1 4 4n
2mc? " T+ 1
2
,(10) 4n
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Since this does not depend on eithem- or j, total j states and the product states give the same
answer. We will choose to use the total states, nm s, SO that we can combine this correction
with the spin-orbit correction.

23.4.4 Perturbation Calculation for H2 Energy Shift

We now calculate the expectation value ofH,. We will immediately use the fact that j = ° %
o geh? 1 _ . o 1
im ;s JH2) nm ;s = 5500 +1)  (+1) s(s+1)] =
nm j s nm ;s 4m2c2 2 r3 o
g€h? 1. 1. .. 3 1 1
= = ) +1 = +1 - —=
8m2c2 ( 2)( 2) C+1) 4 & n¥(+3)(+1)
2
= EnL 2 + ° A }+ 1' ~2 A § ;
4m2c?a3 2 4 4 n(C+3HC+)
g En h? : ) n
2 2mez magnz  (+1) °(C+ 3 +1)
g E, h? 2m2c? : ) n
2 2mc2" mh?n2 . C+1) (,°C+C+Y
2
_ g EY 9 I j=+3
= 3 e b P
2 2mc? (—+l_) ] = 5
2

Note that in the above equation, we have canceled a term which is not de ned for * = 0. We will
return to this later.

23.4.5 The Darwin Term

We get a correction at the origin from the Dirac equation

e 2h?
2m3c?

Hp = (1)

When we take the expectation value of this, we get the probability fo the electron and proton to
be at the same point.

ezhz 2
h jHoj 1= 5—=] (0)j
2m2c?
3=2
Now, (0)=0for *> Oand (0)= pi-2 Z for =0, so
4e?h? e?h? 2m2c2 _ 2nE?

MHpi = = =
N0 8n3adm2c2  2n3aym2c2h?  mc?

This is the same as’ = 0 term that we got for the spin orbit correction. This actually repla ces the
* =0 term in the spin-orbit correction (which should be zero) making the formula correct!
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23.4.6 The Anomalous Zeeman E ect

We compute the energy change due to a weak magnetic eld using rsorder Perturbation Theory.

eB
njm m(l-z +252) njm
(Lz+2S;)= 3+ S
The J, part is easy since we are in eigenstates of that operator.

eB eB
njm ; 5—=Yz njm; = >—hm;
2mc :

The S; is harder since we are not in eigenstates of that one. We need pjm , %Sz mjm ; » but

we don't know how S; acts on these. So, we must write pjm ;s interms of j pm sm.i.

eB
W(JZ +S7) npm

Er(11) = n'm j

= — mih+ n i 1Sz0 npm i

We already know how to write in terms of these states of de nitem- and ms.

nC+i)ym+l) = Yom o« Yo(mey
nCopmep T Ymoe YVome
T+m+1l
T
m
2 +1

Lets do thej = + 1 state rst.

D E
nm S npm o = Yom b+ ¥ Yomeyy 3SA Y m 1 «+ Yomap
_ 1 2
B Eh m=m; %
Forj=" 1,
. 1
o 08 wmy = 5h 2 E

We can combine the two formulas forj =

h "+ m+1 T+ m
2 2 +1
h2(m $+1 _ mh

2 2+1 T2+

N
N
|

=

n'm jszj nji'm

N
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So adding this to the (easier) part above, we have

eB m; h ehB 1
EY = —— mjh L= = 2—m 1
n 2mc ! 2 +1 2mc

forj =" 3.

In summary then, we rewrite the ne structure shift.

1 2 1 1 3
E= Zmc®(Z )= =
2 (z) n® j+1 4n
To this we add the anomalous Zeeman e ect
ehB 1
E=ome™ 1 741

23.5 Homework Problems

1. Consider the ne structure of the n = 2 states of the hydrogen atom. What is the spectrum
in the absence of a magnetic eld? How is the spectrum changed whethe atom is placed in a
magnetic eld of 25,000 gauss? Give numerical values for the energhifts in each of the above
cases. Now, try to estimate the binding energy for the lowest engy n = 2 state including the
relativistic, spin-orbit, and magnetic eld.

2. Verify the relations used for rl riz and r% for hydrogen atom states up ton = 3 and for any
nifl=n 1

3. Calculate the ne structure of hydrogen atoms for spin 1 electons forn = 1 and n = 2.
Compute the energy shifts in eV.

23.6 Sample Test Problems

1. The relativistic correction to the Hydrogen Hamiltonian is H; = % Assume that
electrons have spin zero and that there is therefore no spin orbit arrection. Calculate the

energy shifts and draw an energy diagram for the n=3 states of Hgrogen. You may use
1

h nlmj,lj nim 1 = n—zg—o and h nlmjr—lz‘j nim 1 = nial(+ D)

2. Calculate the ne structure energy shifts (in eV!) for the n = 1, n = 2, and n = 3 states
of Hydrogen. Include the e ects of relativistic corrections, the gin-orbit interaction, and the
so-called Darwin term (due to Dirac equation). Do not include hyper ne splitting or the e ects
of an external magnetic eld. (Note: | am not asking you to derive the equations.) Clearly list
the states in spectroscopic notation and make a diagram showing # allowed electric dipole
decays of these states.

3. Calculate and show the splitting of the n = 3 states (as in the previous problem) in a weak
magnetic eld B. Draw a diagram showing the states before and aftethe eld is applied

4. If the general form of the spin-orbit coupling for a particle of massm and spin S moving in a

potential V(r)is Hspo = ﬁt S%‘é—\r’ what is the e ect of that coupling on the spectrum of
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an electron bound in a 3D harmonic oscillator? Give the energy shiftsiad and draw a diagram

for the Os and 1p states.

V= %m! 22
& =ml 2
MHsoi = 5o 2fi(j +1)  1(1+1)
MHsoi = B2 (G +1) 1(1+1)
fortheOS%, E =0,

for the 1P%, E = 2%,
for the 1P E=+1

h212

%’ 4mc?*

s(s+1)]m! ?

s(s+1)]

5. We computed that the energies after the ne structure corrections to the hydrogen spectrum

2 2 4 2
areEnj = —pi-+ e (3

%). Now a weak magnetic eld B is applied to hydrogen

atoms in the 3d state. Calculate the energies of all the @ states (ignoring hyper ne e ects).
Draw an energy level diagram, showing the quantum numbers of thestates and the energy

splittings.

6. In Hydrogen, the n = 3 state is split by ne structure corrections into states of de nit ej,m;,",
and s. According to our calculations of the ne structure, the energy only depends onj. We
label these states in spectroscopic notationN 2*1 L;. Draw an energy diagram for then = 3
states, labeling each state in spectroscopic notation. Give the emgy shift due to the ne

structure corrections in units of 4mc2.

7. The energies of photons emitted in the Hydrogen atom transitionbetween the 3S and the 2P
states are measured, rst with no external eld, then, with the atoms in a uniform magnetic
eld B. Explain in detail the spectrum of photons before and after the eld is applied. Be sure

to give an expression for any relevant energy di erences.
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24 Hyper ne Structure

The interaction between the magnetic moment, due to the spin of tle nucleus, and the larger
magnetic moment, due to the electron's spin, results in energy shift which are much smaller than

those of the ne structure. They are of order mz 2E, and are hence called hyper ne.

The hyper ne corrections may be di cult to measure in transitions b etween states of di erent n,
however, they are quite measurable and important because theypéit the ground state. The di erent
hyper ne levels of the ground state are populated thermally. Hype ne transitions, which emit radio
frequency waves, can be used to detect interstellar gas.

This material is covered in Gasiorowicz Chapter 17, in Cohen-Tannoudji et al. Chapter
XIl, and briey in Griths 6.5

24.1 Hyper ne Splitting

We can think of the nucleus as a single particle with spinl™. This particle is actually made up of
protons and neutrons which are both spin% particles. The protons and neutrons in turn are made
of spin % qguarks. The magnetic dipole moment due to the nuclear spin is much saller than that of

the electron because the mass appears in the denominator. The maetic moment of the nucleus is

o _ Zewn .
N7 2Mye

where I" is the nuclear spin vector. Because the nucleus has internal structure, the nucleagy-

romagnetic ratio is not just 2. For the proton, itis g,  5:56. This is the nucleus of hydrogen
upon which we will concentrate. Even though the neutron is neutrd, the gyromagnetic ratio is

about -3.83. (The quarks have gyromagnetic ratios of 2 (plus coections) like the electron but the

problem is complicated by the strong interactions which make it hard o de ne a quark's mass.) We
can compute (to some accuracy) the gyromagnetic ratio of nuclefrom that of protons and neutrons

as we can compute the proton's gyromagnetic ratio from its quark onstituents.

In any case, the nuclear dipole moment is about 1000 times smaller thathat for e-spin or C. We
will calculate E for * = 0 states (see Condon and Shortley for more details). This is partialarly
important because it will break the degeneracy of the Hydrogen gsund state.

To get the perturbation, we should nd B from ~ (sge Gasioppwicz page 287) then calculate the
energy change in rst order perturbation theory E = ~e B . Calculating (see section 24.4.1)
the energy shift for * = 0 states.

D E 4 r

- = =z 4 M g LS T
E mCSB 3(Z) M (mC)gNn3 iz

Now, just as in the case of theC S, spin-orbit interaction, we will de ne the total angular momentum

F=S+I
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It is in the states of de nite f and m; that the hyper ne perturbation will be diagonal. In essence,
we are doing degenerate state perturbation theory. We could diagnalize the 4 by 4 matrix for the
perturbation to solve the problem or we can use what we know to pickhe right states to start with.

Again like the spin orbit interaction, the total angular momentum states will be the right states
because we can write the perturbation in terms of quantum num bers of those states.

_1' 2 2 2 _1'2 § §
S =2 F? s 17 =on f(f+D) g
E=2(Z )* i (mAonk f(F+1) 3 4 f(f+1) 2

For the hydrogen ground state we are just adding two spin% particles so the possible values are
f=0;1.

* See Example 24.3.1: *

The transition between the two states gives rise to EM waves with =21 cm.

24.2 Hyper ne Splitting in a B Field

If we apply a B- eld the states will split further. As usual, we choose our coordinates so that the
eld is in %z direction. The perturbation then is

W, = B (L+~s+~)
B
o2 (L +28)+ LB,

where the magnetic moments from orbital motion, electron spin, adl nuclear spin are considered
for now. Since we have already specialized to s states, we can dropet orbital term. For elds
achievable in the laboratory, we canneglect the nuclear magnetic moment in the perturbation.

Then we have
S;
W, =2 gB F:

As an examples of perturbation theory, we will work this problem forweak elds, for strong elds, and
also work the general case for intermediate elds. Just as in the Zeman e ect, if one perturbation

is much bigger than another, we choose the set of states in whi ch the larger perturbation

is diagonal . In this case, the hyper ne splitting is diagonal in states of de nite f while the above
perturbation due to the B eld is diagonal in states of de nite mg. For a weak eld, the hyper ne
dominates and we use the states of de nitef . For a strong eld, we use the mg; ms states. If the
two perturbations are of the same order, we must diagonalize theull perturbation matrix. This
calculation will always be correct but more time consuming.

We can estimate the eld at which the perturbations are the same sie by comparing gB to
2 4m—zmcng =2:9 10 ©. The weak eld limit is achieved if B 500 gauss.
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* See Example 24.3.2: *

The result of this is example is quite simpleE = Enqo + % f(f +1) % + gBm;. It has the
hyper ne term we computed before and adds a term proportionalto B which depends onm; .

In the strong eld limit we use states jmsm;i and treat the hyper ne interaction as a perturbation.
The unperturbed energies of these states arBE = E,go+2 gBmgs+ g yBm;. We kept the small
term due to the nuclear moment in the B eld without extra e ort.

* See Example 24.3.3: *

The result in this case is

E=Ehot2 gBmgs+g Bm; + Amgm,:

Finally, we do the full calculation.

* See Example 24.3.4: *
The general result consists of four energies which depend on thérength of the B eld. Two of the
energy eigenstates mix in a way that also depends on B. The four ergies are

and

A A )
E=E — — + B)“:
n00 4 2 ( B )

These should agree with the previous calculations in the two limits: B small, or B large. The gure
shows how the eigenenergies depend on B.
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— full calc.

- - - weak field
..... strong field

0 500 B

We can make a more general calculation, in which the interaction of tle nuclear magnetic moment
is of the same order as the electron. This occurs in muonic hydrogeor positronium. * See Example
24.3.6: *

24.3 Examples
24.3.1 Splitting of the Hydrogen Ground State

The ground state of Hydrogen has a spin% electron coupled to a spin% proton, giving total angular
momentum state of f = 0;1. We have computed in rst order perturbation theory that

=274 M 2yq L 3
E=22 ) g (e (1) 3

The energy di erence between the two hyper ne levels determineshe wave length of the radiation
emitted in hyper ne transitions.

4 m 1
Ef=1 Ef=o = §(Z )4 Mu (mCZ)QNﬁ

For n =1 Hydrogen, this gives
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1 4 1
E;- Efeg = = — ~— (:51 10°)(5:56)=5:84 10 ®eVv
f=1 f =0 3 137 938 ( ) ) €

I

Recall that at room temperature, kgt is about % eV, so the states have about equal population at
room temperature. Even at a few degrees Kelvin, the upper statés populated so that transitions
are possible. The wavelength is well known.

hc 1973
=2 —Z=2 ———__A=2 10°A=21:2cm
E 5:84 10 6
This transition is seen in interstellar gas. Thef = 1 state is excited by collisions. Electromagnetic
transitions are slow because of the selection rule * = 1 we will learn later, and because of the
small energy di erence. Thef =1 state does emit a photon to de-excite and those photons have a
long mean free path in the gas.

24.3.2 Hyper ne Splitting in a Weak B Field

Since the eld is weak we work in the statesjfm ¢ i in which the hyper ne perturbation is diagonal
and compute the matrix elements forwW, = gB .. But to do the computation, we will have to
write those states in terms ofjmsm;i which we will abbreviate like j+ i , which means the electron's
spin is up and the proton's spin is down.

L1l = Lj++i= )1

A1 li= Lji =1 1
2J100 = Se(j+ i+ +i)= e (+ij  +i)=joO0
2J00i = oeL (40 ] +i)= e (j+ i +] +i)=j10

Now since the three f = 1) states are degenerate, we have to make sure all the matrix eteents
between those states are zero, otherwise we should bite the bulleind do the full problem as in the
intermediate eld case. The f =1 matrix is diagonal, as we could have guessed.

0 1
10 O
seB@0 0 O0A
00 1

The only nonzero connection between states is betweein = 1 and f = 0 and we are assuming the
hyper ne splitting between these states is large compared to the ratrix element.

So the full answer is
ED = gBmy

which is correct for both f states.
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24.3.3 Hydrogen in a Strong B Field

We need to compute the matrix elements of the hyper ne perturbaion using jmsm;i as a basis with
energiesE = E, o0 +2 gBms. The perturbation is

S r
= AT
where A = 3(Z )* = meCPon 5.
Recalling that we can write
1 1

S II=1,S,+ §|+S +§| S;

the matrix elements can be easily computed. Note that the terms likel S, which change the state
will give zero.

D E
A A 1 1
?‘F rs + :F + |zSz+§|+S +§| S, +
A . . . A
:? J 1S+ 1 = 7
h +jHyj +i= e
h++thfj++i=é
4
. .o A
h j Hpej i =7

We can write all of these in one simple formula that only depends on reldve sign of mg and m;.

A
E =Enoo+2 gBmg i Enoo +2 gBmg+ A(mgm,)

24.3.4 Intermediate Field

Now we will work the full problem with no assumptions about which perturbation is stronger. This
is really not that hard so if we were just doing this problem on the homavork, this assumption free
method would be the one to use. The reason we work the problem alhtee ways is as an example
of how to apply degenerate state perturbation theory to other poblems.

We continue on as in the last section but work in the states ofifmi. The matrix for FmjHp +

Hgjf ‘m?i is 0 1
1 1 AT+ g B 0 0 0
1 1% 0 2 &B 0 0
1 0 0 0 2 &B
0 0 0 0 sB 32
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The top part is already diagonal so we only need to work in bottom righ 2 by 2 matrix, solving the
eigenvalue problem.

A B a _ a A 5
B 3 b ~F b where g g
Setting the determinant equal to zero, we get
(A E) 3A E) B?=0:
E2+2AE 3A? B?2=0
p
2A 4A2 + 4(3A%2 + B? p
E = > ( ): A A2 +(3A%2+ B?)

| O
= A 4AZ+B?

The eigenvalues for them; = 0 states, which mix di erently as a function of the eld strength, a re
s

A 2 )
R B)~":
5 ( 8B)

The eigenvalues for the other two states which remain eigenstatesidependent of the eld strength
are

and
g B:

BN b=

24.3.5 Positronium

Positronium, the Hydrogen-like bound state of an electron and a peitron, has a \hyper ne" correc-
tion which is as large as the ne structure corrections since the magetic moment of the positron
is the same size as that of the electron. It is also an interesting labaitory for the study of Quan-
tum Physics. The two particles bound together are symmetric in mas and all other properties.
Positronium can decay by anihilation into two or more photons.

In analyzing positronium, we must take some care to correctly hante the relativistic correction in
the case of a reduced mass much di erent from the electron massnd to correctly handle the large
magnetic moment of the positron.

The zero order energy of positronium states is

21
nZ2

’c

NI =

En =
where the reduced mass is given by = Te:

The relativistic correction must take account of both the motion of the electron and the positron.
We user +  andp= == ME;NE Since the electron and positron are of equal mass, they
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are always exactly oposite each other in the center of mass and sbé momentum vector we use is
easily related to an individual momentum.

We will add the relativistic correction for both the electron and the positron.

hooo lptrpd_ o1t 1pt 1 p??
T 8 Tmi2 | 4mie2 2 3c2 8c2

I\)|'c

This is just half the correction we had in Hydrogen (with me essentially replaced by ).

The spin-orbit correction should be checked also. We hatHso = %;S ¥ [ as the interaction
between the spin and the B eld producded by the orbital motion. Since p= v , we have

Hso = S'p r

2mc 2
for the electron. We just need to add the positron. A little thinking a bout signs shows that we just
at the positron spin. Lets assume the Thomas precession is also tlsame. We have the same fomula
as in the ne structure section except that we havem in the denominator. The nal formula then

is
1 g€ 1 €
e + = +
22mc2r3|: Sit S 22 202r3': Sit S
again just one-half of the Hydrogen result if we write everything in terms of for the electron spin,
but, we add the interaction with the positron spin.

Hso =

The calculation of the spin-spin (or hyper ne) term also needs somettention. We had

where the masses in the deonominator of the rst term come from lhe magnetic moments and thus
are correctly the mass of the particle and the mas in the last term cmes from the wavefunction and
should be replaced by . For positronium, the result is

. = 2€2 . .4 ¢ @
S 7 32mze2™t Ppd h
2 €8 4 c 3
= — S, S -
32 227t ?p3 T

24.3.6 Hyper ne and Zeeman for H, muonium, positronium

We are able to set up the full hyper ne (plus B eld) problem in a general way so that di erent
hydrogen-like systems can be handled. We know that as the massbscome more equal, the hyper ne
interaction becomes more important.
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Let's de ne our perturbation W as

A
W FS]_ Sz + Wlslz + WZSZZ
Here, we have three constants that are determined by the stregth of the interactions. We include
the interaction of the \nuclear" magnetic moment with the eld, whic h we have so far neglected.
This is required because the positron, for example, has a magneticeament equal to the electron so
that it could not be neglected.

0 1
1 1 5+ 5w+ w) 0 0 0
1 1% 0 2 h(wy+ wy) 0 0 §
1 0 0 0 Az %(Wl W2)
0 0 0 0 B(wi  wa) 4
S 2
A A2 n?
= 4+ — o+
Es 2 > > (Wi Wwo)
S 2
A A 2 2
Es= — — +
4 ) 2 > (w1 wo)

Like previous hf except now we take (proton) otherB S term into account.

24.4 Derivations and Computations
24.4.1 Hyper ne Correction in Hydrogen
We start from the magnetic moment of the nucleus

Zegn
~= r
2My C

Now we use the classical vector potential from a point dipole (see (gen) Jackson page 147)

AR= (- M)

We compute the eld from this.

B=r A
9, . e e 1 _ @@ .1
Bk— @(A] ijk — @X m(@X mnj r ijk — m@x@x( mnj  ikj )r
ee 1. @@ 0@
"exa@x ‘" ™y “@x @x '@x@x
,1 1



356

Then we compute the energy shift in rst order perturbation theory for s states.
e Ze’gy

SB=7SFr2} @ @1

E: . = =
MeC 2meM y c2 r " @x@xr

The second term can be simpli ed because of the spherical symmstrof s states. (Basically the

derivative with respect to x is odd in x so when the integral is done, oty the terms wherei = j are
nonzero). z
R e S RG L
So we have 2 ze?g .
§WS For ZF

Now working out the r 2 term in spherical coordinates,

@, 2@ 1_2, 2 1 _,
@ r@rr r3 r r2
we nd that it is zero everywhere but we must be careful atr = 0.
To nd the eectat r =0 we will integrate.
z z z z
1 1 1 @1
2 -dr = (=) = F=) dS= —=dS
rrr r(rr)r (rr) an
r=0 r=0
7

1_
)=

1
S =(4 " )
r=0
So the integral is nonzero for any region including the origin, which impies
21

- = 4 3(¢):

r

We can now evaluate the expectation value.

2 Ze’gy . >
S EEN 5 (4 0
. . . . 4 Zme B
4 j n00(0)j* = jRno(0)j* = — =
n h
E—g Ze?gy ri Zm.c B
T 32m My 2 n3 h

Simply writing the €? in terms of and regrouping, we get

1S
nd pZ -

4 e
= 3@ )" e (e
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We will sometimes group the constants such that

E:—ZSI‘T

(The textbook has numerous mistakes in this section.)

24.5 Homework Problems

1.
2.

3.

Calculate the shifts in the hydrogen ground states due to a 1 kiloguss magnetic eld.

Consider positronium, a hydrogen-like atom consisting of an elecbn and a positron (anti-
electron). Calculate the ne structure of positronium for n = 1 and n = 2. Determine the
hyper ne structure for the ground state. Compute the energy shifts in eV.

List the spectroscopic states allowed that arise from combiningg = % with | = 3), (s =2 with

I=1),and (s1= 3; sz=1and|=4).

24.6 Sample Test Problems

1.

Calculate the energy shifts to the four hyper ne ground states of hydrogen in a weak magnetic
eld. (The eld is weak enough so that the perturbation is smaller tha n the hyper ne splitting.)

Calculate the splitting for the ground state of positronium due to the spin-spin interaction
between the electron and the positron. Try to correctly use the educed mass where required
but don't let this detail keep you from working the problem.

A muonic hydrogen atom (proton plus muon) is in a relative 1s state in an external magnetic
eld. Assume that the perturbation due to the hyper ne interact ion and the magnetic eld is
givenby W = AS; S+ !1S;;, +!,Sy,. Calculate the energies of the four nearly degenerate
ground states. Do not assume that any terms in the Hamiltonian aresmall.

. A hydrogen atom in the ground state is put in a magnetic eld. Assume that the energy shift

due to the B eld is of the same order as the hyper ne splitting of the ground state. Find the
eigenenergies of the (four) ground states as a function of the Beld strength. Make sure you
de ne any constants (like A) you use in terms of fundamental constants.
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25 The Helium Atom

Hydrogen has been a great laboratory for Quantum Mechanics. Aér Hydrogen, Helium is the
simplest atom we can use to begin to study atomic physics. Helium hasato protons in the nucleus
(Z = 2), usually two neutrons (A =4), and two electrons bound to the nucleus.

This material is covered in Gasiorowicz Chapters 18, in Cohen-Tannoudji et al. Comple-
ment By,y , and briey in Gri ths Chapter 7.

25.1 General Features of Helium States

We can use the hydrogenic states to begin to understand Helium. Té Hamiltonian has the same
terms as Hydrogen but has a large perturbation due to the repulsia between the two electrons.

_p, 0 e Ze?, €
2m  2m rq ro f1

We can write this in terms of the (Z = 2) Hydrogen Hamiltonian for each electron plus a perturba-
tion,
H=H;+Hx+V

whereV (f1; %) = me—zm Note that V is about the same size as the the rest of the Hamiltonian so
rst order perturbation theory is unlikely to be accurate.

For our zeroth order energy eigenstates, we will usproduct states of Hydrogen wavefunctions

U(‘F‘l;‘f'z): n1‘1m1(+1) nz«zmz(f-z)

These are not eigenfunctions of H because &f, the electron coulomb repulsion term. IgnoringV,
the problem separates into the energy for electron 1 and the engy for electron 2 and we can solve
the problem exactly.

(H1+ H)u= Eu

We can write thesezeroth order energies in terms of the principal quantum numbers of the two
electrons, n; and n,. Recalling that there is a factor of Z? = 4 in these energies compared to
hydrogen, we get

1 1 1 1 1
E=En +En= 222 ?m® S+ = = bddeV —+ —
T g T T 2"
Eio = Eiqa = 680¢eV
E11 = Eionization = 544¢V

Ey = 27:2¢V

Note that E,, is above ionization energy, so the state can decay rapidly by ejectnan electron.
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Now let's look at the (anti) symmetry of the states  of two identical electrons. For the ground
state, the spatial state is symmetric, so the spin state must be atisymmetric ) s=0.

1
Uo = 100 1009—2( + +)

For excited states, we can make either symmetric or antisymmetricspace states.

1 1
uf® = 9—2( 100 2m * 2'm 100)13—?( + +)

1
u{ = B—i( 100 2'm 2m 100) + +

The rst state is s=0 or spin singlet . The second state iss = 1 or spin triplet and has threems
states. Only the +1 state is shown. Because the large correction due to electron repulsion
is much larger for symmetric space states, the spin of the sta te determines the energy.

We label the states according to the spin quantum numbers, singlebr triplet. We will treat V as a
perturbation. It is very large, so rst order perturbation theor y will be quite inaccurate.
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25.2 The Helium Ground State

Calculating the rst order correction to the ground state is simple in principle.

Z
€?
Ege = MioiVijtoi = dr1draj 100(r2)i% P&
gs ojVjuo 10°r2] 100(¥1)J%] 100(*2)] T—

5Ze? 5_1 5
= 2=—=>7Z(5 *mc®) = 2(2)(13:6) =34 eV
5o - 225 ‘M= ;@36 =34e
The calculation (see section 25.7.1pf the energy shift in rst order involves an integral over the
coordinates of both electrons.

So the ground state energy to rst order is
Egs = 1088+34= 748¢eV

compared to -78.975 eV from experiment. A 10% error is not bad caidering the size of the
perturbation. First order perturbation theory neglects the change in the electron's wavefunction
due to screening of the nuclear charge by the other electron. Higdr order perturbation theory
would correct this, however, it is hard work doing that in nite sum. W e will nd a better way to
improve the calculation a bit.

25.3 The First Excited State(s)

Now we will look at the energies of the excited states. The Pauli priniple will cause big energy
di erences between the di erent spin states, even though we nelgct all spin contribution in H; This
e ect is called the exchange interaction. In the equation below, thes stands for singlet corresponding
to the plus sign.

1

100 2'm 2m 100 T———= 100 2'm 2’m 100
1 T2

it
Efs

2 100 2m T———— 100 2'm 2 100 2m 2m 100

jf1 o jf1 )

N R, N R
'—\
'—\

(&
N

Ko

It's easy to show that K, > 0. Therefore, the spin triplet energy is lower. We can write the enegy
in terms of the Pauli matrices:

12 2 2 1 3 2
= - = — + s
3 1 triplet
~ ~ = = 2: — =
o2 451 S =2 s(s+1) 2 3 singlet
1 1 triplet
2+ =) = 1 singlet

. 1
Eiii” = dn 5(1*“'1 ~2) Ky
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Thus we have a large e ective spin-spin interaction entirely due to eletron repulsion. There is
a large dierence in energy between the singlet and triplet states. This is due to the exchange
antisymmetry and the e ect of the spin state on the spatial state (as in ferromagnetism).

The rst diagram below shows the result of our calculation. All states increase in energy due to the
Coulomb repulsion of the electrons. Before the perturbation, the rst excited state is degenerate.
After the perturbation, the singlet and triplet spin states split sign i cantly due to the symmetry of
the spatial part of the wavefunction. We designate the states wih the usual spectroscopic notation.

In addition to the large energy shift between the singlet and triplet gates, Electric Dipole  decay
selection rules

cause decays from triplet to singlet states (or vice-versa) to beuppressed by a large factor (compared
to decays from singlet to singlet or from triplet to triplet). This caus ed early researchers to think
that there were two separate kinds of Helium. The diagrams below stws the levels for ParaHelium
(singlet) and for OtrhoHelium (triplet). The second diagrams showsthe dominant decay modes.
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25.4 The Variational Principle (Rayleigh-Ritz Approximat ion)

Because the ground state has the lowest possible energy, we caary a test wavefunction, minimizing
the energy, to get a good estimate of the ground state energy.

H E = E E
for the ground state g. R
E=- R EH EdX
E EdX
For any trial wavefunction
£0= pde:thji

dx hji



364

We wish to show that E° errors are second order in

@E_
) g =0

at eigenenergies.

To do this, we will add a variable amount of an arbitrary function  to the energy eigenstate.

go- he+ Hje+ |
he+ Je+t |

Assume is real since we do this for any arbitrary function . Now we di erentiate with respect to
and evaluate at zero.

de®  _hegjei(hjHj gi+hejHji) h gjHj eithj ei+heji)
d o hejei’

=Ehjei+Ehgji Ehjegi Ehgji=0

We nd that the derivative is zero around any eigenfunction, proving that variations of the energy
are second order in variations in the wavefunction.

That is, ECis stationary (2nd order changes only) with respect to variation in . Conversely, it can
be shown that ECis only stationary for eigenfunctions g. We can use thevariational principle
to approximately nd g and to nd an upper bound on Eg.
X
= Ce E
E
X
E%=  jeej’E  Eo
E
For higher states this also works if trial is automatically orthogonal to all lower states due to some
symmetry (Parity, ~ ...)

* See Example 25.6.1: *
* See Example 25.6.2: *

25.5 \Variational Helium Ground State Energy

We will now add one parameter to the hydrogenic ground state wavefunction and optimize that
parameter to minimize the energy. We could add more parameters huet's keep it simple. We will
start with the hydrogen wavefunctions but allow for the fact that one electron \screens" the nuclear
charge from the other. We will assume that the wave function chages simply by the replacement

Z! Z <Z
Of course theZ in the Hamiltonian doesn't change.
So our ground state trial function is

z z .
' Too (1) Too (F2):
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Minimize the energy.
Z

o 2 ze? 2 Ze? e?
hijHj i=  d®dr,; 100 (f1) 100 (¥2) P + P2 +

2Zm r. 2m  rp,  jB

100 (1) 100 (2)

We can recycle our previous work to do these integrals. First, replee theZ in H; with a Z and
put in a correction term. This makes the H; part just a hydrogen energy. The correction term is
just a constant overr so we can also write that in terms of the hydrogen ground state errgy.

z

2 ZeZ
X = d3r1 100 2p_l’; ? 100
Z
_ 3 Pl €& (Z Z)¢e
= dr1 100 am 1 + 100

r
z
Z % 136eV)+(Z Z)& dryj mojzri
1

Z 2 136eV)+(Z Z)eZ%

Z 2% 2mc?+Z (Z  Z) *mc?

2me?2 z (z  Z) %z 2

Then we reuse the perturbation theory calculation to get theV term.

e 5 1, 5
= + — —
hijHj i 2[x] 4Z 5 mc
= = 2z  (z 2z) -Z
> mc ( ) 2
= % ?mc? 27 *+4727 >z
Use the variational principle to determine the bestZ .
@h jHj i 5
- - - = + - =
@z 0 ) 47 +4Z7 2 0
5
Z =72 —
16
Putting these together we get our estimate of the ground state eergy.
1 5
hijHj i = 2 ?mc’z 22 +4Z =
jHj i 5 mc 2
1, 5 5 5 5
= — — + — + —
> mc (Z 16) 2Z 8 4z 2
2#
1, 5 5
= = 2 Z — = 7738 &/
2 M 16

(really 7897%V):

Now we are within a few percent. We could use more parameters forditer results.
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25.6 Examples

25.6.1 1D Harmonic Oscillator

Use )
= a? x? ixji a
. . . . . 2 _. 2
and = 0 otherwise as a trial wave function. Recall the actual wave fundion is e ™* “=2h" The
energy estimate is D
2 2 2. n? d? 1 2,2i A2 2 2
a X - + sm! x4 a© X
EO- DJ 2m ax? T 2 ] g

(@2 x2)%j(@ x2)°

We need to do some integrals of polynomials to compute

3h* 1
o_ ° + T ml 252
E > maZ 22m. a“:
Now we optimize the parameter.
S
dE® 3h 1, h?  P— h
d 0% Tmar ™) *T BgrET By
P! P P
go 30,1 Pz h 3 , .38 . _1, 33+ 33
AT m - Pzt 2 TR 11
p___ r
Sy Ay, 12

This is close to the right answer. As always, it is treated as an upper lirit on the ground state
energy.

25.6.2 1-D H.O. with exponential wavefunction

As a check of the procedure, take trial functione ax’=2 This should give us the actual ground state
energy.

R h i
%%;+ fml 2x2  dx
o_ 1
E™= R
dx
1
( R R )
2—212 e & a2x2 g dx+ Im 2 x% ax® gy
1 1

e a’dx
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x%e ™ dx
a?h? 1, 1 h?
= + —m! i
2m 2 e ax?y 2m
1
A r _
e &gy = _:p_ 1=2
a
1
A
x2e a%gx=P— 1 ;e
2
1
2 r r_
2 axzg 1 1
e dx= 2= — == -
X X 2 a8 2a a
1
2 2 2
0— ah+i!2 h_a:i!2+h_a
am 4a 2m 4a am
@B _ m!?2 h2_0
@a  4a2 4m
4a%h? = 4m?1 2
m!
" h
:e%x2
oo MZh hPm 1o+
T 4 m 4dmh 4 4

OK.

25.7 Derivations and Computations

25.7.1 Calculation of the ground state energy shift

To calculate the rst order correction to the He ground state energy, we gotta do this integral.

z
Egs = MuojVijugi = d®r1d®r2j 100(1)j? 100(*2)]2m
First, plug in the Hydrogen ground state wave function (twice).
) _ N 2 z z L
Bos= 4 — € ridrie 22'170  r3drie %27 ¢

d - .
B T2
0 0
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1 1

= Db
; P &
1 r{+rs 2rirpcos

Do the d ; integral and prepare the other.

A A Z
4 Z ° 2 2Zr 1=a 2 2Zr y=a 1
Egs = € — ridrie 2717%  ridroe #727%  d ,dcos ) p=—=
do o o r{+rs 2rirpcos,
The angular integrals are not hard to do.
4 z o2 2 2 4 !
Egs = —€& — rédrie 247178 r2dr,e 2472702 r3+1r3 2rir,cos ;
ag 2rir; 1
0 0
A A
4 Z ® 2 2Zr 1=a 2 27Zr p=a 2
Egs = —Ze2 = ridrie 247173 r3drye 247270 —__
=) rirz
q ° q °
r2+r2 2rirp+  r2+r3+2rr;
A A
—_ 4 ez Z ® 2 2Zr 1=ap 2 2Zr y=ap 2 H H
Ees = — - ridrie radrpe ——[jra raj+(ra+r)]
=) rirz
0 0
, 62 2
Egs = 8¢€° x ridrie 227170 rodroe 227270 (r 41y oy ryj)
0 0

We can do the integral forr, < r ; and simplify the expression. Because of the symmetry between
r, and r, the rest of the integral just doubles the result.

7 62' Z1
Egs = 16€° = ridrie 2271730 r,drpe 2472730 (2r,)
0 0
7 A X1
Egs = e2a xidxie ¥t x3dxpe *2
0 8 9
Ze2 A < X1 =
el xidxie ¥t xfe ¥+ 2xpdx.e 2.
0 8 0 ' 9
Ze2 A < X1 =
= 2 xpdxie Xr x%e ¥ 2xqe X142 e Xedx,
aO . 1 .
0 0
A
Zez X 2 X X X
= E xidxi;e *t xfe 't 2xqe ¥t 2 et 1
0
A
Ze? 3 2 2x X
= E Xi+2X]+2x1 e <t 2xqe ' dxy



369

Ze? 3211 211 11
= — === +2== 2—— 2- =
ag 2222 222 11
Ze> 3 4 4 16 52e2
Egs = —_— -+ -+ = — =4+ —
a 8 8 8 8 8 ag
5
= ZZ(13:6 ev) I 34 eVforz=2

25.8 Homework Problems

1.

Calculate the lowest order energy shift for the (Oth order degeerate rst) excited states of

Helium Eéslt) where ™ = 0;1. This problem is set up in the discussion of the rst excited
states (See section 25.3). The following formulas will aid you in the computation. First, we
can expand the formula for the inverse distance between the twolectrons as follows.

1 —
jf1

‘=0

Herer. is the smaller of the two radii andr is the larger. As in the ground state calculation,
we can use the symmetry of the problem to specify which radius is thdéarger. Then we can
use a version of the addition theorem to write the Legendre Polynonal P-(cos 12) in terms
of the spherical hamonics for each electron.

P-(cos 12) =

2\44_1 \( D™Ym (15 )Y m( 25 2)

m=

Using the equation Y+ ) = ( 1) Y., , this sets us up to do our integrals nicely.

. Consider the lowest state of ortho-helium. What is the magnetic noment? That is what is

the interaction with an external magnetic eld?

. A proton and neutron are bound together into a deuteron, thenucleus of an isotope of hydrogen.

The binding energy is found to be -2.23 Mevifor the nuclear ground stte, an ~ = 0 state.
Assuming a potential of the form V (r) = Vo&=—, with ro = 2:8 Fermis, use the variational
principle to estimate the strength of the potential.

. Use the variational principle with a gaussian trial wave function to prove that a one dimensional

attractive potential will always have a bound state.

. Use the variational principle to estimate the ground state energ of the anharmonic oscillator,

25.9 Sample Test Problems

1. We wish to get a good upper limit on the Helium ground state energy.Use as a trial wave

function the 1s hydrogen state with the parameter a screened ntlear chargeZ to get this
limit. Determine the value of Z which gives the best limit. The integral W(1s)?j ].Fle—ﬁzjj(ls)ﬁ =

2Z 2mc? for a nucleus of chargeZ e.
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2. A Helium atom has two electrons bound to aZ = 2 nucleus. We have to add the coulomb

repulsion term (between the two electrons) to the zeroth order Familtonian.

_p; ze? g ze? €&

“2m ;o 2m oty jm ‘sz_Hl+H2+V

The rst excited state of Helium has one electron in the 1S state andhe other in the 2S state.
Calculate the energy of this state to zeroth order in the perturbaion V. Give the answer in eV.
The spins of the two electrons can be added to give states of totadpin S. The possible total
spin states ares = 0 and s = 1. Write out the full rst excited Helium state which has s=1
and mg = 1. Include the spatial wave function and don't forget the Pauli principle. Use
bra-ket notation to calculate the energy shift to this state in rst order perturbation theory.
Don't do any integrals.
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26 Atomic Physics

This material is covered in Gasiorowicz Chapter 19, and in Cohen-Tannoudji et al. Com-
plement Axiv .

26.1 Atomic Shell Model

The Hamiltonian for an atom with Z electrons and protons is
2 3
S oz (X @ g

i, 2m ri i in Fj

We have seen that the coulomb repulsion between electrons is a vetgrge correction in Helium and
that the three body problem in quantum mechanics is only solved by aproximation. The states
we have from hydrogen are modi ed signi cantly. What hope do we have to understand even more
complicated atoms?

The physics of closed shells and angular momentum enable us to make sense of even the most
complex atoms. Because of the Pauli principle, we can put only one ed&ron into each state. When
we have enough electrons to Il a shell, say the 1s or 2p, The resultigp electron distribution is
spherically symmetric because
X 2 +1
; N .
Ym (517 = ——

m=

With all the states lled and the relative phases determined by the antisymmetry required by Pauli,
the quantum numbers of the closed shell are determined.There is only one possible state
representing a closed shell.

As in Helium, the two electrons in the same spatial state, ,m , must by symmetric in space and
hence antisymmetric in spin. This implies each pair of electrons has a tal spin of 0. Adding these
together gives a total spin state with s = 0, which is antisymmetric under interchange. The spatial
state must be totally symmetric under interchange and, since all tte states in the shell have the
samen and 7, it is the di erent m states which are symmetrized. This can be shown to give us a
total ~ = O state.

So theclosed shell contributes a spherically symmetric charge an d spin distribution  with
the quantum numbers

The closed shell screens the nuclear charge. Because of thereening , the potential no longer has
a pure % behavior. Electrons which are far away from the nucleus see less tife nuclear charge and
shift up in energy. This is a large e ect and single electron states withlarger ~ have larger energy.
From lowest to highest energy, the atomic shells have the order

1s; 2s; 2p; 3s; 3p; 4s; 3d; 4p; 5s; 4d; 5p; 6s; 4f; 5d; 6p:
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The e ect of screening not only breaks the degeneracy betweenates with the samen but di erent
*, it even moves the 6s state, for example, to have lower energy tmathe 4f or 5d states. The 4s and
3d states have about the same energy in atoms because of scregn

26.2 The Hartree Equations

The Hartree method allows us to to change the Z dimensional Schredinger equation g electrons
in 3 dimensions) into a 3 dimensionalequation for each electron . This equation depends on the
wavefunctions of the other electrons but can be solved in a self carstent way using the variational
principle and iterating.
= 1(r) 2(R):: z ()
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In l[.j"lehHartree equation above, "; represents the energy contribution of electroni. The term

& or; % represents the potential due to the other electrons in which elegbn i moves.

isi

In this equation we can formally see the e ect of screening by the dter electrons. The equation is
derived (see Gasiorowicz pp 309-311) from the Schredinger eqtian using = 1 2::: z. Since
we will not apply these equations to solve problems, we will not go into he derivation, however, it
is useful to know how one might proceed to solve more di cult problems.

An improved formalism known as the Hartree-Fock equations, acconts for the required antisym-
metry and gives slightly di erent results.

26.3 Hund's Rules

A set of guidelines, known as Hund's rules, help us determine the quaumm numbers for the ground
states of atoms. The hydrogenic shells Il up giving well de nedj = 0 states for the closed shells.
As we addvalence electrons we follow Hund's rules to determine the ground state. We get a great
simpli cation by treating nearly closed shells as a closed shell plus positely charged, spin% holes.
For example, if an atom is two electrons short of a closed shell, we teg it as a closed shell plus two
positive holes.)

1. Couple the valence electrons (or holes) to givenaximum total spin

2. Now choose the state of maximum (subject to the Pauli principle. The Pauli principle rather
than the rule, often determines everything here.)

3. If the shell is more than half full, pick the highest total angular momentum state j = ~ + s
otherwise pick the lowestj = | sj.

This method of adding up all the spins and all the Ls, is called LS oRussel-Saunders coupling
This method and these rule are quite good until the electrons becom relativistic in heavy atoms
and spin-orbit e ects become comparable to the electron repulsionarond Z=40). We choose the
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states in which the total s and the total ~ are good quantum numbers are best for minimizing the
overlap of electrons, and hence the positive contribution to the eargy.

For very heavy atoms, we add the total angular momentum from e&h electron rst then add up
the Js. This is calledj-j coupling . For heavy atoms, electrons are relativistic and the spin-orbit
interaction becomes more important than the e ect of electron repulsion. Thus we need to use states
in which the total angular momentum of each electron is a good quanim number.

We can understand Hund's rules to some extent. The maximum spin stte is symmetric under
interchange, requiring an antisymmetric spatial wavefunction which has a lower energy as we showed
for Helium. We have not demonstated it, but, the larger the total ~ the more lobes there are in
the overall electron wavefunction and the lower the e ect of electon repulsion. Now the spin orbit
interaction comes into play. For electrons with their negative charge, largerj increases the energy.
The reverse is true for holes which have an e ective postive charge

A simpler set of rules has been developed for chemists, who can't uedstand addition of angular
momentum. It is based on the same principles. The only way to have adtally antisymmetric state
is to have no two electrons in the same state. We use the same kind tfck we used to get a feel for
addition of angular momentum; that is, we look at the maximum z compment we can get consistent
with the Pauli principle. Make a table with space for each of the di erent m- states in the outer
shell. We can put two electrons into each space, one with spin up andn@ with spin down. Fill the
table with the number of valence electrons according to the followingules.

1. Make as many spins as possible parallel, then computes and call that s.

2. Now set the orbital states to make maximumm-, and call this *, but don't allow any two
electrons to be in the same state (ofns and m-).

3. Couple to getj as before.

This method is rather easy to use compared to the other where adtion of more than two angular
momenta can make the symmetry hard to determine.

* See Example 26.6.1: *

* See Example 26.6.2: *
* See Example 26.6.3: *
* See Example 26.6.4: *

26.4 The Periodic Table

The following table gives the electron con gurations for the ground states of light atoms.
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Z | ElL | Electron Con guration 21 | loniz. Pot.
1 H (13) 281:2 13.6
2 | He | (1s)? 1Sy 24.6
3 | L | He (2 S, 54
4 | Be | He (25)? 1Sy 9.3
5 B He (25)2(2p) 2P1:2 8.3
6 | C | He (25)%(2p)? 3P 11.3
7 | N | He (29)%(2p)3 4S,., 14.5
8 | O | He (29)2(2p)* 3p, 13.6
9 | F | He (29)%(2p)° 2p,_, 17.4
10 | Ne | He (25)%(2p)® 1Sy 21.6
11| Na | Ne (3s) S, 5.1
12 | Mg | Ne (3s)2 1S, 7.6
13| Al Ne (35)2(3p) 2P1:2 6.0
14 | Si | Ne (3s)%(3p)? 3P 8.1
15| P | Ne (35)2(3p)® 43, 11.0
16| S | Ne (35)2(3p)* 3p, 10.4
17| CI | Ne (35)%(3p)° 2p,_, 13.0
18 | Ar | Ne (3s)%(3p)® 1Sy 15.8
19| K | Ar (4s) 7S, 43
20| Ca | Ar (45)? 1S, 6.1
21| Sc | Ar (45)%(3d) 2D,y 6.5
22| Ti | Ar (45)2(3d)2 3F, 6.8
23 V Ar (4 5)2(3d)3 4F3:2 6.7
24| Cr | Ar (4s)(3d)° 'S, 6.7
25 | Mn | Ar (45)2(3d)° 635, 7.4
26 | Fe | Ar (45)2(3d)® 5D, 7.9
36 | Kr | (Ar) (4 s)%(3d)°(4p)® Isy 14.0
54 | Xe | (Kr) (55)?(4d)°(5p)® Iso 12.1
86 | Rn | (Xe) (6s)%(4f )**(5d)™°(6p)® Isy 10.7

We see that the atomic shells Il up in the order 1s, 2s, 2p, 3s, 3p, 4s3d, 4p, 5s, 4d, 5p, 6s, 4f, 5d,
6p. The e ect of screening increasing the energy of higher states is clear. Its no wonder that the
periodic table is not completely periodic.

The lonization Potential column gives the energy in eV needed to remove one electron fromeh
atom, essentially the Binding energy of the last electron. The lonizéion Potential peaks for atoms

with closed shells, as the elctron gains binding energy from more pos$ie charge in the the nucleus
without much penalty from repulsion of the other electrons in the stell. As charge is added to the
nucleus, the atom shrinks in size and becomes more tightly bound. Aisgle electron outside a closed
shell often has the lowest lonization Potential because it is well saened by the inner electrons. The
gure below shows a plot of ionization potential versus Z.
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The perodic table of elements is based on the fact that atoms with te same number of electrons
outside a closed shell have similar properties. The rows of the periad table contain the following
states.

1. 1s
2.2s,2p

. 3s,3p

. 4s, 3d, 4p

o b~ W

. 5s, 4d, 5p

Soon after, the periodicity is broken and special \series" are insaded to contain the 4f and 5f shells.

26.5 The Nuclear Shell Model

We see that the atomic shell model works even though the hydroge states are not very good
approximations due to the coulomb repulsion between electrons. Itworks because of thetight
binding and simplicity of closed shells . This is based on angular momentum and the
Pauli principle
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Even with the strong nuclear force, a shell model describes impoaint features of nuclei. Nuclei
have tightly bound closed shells for both protons and neutro ns. Tightly bound nuclei
correspond to the most abundant elements. What elements exist igoverned by nuclear physics and
we can get a good idea from a simple shell modeNuclear magic numbers  occur for neutron or
proton number of 2, 8, 20, 28, 50, 82, and 126, as indicated in thegure below. Nuclei where the
number of protons or neutrons is magic are more tightly bound and &en more abundant. Heavier
nuclei tend to have more neutrons than protons because of the coulomb repulsion of the
protons (and the otherwise symmetric strong interactions). Nudei which are doubly magic are
very tightly bound compared to neighboring nuclei. ;,Pb?® is a good example of a doubly magic
nucleus with many more neutrons than protons.

Remember, its only hydrogen states which are labeled with a principle gantum number n = n, +

* + 1. In the nuclear shell model, n refers only to the radial excitation so states like the 11%

show up in real nuclei and on the following chart. The other featureof note in the nuclear shell
model is that the nuclear spin orbit interaction is strong and of the opposite sign to that in
atoms. The splitting between states of dierent j is smaller than that but of the same order as
splitting between radial or angular excitations. It is this e ect and t he shell model for which Maria
Mayer got her Nobel prize.
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Another feature of nuclei not shown in the table is that the spin-spin force very much favors
nucleons which are paired . So nuclear isotopes with odd numbers of protons or odd numbersfo
neutrons have less binding energy and nuclei with odd numbers of kb protons and neutrons are
unstable (with one exception).

26.6 Examples
26.6.1 Boron Ground State

Boron, with Z =5 has the 1S and 2S levels lled. They add up toj = 0 as do all closed shells. The
valence electron is in the 2P state and hence has=1 and s = é Since the shell is not half full we
couple to the the lowestj = |° §j = % So the ground state isP

1.
2
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26.6.2 Carbon Ground State

Carbon, with Z = 6 has the 1S and 2S levels lled givingj = 0 as a base. It has two valence 2P
electrons. Hund's rst rule , maximum total s, tells us to couple the two electron spins tos = 1.
This is the symmetric spin state so we'll need to make the space statentisymmetric. Hund's second
rule, maximum °, doesn't play a role because only the = 1 state is antisymmetric. Remember,
adding two P states together, we get total™ = 0;1;2. The maximum state is symmetric, the next

antisymmetric, and the * = 0 state is again symmetric under interchange. This means =1 is the
only option. Since the shell is not half full we couple to the the lowesf = j° sj =0. So the ground
state is Py. The simpler way works with a table.

or|3

’

1
3
|
-

We can take a look at the excited states of carbon to get an appreation of Hund's rules. The
following chart shows the states of a carbon atom. For most state, a basis of ()?(2s)?(2p)? is
assumed and the state of the sixth electron is given. Some statesate other excited electrons and

are indicated by a superscript. Dierent j states are not shown since the splitting is small. Electric
dipole transitions are shown changing by one unit.
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The ground state hass =1 and ~ = 1 as we predicted. Other states labeled p are the ones that
Hund's rst two rules determined to be of higher energy. They are both spin singlets so its the
symmetry of the space wavefunction that is making the di erence rere.

26.6.3 Nitrogen Ground State

Now, with Z = 7 we have three valence 2P electrons and the shell is half full. Hund'srst rule ,
maximum total s, tells us to couple the three electron spins te = % This is again the symmetric spin
state so we'll need to make the space state antisymmetric. We nowdve the truly nasty problem
of guring out which total ~ states are totally antisymmetric. All | have to sayis3 3 3 =
7s 5us 3ums  Sua 3vA 1o 3us. Here MS means mixed symmetric. That is; it is
symmetric under the interchange of two of the electrons but not wvith the third. Remember, adding
two P states together, we get total "1, = 0;1;2. Adding another P state to each of these gives total
“=1for "1,=0, =0;1;2for 1,=1,and ~ =1;2;3 for 12 =2. Hund's second rule, maximum ",
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doesn't play a role, again, because only thé = 0 state is totally antisymmetric. Since the shell is
just half full we couple to the the lowestj = |

sj = 2. So the ground state is*S;.
2 2

m-

1

O "
-1

p Ms=
= m- =

Ol

The chart of nitrogen states is similar to the chart in the last section. Note that the chart method

is clearly easier to use in this case. Our prediction of the ground stat is again correct and a few
space symmetric states end up a few eV higher than the ground ste.
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26.6.4 Oxygen Ground State

Oxygen, with Z = 8 has the 1S and 2S levels lled givingj = 0 as a base. It has four valence 2P
electrons which we will treat as two valence 2P holes. Hund's rst rule, maximum total s, tells

us to couple the two hole spins tos = 1. This is the symmetric spin state so we'll need to make
the space state antisymmetric. Hund's second rule, maximum , doesn't play a role because only

the * = 1 state is antisymmetric. Since the shell is more than half full we cople to the the highest
j =+ s=2. So the ground state is3P,.

o r|3
i

1
n|E

26.7 Homework Problems

1. List the possible spectroscopic states that can arise in the folloing electronic con gurations:

(1s)?, (2p)?, (2p)3, (2p)*, and (3d)*. Take the exclusion principle into account. Which should
be the ground state?

2. Use Hund's rules to nd the spectroscopic description of the grand states of the following
atoms: N(Z=7), K( 2=19), Sc(Z2=21), Co(Z=27). Also determine the electronic con guration.

3. Use Hund's rules to check the §;L;J) quantum numbers of the elements withZ =14, 15, 24,
30, 34.

26.8 Sample Test Problems

1. Write down the electron con guration and ground state for the elements fromZ =1to Z = 10.
Use the standard*1 L; notation.

2. Write down the ground state (in spectroscopic notation) for the element Oxygen Z = 8).
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27 Molecular Physics

In this section, we will study the binding and excitation of simple molecues. Atoms bind into
molecules by sharing electrons, thus reducing the kinetic energy. Blecules can be excited in three
ways.

Excitation of electrons to higher states.E 4 eV

Vibrational modes (Harmonic Oscillator). Nuclei move slowly in background of electrons. E
0.1eVv

Rotational modes (L = nh). Entire molecule rotates. E  0.001 eV

Why don't atoms have rotational states?
The atomic state already accounts for electrons angular momenton around the nucleus.

About which axes can a molecule rotate?
Do you think identical atoms will make a di erence?

This material is covered in Gasiorowicz Chapter 20, and in Cohen-Tannoudji et al. Com-
plements Cyl, Evy, Cx .

27.1 The Hj lon

The simplest molecule we can work with is the H ion. It has two nuclei (A and B) sharing one

electron (1).
I

T 2m ria s Ras
Rag is the distance between the two nuclei.

The lowest energy wavefunction can be thought of as a (anti)symnatric linear combination of an
electron in the ground state near nucleus A and the ground state ear nucleus B

R =C (R)[ A B]

a— -
where A = a—lge M1a =20 js g.s. around nucleus A. o and g are not orthogonal; there is overlap.
0
We must compute the normalization constant to estimate the energ.

Ci = h A Bj A Bi = 2 2h Aj Bi 2 2S(R)
where ) .
S(R) h aj gi= 1+ £+ 3_a(2) e R=ao

These calculations are \straightforward but tedious" (Gasiorowicz).
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We can now compute the energy of these states.

1

MHoi = mh A BjHoj A Bl

m[h AjHoj ai + h gjHoj 8i h ajHoj s8i h &jHoj ai]
h ajHoj ai h ajHoj si
1 S(R)

We can compute the integrals needed.

h AjHoj ai
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We have reused the calculation ofS(R) in the above. Now, we plug these in and rewrite things in
terms of y = R=ag, the distance between the atoms in units of the Bohr radius.

Ei+ & (1+R=a)e R20  Ej+ £ S(R) £ (1+R=a)e R0

: _ R
Hol = 1 S(R)

. 1 =y)A+ye? @@ 2=y)@1+y+y?=B)eY 201+y)eV
H"ol = E;

1 (1+y+y2=3)e VY

The symmetric (bonding) state has a large probability for the electron to be found between nuclei.

The antisymmetric (antibonding) state has a small probability there, and hence, a much larger
energy.

The graph below shows the energies from our calculation for the spa symmetric (Ey) and antisym-
metric (E,) states as well as the result of a more complete calculation (ExadE) as a function of the
distance between the protonskR. Our calculation for the symmetric state shows a minimum arount
1.3 Angstroms between the nuclei and a Binding Energy of 1.76 eV. Weould get a better estimate
by introduction some parameters in our trial wave function and using the variational method.

The antisymmetric state shows no minimum and never goes below -13.6V so there is no binding
in this state.
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By setting ‘“(]% =0, we can get the distance between atoms and the energy.

Distance | Energy
Calculated 1.3A -1.76 eV
Actual 1.06 A -2.8 eV

Its clear we would need to introduce some wfn. parameters to getapd precision.

27.2 The H, Molecule

The H, molecule consists of four particles bound together:e;, e, protona, and protong. The
Hamiltonian can be written in terms of the H; Hamiltonian, the repulsion between electrons, plus
a correction term for double counting the repulsion between protas.

e? e?
H=Hy+Hpt — ——
! " 12 Ras

_hn e e e

L= =
2m ra1 rg1 Rag
We wish to compute variational upper bound onRag and the energy.

We will again use symmetric electron wavefunctions,

1

m[ a(r)+ (R a(R)+ B(R)] s

(risr2) =
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where the spin singlet is required because the spatial wfn is symmetr under interchange.

The space symmetric state will be the ground state as before.

h jHj i =2EH;(RAB)
AB M2

From this point, we can do the calculation to obtain

Distance | Energy
Calculated | 0.85A | -2.68 eV
Actual 0.74A | -4.75 eV.

wlth a multiterm wavefunction, we could get good agreement.

27.3 Importance of Unpaired Valence Electrons

Inner (closed shell) electrons stick close to nucleus so they do notegnear to other atoms. The
outer (valence) electrons may participate in bonding either by shaing or migrating to the other
atom. Electrons which are paired into spin singlets don't bond . If we try to share one of
the paired electrons, in a bonding state, with another atom, the eletron from the other atom is not
antisymmetric with the (other) paired electron. Therefore only the antibonding (or some excited
state) will work and binding is unlikely. Unpaired electrons don't have this problem.

#' #" " . .. rstfour don't bond!

The strongest bonds come from s and p orbitals (not d,f).

27.4 Molecular Orbitals

Even with additional parameters, parity symmetry in diatomic molecules implies we will have sym-

metric and antisymmetric wavefunctions for single electrons. Thesymmetric or bonding state

has a larger probability to be between the two nuclei , Sees more positive charge, and is
therefore lower energy. As in our simple model of a molecule, the kirtie energy can be lowered by

sharing an electron.

There is an axis of symmetry for diatomic molecules . This meansL, commutes with H and
m- is a good quantum number. The dierent m- states, we have seen, have quite di erent shapes
therefore bond di erently. Imagine that a valence electron is in ad state. Them- =0; 1, 2 are
called molecular orbitals ; ;  respectively. Each has a bonding and an antibonding state.

Pictures of molecular orbitals  are shown fors and p states in the following gure. Both bonding
and antibonding orbitals are shown rst as atomic states then as mdéecular. The antibonding states
are denoted by a *.
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27.5 Vibrational States

We have seen that the energy of a molecule has a minimum for some gular separation between
atoms. This looks just like a harmonic oscillator potential for small variations from the
minimum. The molecule can \vibrate" in this potential giving rise to a har monic oscillator energy
spectrum.

q_——
We can estimate the energy of the vibrational levels .IfEe hl =h mLe then crudely the
_ P
proton has the same spring constan{) k Ee hme
B
m
EVib h V - MEQ 10 eV

Recalling that room temperature is about % eV, this is approximately thermal energy, infrared.
The energy levels are simply

1
E=(n+ 2)h v
Complex molecules can have many di erent modes of vibration. Diatonic molecules have just one.
The graph below shows the energy spectrum of electrons knockexit of molecular hydrogen by UV

photons (photoelectric e ect). The di erent peaks correspond to the vibrational state of
the nal H J ion.

Can you calculate the number of vibrational modes for a molecule copose ofN > 3 atoms.
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27.6 Rotational States

Molecules can rotate like classical rigid bodies subject to the consaint that angular momentum is
guantized in units of h. We can estimate the energy of these rotations to be

1L2 _ ( +1)h? h? m 2mc2 m 1
Etot = 53— = 5 = = eV
21 2l 2Mag M 2 M 1000

where we have usedyy = 2. These states are strongly excited at room temperature.
mc aly P

Let's look at the energy changes between states as we might get in ediative transition with
=1

_(+1h?

E
2l

_h? . Lo h?_
E=5[C+D) ¢ 1= 5@)=

These also have equal energy steps in emitted photon energy.

With identical nuclei, " is required to be even for (nuclear) spin singlet and odd for triplet. This
means steps will be larger.

A complex molecule will have three principle axes, and hence, three nmeents of inertia to use in
our quantized formula.

Counting degrees of freedom, which should be equal to the numbesf quantum numbers needed
to describe the state, we have 3 coordinates to give the position ahe center of mass, 3 for the
rotational state, and 3N-6 for vibrational. This formula should be modi ed if the molecule is too
simple to have three principle axes.

The graph below shows the absorption coe cient of water for light of various energies. For low
energies, rotational and vibrational states cause the absorptio of light. At higher energies, electronic
excitation and photoelectric e ect take over. It is only in the region around the visible spectrum
that water transmits light well. Can you think of a reason for that?
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27.7 Examples

27.8 Derivations and Computations

27.9 Homework Problems

1. In HCI, absorption lines with wave numbers in inverse centimeters ©83.03, 103.73, 124.30,
145.05, 165.51 and 185.86 have been observed. Are these rotatibor vibrational transitions?
Estimate some physical parameters of the molecule from these dat

2. What is the ratio of the number of HCI molecules in thej = 10 rotational state to that in the
j =0 state if the gas is at room temperature?

27.10 Sample Test Problems
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28 Time Dependent Perturbation Theory

We have used time independent perturbation theory to nd the energy shifts of states and to nd
the change in energy eigenstates in the presence of a small perhation. We will now consider the
case of a perturbation that is time dependent. Such a perturbatim can cause transitions between
energy eigenstates. We will calculate the rate of those transitions

This material is covered in Gasiorowicz Chapter 21, in Cohen-Tannoudji et al. Chapter
XIIl, and briey in Griths Chapter 9.

28.1 General Time Dependent Perturbations

Assume that we solve the unperturbed energy eigenvalue problenxactly: Ho » = En . Now we
add a perturbation that depends on time, V(t). Our problem is now inherently time dependent so
we go back to thetime dependent Schedinger equation

@)
+ =
(Ho+ V(1)) ()= ih—— @t
We will expand  in terms of the eigenfunctions: (t) = ck(t) xe ExEh with g (t)e BxtEh =

h j (t)i. The time dependent Schredinger equations is

X @elt)e =
=+ k

(Ho+ V(1) a(t)e Ex=" = ih
k k @t
X ) X
ae B E V) « = ihCEle B e =y
k k
e X @e(t)
V(t)Ck(t)e iE xt=h K = ih iE ct=h
k k @t

Now dot h ,j into this equation to get the time dependence of one coe cient.

Vae®ate e = in @M g e
k @t
@) _ 1X i(En Eq)t=h
@ i, Vik (t)ck (t)€
Assume that att = 0, we are in an initial state (t=0)= ; and hence all the otherc, are equal
to zero: ¢k = .
0 1
. X .
@g? - %@V (e "+ Vi (o (t)e! A

k6 i
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Now we want to calculate transition rates. To rst order, all the c¢(t) are small compared to
Gi(t) =1, sothe sum can be neglected.
@ (1) 1

—_ . il it
ot = mvnl (t)e

1 2
M= ¢V t)dt?
0

This is the equation to use to compute transition probabilities for a ge neral time de-
pendent perturbation . We will also use it as a basis to compute transition rates for the spec
problem of harmonic potentials. Again we are assuming is small enough thatc, has not changed
much. This is not a limitation. We can deal with the decrease of the poplation of the initial state
later.

Note that, if there is a large energy di erence between the initial ard nal states, a slowly varying
perturbation can average to zero. We will nd that the perturbat ion will need frequency components
compatible with ! ,; to cause transitions.

If the rst order term is zero or higher accuracy is required, the cond order term can be computed.
In second order, a transition can be made to an intermediate state «, then a transition to . We

just put the rst order cff) (t) into the sum.
0 1

@g(t) 1 @v, il oot X (1) il t
= Qv "+ V(g (e A
@t ih 0 k6 i 1
@g(t) 1 X 1 z
gt - m @Vni (t)ei! nt oy " (t)me“ nk t ei! W tovki (to)dtOA
k6i 0
00
1X z il 00Z i 0
) = = dtO%p, (t%9€" " dt%! ¥ UV (19
k6i g 0
Zt ZOO
W= At (t99€" " dt%! | vy (19
ki g 0
* See Example 28.3.1: *

28.2 Sinusoidal Perturbations

An important case is a pure sinusoidal oscillating (harmonic) perturbation. We can make up
any time dependence from a linear combination of sine and cosine waves. We de ne our
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perturbation carefully.
V(¥t)=2V(¥)cos(t)! 2Vcosft)=V €t +e ™

We have introduced the factor of 2 for later convenience. With tha factor, we have V times a
positive exponential plus a negative exponential. As before)Y depends on position but we don't
bother to write that for most of our calculations.

Putting this perturbation into the expression for c,(t), we get

7t
v vy (19dt°

5

cn(t)

Zt
= V. die' t° gt ° s g it 0
- . ni

i

= Vg a0 i+t 1ne 4 gl (i 1)t°

Note that the terms in the time integral will average to zero unless one of the exponents is
nearly zero . If one of the exponents is zero, the amplitude to be in the state , will increase with
time. To make an exponent zero we must have one of two conditionsasis ed.

| = En EI
h
h = E; Ej
Ei = En+h!

This is energy conservation for the emission of a quantum of energly! .

o= by

| = 7En Ei
h
h! = E, E;
E. = E, hi

This is energy conservation for the absorption of a quantum of engy h! . We can see the possibility
of absorption of radiation or of stimulated emission.

Fort!1 | the time integral of the exponential gives (some kind of)delta function of energy
conservation . We will expend some e ort to determine exactly what delta function it is.

Lets take the case of radiation of an energy quantum h! . If the initial and nal states have
energies such that this transition goes, the absorption term is comletely negligible. (We can just
use one of the exponentials at a time to make our formulas simpler.)

The amplitude to be in state , as a function of time is

Zt
1

) = Ve el
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" o
Vy @+t =t
= =
ih i(ly+1) oo
_ Vhi glni+it 9
_ Vn| i(' )2 el(' ni +1)t=2 e (1 +1)t=2
- ih il +1)
= VL gl (tni +! )t=22Sin (" + t=2)
ih i(! ni +! )
P — Vn2i 4sir? (" i + 1=2)
I"I(t) - F (| ni + | )2

In the last line above we have squared the amplitude to get the probkility to be in the nal state
The last formula is appropriate to use, as is, for short times. For log times (compared to —=—+
which can be a VERY short time), the term in square brackets looks lile some kind of delta functlon

We will show (See section 28.4.1), that the quantity in square brackss in the last equation is
2t (' n +!). The probability to be in state |, then is

2 2
2V 2Vh”' (En Ei+hi)t

hz (!ni+!)t:

The probability to be in the nal state |, increases linearly with time. There is a delta function
expressing energy conservation. The frequency of the harmonjgerturbation must be set so that
h! is the energy di erence between initial and nal states. This is true both for the (stimulated)
emission of a quantum of energy and for the absorption of a quantu.

2
Pn(t)=\;%2t (w+1)=

Since the probability to be in the nal state increases linearly with time, it is reasonable to describe
this in terms of a transition rate . The transition rate is then given by

dP, 2V 2
il n dt”:T”'(En Ei+ hl)

We would get a similar result for increasingE (absorbing energy) from the other exponential.

_2Va

it n— h (En Ei h! )

It does not make a lot of sense to use this equation with a delta funddn to calculate the transition
rate from a discrete state to a discrete state. If we tune the frguency just right we get in nity
otherwise we get zero. This formula is what we need if either the initialor nal state is a continuum
state. If there is a free particle in the initial state or the nal stat e, we have a continuum state. So,
the absorption or emission of a patrticle, satis es this condition.

The above results are very close to a transition rate formula knownas Fermi's Golden Rule
Imagine that instead of one nal state | there are acontinuum of nal states . The total rate
to that continuum would be obtained by integrating over nal state energy, an integral done simply
with the delta function. We then have



395

2

V 2
i f hn' i (E)

where ¢ (E) is the density of nal states. When particles (like photons or electrons) are emitted,
the nal state will be a continuum due to the continuum of states available to a free particle. We
will need to carefully compute the density of those states, often kown asphase space.

28.3 Examples
28.3.1 Harmonic Oscillator in a Transient E Field

Assume we have an electron in a standard one dimensional harmonicaillator of frequency! in its
ground state. An weak electric eld is applied for a time interval T. Calculate the probability to
make a transition to the rst (and second) excited state.

The perturbation is eEx for 0 <t< T and zero for other times. We can write this in terms of the
raising an lowering operators.

r—
h
V=eE —(A+AY
2m! ( )
We now use our time dependent perturbation result to compute thetransition probability to the
rst excited state.

7t
Ca(t) = % e " PV (19t
0
r— 7w
1 h it O .
C1 iheE i e hijA + AYjOidt
0
r— 7w
_ eE h gt °Gt0
" ih  2m!
9
r— T
_eE h &'’
~ ih 2m! i
ro 0
- eE h ur
- h_lr omi © !
_ ek h o ir- 2h iT= 2 iT= 2I
S w0 °©
= E—IE —2:1! €'T= 22i sin(1T=2)
€?E2 h )
2¢°E2
P, = —sin’(IT=2)

mh! 3
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As long as the E eld is weak, the initial state will not be signi cantly dep leted and the assumption
we have made concerning that is valid. We do see that the transition pobability oscillates with the
time during which the E eld is applied. We would get a (much) larger tran sition probability if we
applied an oscillating E eld tuned to have the right frequency to drive the transition.

Clearly the probability to make a transition to the second excited state is zero in rst order. If we
really want to compute this, we can use our rst order result for ¢; and calculate the transition
probability to the n = 2 state from that. This is a second order calculation. Its not too bad to do
since there is only one intermediate state.

28.4 Derivations and Computations
28.4.1 The Delta Function of Energy Conservation

For harmonic perturbations, we have derived a probability to be in the nal state , proportional
to the following.

4sir? (1 5 + 1)t=2)
(o +1)2

For simplicity of analysis lets consider the characteristics of the fuistion

Pn/

4sir (! i + 1)t=2)  4sirf( t=2)

g( !ni +!): (| ni +!)2t2 2t2

for values oft >> 1. (Note that we have divided our function to be investigated by t2. For =0,
o() = 1 while for all other values for ,  g() approaches zero for large t. This is clearly some
form of a delta function.

To nd out exactly what delta function it is, we need to integrate over .

A 2
d f()g0) = f(=0) d g()
1 1
Z‘ H —
- t(=0) q 4S|n2§t2t_2)
1
.
4 sir?
= f(=0) d 73:1),2(”
1
2 sin?(y)
= (=0 £ q 'yzy
1
2 sin?(y)

= (=0 £ q

We have made the substitution that y = Tt The de nite integral over y just gives (consult your
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table of integrals), so the result is simple.

!

1
—h
~

1
(=}
N

d f() g0)

.—r|N

20

9()
4sir? (! i + !)t=2)

tarnp -2t Uerh)

Q.E.D.

28.5 Homework Problems

1. A hydrogen atom is placed in an electric eld which is uniform in space ad turnsonatt=0
then decays exponentially. That is,E(t) =0 for t< 0 andE(t) = Ege ! fort> 0. What is
the probability that, as t!'1 , the hydrogen atom has made a transition to the 2 state?

2. A one dimensional harmonic oscillator is in its ground state. It is suljected to the additional
potential W = e x for a a time interval . Calculate the probability to make a transition to
the rst excited state (in rst order). Now calculate the probabilit y to make a transition to
the second excited state. You will need to calculate to second orde

28.6 Sample Test Problems

1. A hydrogen atom is in a uniform electric eld in the z direction which turns on abruptly at
t = 0 and decays exponentially as a function of time,E(t) = Ege © . The atom is initially
in its ground state. Find the probability for the atom to have made a transition to the 2P
state ast ! 1 . You need not evaluate the radial part of the integral. What z components of
orbital angular momentum are allowed in the 2P states generated by this transition?
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29 Radiation in Atoms

Now we will go all the way back to Plank who proposed that the emission of radiation be in quanta
with E = h! to solve the problem of Black Body Radiation. So far, in our treatmert of atoms, we
have not included the possibility to emit or absorb real photons  nor have we worried about the
fact that Electric and Magnetic elds are made up of virtual photon s. This is really the realm of
Quantum Electrodynamics, but we do have the tools to understandwhat happens as we quantize
the EM eld.

We now have the solution of the Harmonic Oscillator problem using opeator methods. Notice that
the emission of a quantum of radiation with energy of h! is like the raising of a Harmonic
Oscillator state . Similarly the absorption of a quantum of radiation is like the lowering of a HO
state. Plank was already integrating over an in nite number of photon (like HO) states, the same
integral we would do if we had an in nite number of Harmonic Oscillator states. Plank was also
correctly counting this in nite humber of states to get the correct Black Body formula. He did it
by considering a cavity with some volume, setting the boundary condions, then letting the volume
go to in nity.

This material is covered in Gasiorowicz Chapter 22, in Cohen-Tannoudji et al. Chapter
XIll, and briey in Griths Chapter 9.

29.1 The Photon Field in the Quantum Hamiltonian

The Hamiltonian for a charged particle in an ElectroMagnetic eld (See Section 20.1) is given by

1 e 2
H=_— p+ -&A + V(r):
>m PTG (r)
Lets assume that there is some ElectroMagnetic eld around the at om. The eld is not

extremely strong so that the A2 term can be neglected (for our purposes) and we will work in the

Coulomb gauge for which p A = ';—r“ A = 0. The Hamiltonian then becomes

pPP,e
H —+ —A p+V(r):
2m  mc P ")
Now we havea potentially time dependent perturbation that may drive transitions between
the atomic states.
e
V=—A&K7p

mc

Lets also assume that the eld hassome frequency ! and corresponding wave vectoR. (In fact,
and arbitrary eld would be a linear combination of many frequencies, directions of propagation,
and polarizations.)

A(#t) 2ApcoskR * t)

where Ay is a real vector and we have again introduced the factor of 2 for aovenience of splitting
the cosine into two exponentials.

We need to quantize the EM eld into photons satisfying Plank's original hypothesis, E = h! . Lets
start by writing A in terms of the number of photons in the eld (at frequency ! and wave
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vector K). Using classical E&M to compute the energy in a eld (See Section 294.1) represented
by a vector potential A(¥;t) =2ApcosR + I!t), we nd that the energy inside a volume V is

12
Energy = ﬁVjAojz = Nh!:

We may then turn this around and write A in terms of the number of photons N.
2c? _ 2 heé®N
. 2 - -
Wol™ = NP oy = v —
1
2 he?N 2
A(xt) = W N 2cosR ¢ t)
1
2 heN 7 .
. — Re 1) i(Re 1t)
A(xt) = v nNog +e

We have introduced the unit vector ”to give the direction (or polarization) of the vector potential.
We now have a perturbation that may induce radiative transitions. There are terms with both
negative and positive! so that we expect to seeboth stimulated emission of quanta and
absorption of quanta  in the the presence of a time dependent EM eld.

But what about decays of atoms with no applied eld? Here we need togo beyond our classical
E&M calculation and quantize the eld. Since the terms in the perturb ation above emit or absorb
a photon, and the photon has energyh! , lets assume the number of photons in the eld is

the n of a harmonic oscillator . It has the right steps in energy. Essentially, we are postulating
that the vacuum contains an in nite number of harmonic oscillators, one for each wave vector (or
frequency...) of light.

We now want to go from a classical harmonic oscillator to a quantum osillator, in which the ground
state energy is not zero, and the hence the perturbing eld is nevereally zero. We do this by
changing N to N +1 in the term that creates a photon in analogy to the raising operator AY
in the HO. With this change, our perturbation becomes

1
2he 2, P

Nel®Rr 1) 4 pme i(Re 1)
v

A(rt)
Remember that one exponential corresponds to the emission of ehpton and the other corresponds
to the the absorption of a photon. We view A as an operator which either creates or absorbs a

photon, raising or lowering the harmonic oscillator in the vacuum.

Now there is aperturbation even with no applied eld (N =0).

1
V= = Woo €t = —A& p= = 2 he? fe i®RE 1A

mc mc IV P

We can plug this right into our expression for the decay rate (remoing the €'t into the delta

function as was done when we considered a general sinusoidal timegkendent perturbation). Of
course we have this for all frequencies, not just the one we haveelen assuming without justi cation.

Also note that our perturbation still depends on the volume we assume. This factor will be
canceled when we correctly compute the density of nal states.
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We have taken a step toward quantization of the EM eld, at least when we emit or absorb a
photon. With this step, we can correctly compute the EM transition rates in atoms. Note that we
have postulated that the vacuum has an in nite number of oscillators corresponding to the di erent
possible modes of EM waves. When we quantize these oscillators, tvacuum has a ground state
energy density in the EM eld (equivalent to half a photon of each type). That vacuum EM eld
is then responsible for the spontaneous decay of excited state$ atoms through the emission of a
photon. We have not yet written the quantum equations that the EM eld must satisfy, although
they are closely related to Maxwell's equations.

29.2 Decay Rates for the Emission of Photons

Our expression for the decay rate  of an initial state ; into some particular nal state | is
. 2V 3
il n— h

The delta function reminds us that we will have to integrate over nal states to get a sensible answer.
Nevertheless, we proceed to include the matrix element of the peurbing potential.

(En Ei+hl):

Taking out the harmonic time dependence (to the delta function) asbefore, we have thematrix
element of the perturbing potential

2 he2 ?

. € - e . ..
Voi = haiA §ii= — S haje ™ g

We just put these together to get

2 €& 2he® . o

it T TmiE W jih nje ™ g ij2 (En Ej+ )
2 )%, . o

iln = (mZ)!v jh nje '®*~ g ij? (En Eij+ h!)

We must sum (or integrate) over nal states. The states are disinguishable so we add the decay
rates, not the amplitudes. We will integrate over photon energies ad directions, with the aid of
the delta function. We will sum over photon polarizations. We will sum over the nal atomic states
when that is applicable. All of this is quite doable. Our rst step is to un derstand the number of
states of photons as Plank (and even Rayleigh) did to get the Black Bdy formulas.

29.3 Phase Space: The Density of Final States

We have some experience with calculating the number of states foefmions in a 3D box (See Section
13.1.1). For the box we had boundary conditions that the wavefuntion go to zero at the wall of the
box. Now we wish to know how many photon states are in a region ophase space centered on
the wave vectork with (small) volume in k-space of d*k. (Remember! = jKjc for light.) We will
assume for the sake of calculation that the photons are con nedd a cubic volume in position space
of V = L3 and imposeperiodic boundary conditions on our elds. (Really we could require the
elds to be zero on the boundaries of the box by choosing a sine waverhe PBC are equivalent to
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this but allow us to deal with single exponentials instead of real funcions.) Our nal result, the
decay rate, will be independent of volume so we can let the volume gatin nity.

kXL =2n X dnx = zLdkx
kL=2ny dny = dky
kZL =2n z dnz = zLdkz

3, —- L% 33, — V. 43
*n = gk = gzdk

That was easy. We will usethis phase space formula for decays of atoms emitting a photon. A
more general phase space formula (See Section 29.14.2) based an ealculation can be used with
more than one free particle in the nal state. (In fact, even our mple case, the atom recoils in the
nal state, however, its momentum is xed due to momentum consevation.)

29.4 Total Decay Rate Using Phase Space

Now we are ready to sum over nal (photon) states to get the total transition rate. Since both the
momentum of the photon and the electron show up in this equation, v will label the electron's
momentum to avoid confusion.

X 'XZVon _XZVOGp
tot - il n: —3i!n— —3i!n
R;pOIZ pol: (2 ) pol: (2 h)
X vép (2 )2€?., . . o
2 hfs_i(mz)w jh nje ®TAO) gy ij? (En Ei+ D)
Z
e X tBp., . .
= e S nje T g 2 (En Ei+hl)
Z
e X 2d(h!)d  h., . . o
S e " (pc) Jihnje *T0) R ii? (Bn Eit o)
e x Z i REAC) w2
= > hemec pd(h! )d jh qje n Bej ilj© (En Eij+ h!)
Z
e X E, E L o
= e ——d jhaje ) py i
Z
(Ei En) X L o
tot = ﬁ d jhqje kAl 53] i|J2

This is the general formula for the decay rate emitting one photon.Depending on the problem, we
may also need to sum over nal states of the atom. The two polarizéions are transverse to the
photon direction, so they must vary inside the integral.

A quick estimate of the decay rate of an atom (See Section 29.14.3) ivgs

50 psec:
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29.5 Electric Dipole Approximation and Selection Rules

We can now expand thee '®* 1 iR #+ :: term to allow us to compute matrix elements more
easily. Sincek + - and the matrix element is squared, our expansion will be in powers of 2
which is a small number. The dominant decays will be those from the amth order approximation
which is

e iR r 1:

This is called the Electric dipole approximation

In this Electric Dipole approximation, we can make general progres®n computation of the matrix

element. If the Hamiltonian is of the form H = =— + V and [V;# =0, then
hp
e
and we can write p= —[H +] in terms of the commutator.
hje T g i N honjg i
im
= W N hogj[H#]) i
im L
= 7 (En E)N hajfj i
= ME Edp o i

This equation indicates the origin of the name Electric Dipole: the matiix element is of the vector
+ which is a dipole.

We can proceed further, with the angular part of the (matrix element) integral.

S Z
hajr i = rdrR,, - Rn,  d Y o " £
0
2 Z
= ¥R, Rn d Y N Y,
0
Npo= rxsin cos + ysin sin + ;cos
4 + +
= 3 zY10+—yp—§ yY11+ —p—x ile 1
r_—2 4 . .
T 4 3 >ﬂn+ y xr
h nJt il = ? r darn‘ani‘i d Y‘nmn Y10+ ,uz Y11 + pz Y1 1 Y‘imi

At this point, lets bring all the terms in the formula back together so we know what we are doing.
z

) X )
CE_ET g e B0 g i

2 h’m2c3

tot
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& EpX Zd mEn E)p o o 2
- 2 hzmzc,s h nJ 1:] il
— ! I%X g d H A o2

Ty jhonj™ # iij

This is a useful version of thetotal decay rate formula  to remember.

d jhajr A i

We proceed with the calculation to nd the E1 selection rules.

= !%de T Y+_’p+iyy+x+iyY 2
T 2c2 3 n oz > 11 _pi— 11 i
13X 4 72 z + (Fi
= 2sz d ? rgdarn‘n Rni‘i d Y\nmn ZY10+ _ypi—lel-F _pi_le 1 Y‘imi

We will attempt to clearly separate the terms due to h ,j* + ;i for the sake of modularity of the
calculation.

The integral with three spherical harmonics  in each term looks a bit di cult, but, we can use
a Clebsch-Gordan series like the one in addition of angular mo mentum to help us solve
the problem. We will write the product of two spherical harmonics in terms of a sum of spherical
harmonics. Its very similar to adding the angular momentum from the two Ys. lts the same
series as we had for addition of angular momentum (up to a cons tant) . (Note that things
will be very simple if either the initial or the nal state have * =0, a case we will work out below for
transitions to s states.) The general formula for rewriting the product of two spherical harmonics
(which are functions of the same coordinates) is

s
E 21 +1)(2°2+1) .
Yom, (5 )Yom, (5 )= ( 14 (2)\(4_;) )hOJ 1 200h" (My+m2)j 1 2mimai Y (m, e my (5 )

=i T2

The square root and h'0j" 1 ,00i can be thought of as a normalization constant in an otherwise
normal Clebsch-Gordan series. (Note that the normal addition ofthe orbital angular momenta of
two particles would have product states of two spherical harmonis in di erent coordinates , the
coordinates of particle one and of particle two.) (The derivation of the above equation involves a
somewhat detailed study of the properties of rotation matrices aw would take us pretty far o the
current track (See Merzbacher page 396).)

First add the angular momentum from the initial state ( Y:,m,) and the photon (Yin) using the
Clebsch-Gordan series, with the usual notation for theClebsch-Gordan coe cients hympj idmimi.
N S ———
X 32 +1)

Yim (; )Y‘imi(; ) = m

h'0j*i100h™ (M + m;)j" i Imimi Y (m,+m)(; )
=i

2
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z s
d Y o Yin Y 32t D) 561000 ymaj imimi
“amp Yim Tim; 4 (2\n+1) nYl i nMn) i i
g + i +
d ¥ m, Yo+ _ypé_le“_ lﬁi—le 1 Yim,
s
— » .
%h‘wj‘imo 2 My 1m; 0i + _)b%h\nmnj\ilmili + ip%h\nmnj\ilmi 1i
n

I remind you that the Clebsch-Gordan coe cients in these equations are just numbers which are
less than one. They can often be shown to be zero if the angular maentum doesn't add up. The
equation we derive can be used to give us a great deal of information

S ——— 2

i+
Hh‘nq“iloo r3drR, - Rn,,
n
0

+ i + i
Ky Maji 1m; O + —ﬁs%h‘nmnj‘ilmili + ip%h‘nmnj‘ilmi 1i

ot # i =

We know, from the addition of angular momentum, that adding angular momentum 1 to “; can only
give answers in the rangg™; 1j <, < 3 +1 so the change in in" between the initial and nal
state can only be "~ =0; 1. For other values, all the Clebsch-Gordan coe cients above will ke
zero.

We also know that the Y, are odd under parity so the other two spherical harmonics must hae

opposite parity to each other implying that “, 6 j, therefore

=1

We also know from the addition of angular momentum that the z compaments just add like integers,
so the three Clebsch-Gordan coe cients allow

m=0; 1

We can also easily note that we have no operators which can changéé spin here. So certainly
s=0:

We actually haven't yet included the interaction between the spin andthe eld in our calculation,
but, it is a small e ect compared to the Electric Dipole term.

The above selection rules apply only for the Electric Dipole (E1) appraimation. Higher order terms
in the expansion, like the Electric Quadrupole (E2) or the Magnetic Dipole (M1), allow other decays
but the rates are down by a factor of 2 or more. There is one absolute selection rule coming from
angular momentum conservation, since the photon is spin 1L.No j =0 to j =0 transitions in
any order of approximation.

As a summary of our calculations in the Electric Dipole approximation, lets write out the decay rate
formula.
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29.6 Explicit 2p to 1s Decay Rate

Starting from the summary equation for electric dipole transitions, above,

P2 x 4 ' 2 z + i + i
rsdarn*ani‘i d Y‘nmn 2Yi0 + 4§—le1+ lﬁi—le 1 Y‘imi
0

oo|4>‘

— _* in
tOt_2C2 d

we specialize to the 2p to 1s decay,

Z r_2 Z 2
R 47 fiy CHiy
ot = 53 d =5 T drRjgR21  d Yoo 2Y10+ —>i9§—Y11+ —Bz—Yl 1 Yim,

0

perform the radial integration,

2 2 " . . & . . . #
3 — 3 r=a r=2a
r drR ;R = redr 2 — e "™ p— — re 0
i 1072 i 2 24 ag
12
1 1 4 3r=2a
= p= — r*dre 0
6
% 0
2
1 1 * 28 °7 ,
= - — — x“dxe *
3 % 3
1 2°
= 5 3 ao(4!)
p_ 2 °
and perform the angular integration.
Z . .
+ i + i
d Yy Yo+ —Pp=LY + Xpi Yi 1 Yim,
Z .
_ 1 d xtly x 1y
= PT zY10 + P Yiu+t —B=—Y1 1 Yim,
- pT zm.0+_>b—§ m; ( 1)+_p§—m.l
Z . 2
+ i + i
d Yy Yo+ —p=2Yiu+ Tp="Y: 1 Yim,

1 1
= 4_ z mo™T é( >2<+ )2/)( mi ( 1)+ mil)

Lets assume the initial state is unpolarized, so we will sum ovem; and divide by 3, the number of
di erent m; allowed.

Z . . 2
1X + i + |
3 d Yo . zY10 + bi Ly + sz Y11 Yom,

mj
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X, 15 2
z mot §(x+ Dlmi pt m1)

1
= ittt Ay

2 2 2
z ¥t x+y

Our result is independent of photon polarization since we assumed #hinitial state was unpolarized,
but, we must still sum over photon polarization. Lets assume that we are not interested in measuring
the photon's polarization. The polarization vector is constrained to be perpendicular to the photons
direction

so there are two linearly independent polarizations to sum over. Thigust introduces a factor of two
as we sum over nal polarization states.

The integral over photon direction clearly just gives a factor of 4 since there is no direction depen-
dence left in the integrand (due to our assumption of an unpolarizednitial state).

5 2
ag

5 | 3 _
gao 1 _ 43 P

213 P
6 - o2

()4 ) 4

tot =

wiN

29.7 General Unpolarized Initial State

If we are just interested in the total decay rate, we can go furtter. The decay rate should not depend
on the polarization of the initial state, based on the rotational symmetry of our theory. Usually
we only want the total decay rate to some nal state so we sum ove polarizations of the photon,
integrate over photon directions, and (eventually) sum over the d erent m, of the nal state atoms.
We begin with a simple version of the total decay rate formula in the Elapproximation.

o = 53 d jhoaj™ # i

1 3 X Z
n

C2

N -

d jhoais i 4

tot -

N -
X
N

| 3
5o d g

tot -
c 2

|_3XZ
In
c2

N -

d jfnj2cod

tot -

N -

Where is the angle between the matrix element of the position vector f,; and the polarization
vector N It is far easier to understand the sum over polarizations in terms & familiar vectors in
3-space than by using sums of Clebsch-Gordan coe cients.
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Lets pick two transverse polarization vectors (to sum over) that form a right handed system with
the direction of photon propagation.

AD A2 = R
The gure below shows the angles, basically picking the photon diredbn as the polar axis, and the

A1) direction as what is usually called the x-axis.

| e,

€

The projection of the vector #, into the transverse plan gives a factor of sin. It is then easy to see

that
= sin cos

cos i
cos » sin  sin

The sum of cog over the two polarizations then just gives sin 2 . Therefore the decay rate becomes

pax £ o
o T 527 d jfij2cod

1 3 z
iZ d sir?

ot = —z'c'nzjfni
3
2

— ! in ; .'22
tot = Wlfml
LE 2
ot = 2—C|an1°niJ22 d(cos )(1 cos )
1

d(cos )sin
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1 3 4
= —Mirij?2  dx@ x?)
tot 2C211‘n|l
1
1 3 x3 1
- ing. 2
e T YL )
r3 2
tot = 2—C|nzl1°nil22 2 3
P .8
ot = 2szl1°ni12?
re
tot = 3C2|n J"‘ni]2

This is now a very nice and simple result for the total decay rate of a &te, summed over photon
polarizations and integrated over photon direction.

41 3
tot = ?zmlfnil2

We still need to sum over the nal atomic states as necessary. Fothe case of a transition in a
single electron atom .y, ! noomo + , summed overm®, the properties of the Clebsch-Gordan
coe cients can be used to show (See Merzbacher, second editiopage 467).

2
43 g ° 3 -+l
ot =~ 2+ RpooRp 12 dr for =
3c . 1
2°+1 0

The result is independent ofm as we would expect from rotational symmetry.

As a simple check, lets recompute the 2p to 1s decay rate for hydgen. We must choose the®= "~ 1
case and =1.
2 2
I g o437 ;
0 0

This is the same result we got in the explicit calculation.

29.8 Angular Distributions

We may also deduce the angular distribution of photons from our calolation. Lets take the 2p to
1s calculation as an example. We had the equation for the decay rate
3 X Z r 4—2— , z

i
Vi 1 Yim,

| +
yY + X
11 P =

2

ot = =
4T 2¢c2
0
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We have performed that radial integration which will be unchanged. Assume that we start in a
polarized state with m; = 1. We then look at our result for the angular integration in the matr ix
element

z + i + | 2
d Yoo zYwo+ )bi LY + Xpéle 1 Yim,
1 1
. 2 mot 5( 2t ) mpt ma)
=1 5( xty)
where we have sem; = 1 eliminating two terms.
Lets study the rate as a function of the angle of the photon from he z axis, . The rate will be
independent of the azimuthal angle. We see that the rate is propdional to 2 + 5 We still must
sum over the two independent transverse polarizations. For clary, assume that = 0 and the

photon is therefore emitted in the x-z plane. One transverse poldzation can be in the y direction.
The other is in the x-z plane perpendicular to the direction of the phdon. The x component is
proportional to cos . So the rate is proportional to % + 7 =1+ cos?

If we assume thatm; = O then only the , term remains and the rate is proportional to 2. The
angular distribution then goes like sir?

29.9 Vector Operators and the Wigner Eckart Theorem

There are some general features that we can derive about opdmas which are vectors, that is,

operators that transform like a vector under rotations. We have seen in the sections on the Electric
Dipole approximation and subsequent calculations that the vector @erator ¥ could be written as

its magnitude r and the spherical harmonicsY;,,. We found that the Y;, could change the orbital

angular momentum (from initial to nal state) by zero or one unit. T his will be true for any vector

operator.

In fact, because the vector operator is very much like adding an aditional * = 1 to the initial state
angular momentum, Wigner and Eckart proved that all matrix elements of vector operators can be
written as a reduced matrix element  which does not depend on any of then, and Clebsch-Gordan
coe cients. The basic reason for this is that all vectors transform the same way under rotations, so
all have the same angular properties, being written in terms of theYy, .

Note that it makes sense to write a vectorV in terms of the spherical harmonics using

and
Vo = Vs

We have already done this for angular momentum operators.
Lets consider our vectorV9 where the integerq runs from -1 to +1. The Wigner-Eckart theorem

says

h 3 Mmvajjm i = tim%jimagih G%vijj i



410

Here represents all the (other) quantum numbers of the state, not he angular momentum quantum
numbers. jm represent the usual angular momentum quantum numbers of thetates. h §GjVijjj i
is a reduced matrix element. Its the same for all values ofn and g. (Its easy to understand that if
we take a matrix element of 1@ it will be 10 times the matrix element of r. Nevertheless, all the
angular part is the same. This theorem states that all vectors hae essentially the same angular
behavior. This theorem again allows us to deduce that ~ = 1;0: +1.

The theorem can be generalized for spherical tensors of higherr@ven lower) rank than a vector.

29.10 Exponential Decay

We have computed transition rates using our theory of radiation. In doing this, we have assumed
that our calculations need only be valid neart = 0. More speci cally, we have assumed that we start
out in some initial state i and that the amplitude to be in that initial state is one. The probability
to be in the initial state will become depleted for times on the order ofthe lifetime of the state. We
can account for this in terms of the probability to remain in the initial s tate.

Assume we have computed the total transition rate.
X

tot = it n
n

This transition rate is the probability per unit time to make a transition away from the initial state
evaluated att = 0. Writing this as an equation we have.

dP,

0 = tot
dt t=0

For larger times we can assume that the probability to make a transiton away from the initial state
is proportional to the probability to be in the initial state.

% = tot Pi (t)

The solution to this simple rst order di erential equation is
Pi(t) = Pi(t=0)e ™ t

If you are having any trouble buying this calculation, think of a large ensemble of hydrogen atoms
prepared to be in the 2p state att = 0. Clearly the number of atoms remaining in the 2p state will
obey the equation
dNzp(t) _
dt

and we will have our exponential time distribution.

tot N2p(t)

We may de ne the lifetime of a state to the the time after which only % of the decaying state remains.




411

29.11 Lifetime and Line Width

Now we have computed the lifetime of a state. For some atomic, nucke, or particle states, this
lifetime can be very short. We know that energy conservation can b violated for short times

according to the uncertainty principle
h

E t =
2
This means that a unstable state can have an energy width on the afer of
h tot |

E
2

We may be more quantitative. If the probability to be in the initial stat e is proportional to e !
then we have

jimit=e !
)/ e E2
i(t)/ e iEit=he t=2

We may take the Fourier transform of this time function to the the amplitude as a function of
frequency.

A
ity [/ i(t)e"t dt
0
A
/ e iEit=he t=2ei!t dt
0
pA

- e otg =24t Gt

0

2
- gl loriz)tgt
9 #,
- . 1 gt toript
it lo+iy) 0
_ i
(! lotix)

We may square this to get the probability or intensity as a function of ! (and henceE = h! ).
1
(1 o2+ 4

This gives the energy distribution of an unstable state. It is calledthe Breit-Wigner line shape
It can be characterized by its Full Width at Half Maximum (FWHM) of .

()= () =

The Breit-Wigner will be the observed line shape as long as the densitpf nal states is nearly
constant over the width of the line.
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As ! 0 this line shape approaches a delta function, (! ! ).

For the 2p to 1s transition in hydrogen, we've calculated a decay ra¢ of 06 10° per second. We
can compute the FWHM of the width of the photon line.

(1:05 10 %erg sed(0:6 10°sec ')
1:602 10 12erg=eV

E=h = 0:4 10 Sev

Since the energy of the photon is about 10 eV, the width is about 107 of the photon energy. Its
narrow but not enough for example make an atomic clock. Weaker tansitions, like those from E2
or M1 will be relatively narrower, allowing use in precision systems.

29.11.1 Other Phenomena In uencing Line Width

We have calculated the line shape due to the nite lifetime of a state. f we attempt to measure
line widths, other phenomena, both of a quantum and non-quantumnature, can play a role in the
observed line width. These are:

Collision broadening,
Doppler broadening, and

Recaoil.

Collision broadening occurs when excited atoms or molecules have a @ probability to change state
when they collide with other atoms or molecules. If this is true, and it usually is, the mean time
to collision is an important consideration when we are assessing the lifiene of a state. If the mean
time between collisions is less than the lifetime, then the line-width will bedominated by collision
broadening.

An atom or molecule moving through a gas sweeps through a volume paecond proportional to its
cross section and velocity. The number of collisions it will have per second is then

¢ = Ncolision=sec = NV

where n is the number density of molecules to collide with per unit volume. We canestimate the
velocity from the temperature.

1 , 3
= = _kT
2mv r 5
3k
VRMS = m
r
_, KT
- m

The width due to collision broadening increases with he pressure of # gas. It also depends on
temperature. This is basically a quantum mechanical e ect broadeling a state because the state
only exists for a short period of time.
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Doppler broadening is a simple non-quantum e ect. We know that the frequency of photons is
shifted if the source is moving { shifted higher if the source is moving éward the detector, and
shifted lower if it is moving away.

LY

c

I

D P
o c  mc?

This becomes important when the temperature is high.

Finally, we should be aware of the e ect of recoil. When an atom emits aphoton, the atom must
recoil to conserve momentum. Because the atom is heavy, it can oy a great deal of momentum
while taking little energy, still the energy shift due to recoil can be bigger than the natural line
width of a state. The photon energy is shifted downward comparedo the energy di erence between
initial and nal atomic states. This has the consequence that a phdon emitted by an atom will

not have the right energy to be absorbed by another atom, raisingt up to the same excited state
that decayed. The same recoil e ect shifts the energy need to eite a state upward. Lets do the
calculation for Hydrogen.

=P

E

P c

2 EZ

Ey = p_ = 5>
2mp,  2mpc
_E__E

E  2m,c2

For our 2p to 1s decay in Hydrogen, this is about 10 eV over 1860 MeVor less than one part in
10°. One can see that the e ect of recoil becomes more important ashie energy radiated increases.
The energy shift due to recoil is more signi cant for nuclear decays

29.12 Phenomena of Radiation Theory
29.12.1 The Mpdssbhauer E ect

In the case of the emission of x-rays from atoms, the recoil of th@tom will shift the energy of
the x-ray so that it is not reabsorbed. For some experiments it is usful to be able to measure the
energy of the x-ray by reabsorbing it. One could move the detectoat di erent velocities to nd
out when re-absorption was maximum and thus make a very accura measurement of energy shifts.
One example of this would be to measure the gravitational red (blue)shift of x-rays.

Messbauer discovered that atoms in a crystal need not recoil sigi cantly. In fact, the whole crystal,
or at least a large part of it may recoil, making the energy shift very snall. Basically, the atom
emitting an x-ray is in a harmonic oscillator (ground) state bound to the rest of the crystal. When
the x-ray is emitted, there is a good chance the HO remains in the gnand state. An analysis shows
that the probability is approximately

PO = e Erecoil =h! Ho
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Thus a large fraction of the radiation is emitted (and reabsorbed) without a large energy shift.
(Remember that the crystal may have 163 atoms in it and that is a large number.

The Messbauer e ect has be used to measure the gravitational &d shift on earth. The red shift
was compensated by moving a detector, made from the same maiat as the emitter, at a velocity
(should be equal to the free fall velocity). The blue shift was measted to be

|
——=(5:13 051) 10 15

when 492 10 ' was expected based upon the general principle of equivalence.

29.12.2 LASERs

Light Ampli cation through Stimulated Emission of Radiation is the phen omenon with the acronym
LASER. As the name would indicate, the LASER uses stimulated emissio to genrate an intense
pulse of light. Our equations show that the decay rate of a state byemission of a photon is propor-
tional to the number (plus one) of photons in the eld (with the same wave-number as the photon
to be emitted).

2 he2 ?

v A pﬁei(kr!t)_l_pme i(Re 1)

A(xt) =

Here \plus one" is not really important since the number of photons isvery large.

Lets assume the material we wish to use is in a cavity. Assume this matial has an excited state
that can decay by the emission of a photon to the ground state. Innormal equilibrium, there will
be many more atoms in the ground state and transitions from one ste to the other will be in
equilibrium and black body radiation will exist in the cavity. We need to cir cumvent equilibrium to
make the LASER work. To cause many more photons to be emitted thn are reabsorbed a LASER
is designed to produce goplation inversion . Thatis, we nd a way to put many more atoms in
the excited state than would be the case in equilibrium.

If this population inversion is achieved, the emission from one atom willincrease the emission rate
from the other atoms and that emission will stimulate more. In a pulsal laser, the population of the
excited state will become depleted and the light pulse will end until theinversion can be achieved
again. If the population of the excited state can be continuously pumped up, then the LASER can
run continously.

This optical pumping to achieve a population inversion can be done in a amber of ways. For
example, a Helium-Neon LASER has a mixture of the two gasses. If aigh voltage is applied and an
electric current ows through the gasses, both atoms can be exted. It turns out that the rst and
second excited states of Helium have almost the same excitation ergy as the 4s and 5s excitations
of Neon. The Helium states can't make an E1 transition so they are likey to excite a Neon atom
instead. An excited Helium atom can de-excite in a collision with a Neon abm, putting the Neon
in a highly excited state. Now there is a population inversion in the Neon The Neon decays more
quickly so its de-excitation is dominated by photon emission.
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2* S collision _ (2p)(5s)

visible laser

2°s,  colison eofs)
IR laser (2p)5(3p)
(2p)°(3s)
1 6
1S G
He Ne

Another way to get the population inversion is just the use of a metatable state as in a ruby laser.
A normal light sorce can excite a higher excited state which decaysa a metastable excited state.
The metastable state will have a much larger population than in equilibrium.

A laser with a beam coming out if it would be made in a cavity with a half silvered mirror so that
the radiation can build up inside the cavity, but some of the radiation leaks out to make the beam.

77777777777777777777777777777777777777777777777777777777777777777

- e e

high
voltage
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29.13 Examples

29.13.1 The 2P to 1S Decay Rate in Hydrogen

29.14 Derivations and Computations
29.14.1 Energy in Field for a Given Vector Potential

We have the vector potential
A(¥t) 2AgcoskR * t):

First nd the elds.

1@x
c @t
B = 2 A=2R ApsinR + It)

|
=2'EA0 sinR + It)

Note that, for an EM wave, the vector potential is transverse to the wave vector. The energy density
in the eld is
1 12

1 ! . 212 .
U= o E2+ B2 = g4 =zt k? A3si’(R £ It)= WAgsmz(k £ olt)

Averaging the sine square gives one half, so, the energy in a volumé is

1 2A2V
Energy = 27(:02

29.14.2 General Phase Space Formula

If there are N particles in the nal state, we must consider the number of statesavailable for each
one. Our phase space calculation for photons was correct evenrfparticles with masses.

3, _ vV fp
d°n = —(2 NE

Using Fermi's Golden Rule as a basis, we include the general phase spaormula into our formula
for transition rates.

Z v ! !
vpe . . X X
= P iMsij? Ei Eq Ek ® n »p 15}
K

In our case, for example, of an atom decaying by the emission of ormghoton, we have two particles
in the nal state and the delta function of momentum conservation will do one of the 3D integrals
getting us back to the same result. We have not bothered to deal ith the free particle wave function

of the recoiling atom, which will give the factor of Vl to cancel the V in the phase space for the
atom.
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29.14.3 Estimate of Atomic Decay Rate

We have the formula

Z
_ eZ(Ei En)
ot = o 5 A
2 h“‘m2c3

d jhnje "®OA g ij2

Lets make some approximations.

NP j pi=mjvj mc = mc
_h £2me2 ?mc® h _
R+ ka"‘ﬁ?" he ©7 2nc mc 2
ik £) i I
e ez 1+ > 1
e2(E; E . .
tot = 72( h|2m2c>n3)(4 )i mc 12
Ei E . .
= 7; ;mzcg’m )j mc j?
(2 2mc?) _ .
- 22hm2C2 (4 )J mc J2
5mC2
h
5mc2c
hc

(0:51 MeV)3 10*° cm=sec,, = 5 0 1
10 B F= 2 10
137)(197 MeVE) cm) sec

This gives a life time of about 50 psec.

29.15 Homework Problems

1.

The interaction term for Electric Quadrupole transitions correspond to a linear combination
of spherical harmonics,Y,n,, and are parity even. Find the selection rules for E2 transitions.

. Magnetic dipole transitions are due to an axial vector operator @ad hence are proportional to

the Y1 but do not change parity (unlike a vector operator). What are the M1 selection rules?

. Draw the energy level diagram for hydrogen up ton = 3. Show the allowed E1 transitions.

Use another color to show the allowed E2 and M1 transitions.

. Calculate the decay rate for the ! 1s transition.
. Calculate the decay rate for the 3! 2p transition in hydrogen.

. Assume that we prepare Hydrogen atoms in the 'y, = 211 State. We set up an experiment

with the atoms at the origin and detectors sensitive to the polariztion along each of the 3
coordinate axes. What is the probability that a photon with its wave v ector pointing along
the axis will be Left Circularly Polarized?

. Photons from the 3 ! 1s transition are observed coming from the sun. Quantitatively

compare the natural line width to the widths from Doppler broadening and collision broadening
expected for radiation from the sun's surface.
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29.16 Sample Test Problems

1. A hydrogen atomisinthen =5, 3D state. To which states is it allowed to decay via electric

dipole transitions? What will be the 2polarization for a photon emitted along the z-axis if m,
decreases by one unit in the decay?

. Derive the selection rules for radiative transitions between hydogen atom states in the electric

dipole approximation. These are rules for the change in; m, and s.

. State the selection rules for radiative transitions between hydogen atom states in the electric

dipole approximation. These are rules for the allowed changes ihm, s, and parity. They can
be easily derived from the matrix element given on the front of the test. Draw an energy level
diagram (up to n = 3) for hydrogen atoms in a weakB eld. Show the allowed E1 transitions
from n =3 to n =1 on that diagram.

. Calculate the di erential cross section, g— for high energy scattering of particles of momentum

p, from a spherical shell delta function
V()= (r ro)

Assume that the potential is weak so that perturbation theory can be used. Be sure to write
your answer in terms of the scattering angles.

. Assume that a heavy nucleus attractK o mesons with a weak Yakawa potentiaV (r) = %e r.

Calculate the di erential cross section, g— for scattering high energyK o mesons (massng )
from that nucleus. Give your answer in terms of the scattering antg .
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30 Scattering

This material is covered in Gasiorowicz Chapter 23

Scattering of one object from another is perhaps our best way obbserving and learning about the
microscopic world. Indeed it is the scattering of light from objects and the subsequent detection of
the scattered light with our eyes that gives us the best informationabout the macroscopic world.
We can learn the shapes of objects as well as some color propertigisnply by observing scattered
light.

There is a limit to what we can learn with visible light. In Quantum Mechanic s we know that
we cannot discern details of microscopic systems (like atoms) thatra@ smaller than the wavelength
of the particle we are scattering. Since theminimum wavelength of visible light is about

0.25 microns , we cannot see atoms or anything smaller even with the use of optitanicroscopes.
The physics of atoms, nuclei, subatomic particles, and the fundamaal particles and interactions in
nature must be studied by scattering particles of higher energy tlan the photons of visible light.

Scattering is also something that we are familiar with from our every diy experience. For example,
billiard balls scatter from each other in a predictable way. We can fairly easily calculate how billiard
balls would scatter if the collisions were elastic but with some energy Ias and the possibility of
transfer of energy to spin, the calculation becomes more di cult.

Let us take the macroscopic example oBBs scattering from billiard balls as an example to
study. We will motivate some of the terminology used in scattering maroscopically. Assume we re
a BB at a billiard ball. If we miss the BB does not scatter. If we hit, the BB bounces o the ball

and goes o in a direction di erent from the original direction. Assum e our aim is bad and that the
BB has a uniform probability distribution over the area around the billia rd ball. The area of the
projection of the billiard ball into two dimensions is just R 2 if R is the radius of the billiard ball.

Assume the BB is much smaller so that its radius can be neglected foraw.

We can then say something about the probability for a scattering tooccur if we know the area of
the projection of the billiard ball and number of BBs per unit area that we shot.

N
Nscat = A R?
Where N is the number of BBs we shot,A is the area over which they are spread, anR is the

radius of the billiard ball.

In normal scattering experiments, we have a beam of particles andve know the number of particles
per second. We measure the number of scatters per second so just divide the above equation by
the time period T to get rates.

N . .
Ratescat = AT R 2 = (Incident Flux )(cross section)

The incident ux is the number of particles per unit area per unit time in the beam. This isa
well de ned quantity in quantum mechanics, jJj. The cross section is the projected area of the
billiard ball in this case. It may be more complicated in other cases. Forexample, if we do not
neglect the radiusr of the BB, the cross section for scattering is

= (R+1)%
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Clearly there is more information available from scattering than whether a particle scatters or not.
For example, Rutherford discovered that atomic nucleus by seeing that high energy alpha
particles sometimes backscatter from a foil containing atoms. Theatomic model of the time did not
allow this since the positive charge was spread over a large volume. Waeasure the probability to
scatter into di erent directions. This will also happen in the case of the BB and the billiard ball.
The polar angle of scattering will depend on the \impact parameter" of the incoming BB. We can
measure the scattering into some small solid angld . The part of the cross section that scatters
into that solid angle can be called thedi erential cross section g— The integral over solid angle
will give us back the total cross section.

The idea of cross sections and incident uxes translates well to thejuantum mechanics we are using.
If the incoming beam is a plane wave , that is a beam of particles of de nite momentum or wave
number, we can describe it simply in terms of the number or particles pr unit area per second, the
incident ux. The scattered particle is also a plane wave going in the direction de ned by d.
What is left is the interaction between the target particle and the beam particle which causes the
transition from the initial plane wave state to the nal plane wave st ate.

We have already studied one approximation method for scattering alled a partial wave analysis (See
section 15.6) . It is good for scattering potentials of limited range anl for low energy scattering.
It divides the incoming plane wave in to partial waves with de nite angular momentum. The high
angular momentum components of the wave will not scatter (much)oecause they are at large distance
from the scattering potential where that potential is very small. We may then deal with just the
rst few terms (or even just the * = 0 term) in the expansion. We showed that the incoming partial
wave and the outgoing wave can di er only by a phase shift for elasticscattering. If we calculate
this phase shift -, we can then determine the di erential scattering cross section.

Let's review some of the equations. A plane wave can be decompositio a sum of spherical waves
with de nite angular momenta which goes to a simple sum of incoming andutgoing spherical waves
at larger.

. . X p___ X p___ e o
o =g =0 P IR (k)Y ! YT —2'i e !tk =2 k=2
o o ikr
A potential causing elastic scattering will modify the phases of the atgoing spherical waves.

lim = X p4 (2‘+1)i‘i e ike =2 Q2 (Kdkr "=2)
ril ‘ 2ikr 0

We can compute the di erential cross section for elastic scatterim.
X 2
2" +1)€e M sin( - (k)P (cos )

. ) .2
i itC )i

X
= @ +1)€ ®sin( ~(k)P:(cos )=  f(; )

—

)

o —
1

k

Yo
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As an example, this has been used to compute the cross section fecattering from a spherical
potential well (See section 15.7) assuming only the = 0 phase shift was signi cant. By matching
the boundary conditions at the boundary of the spherical well, we @termined the phase shift.

C _ kcoska)sin(k) k%cosk‘a)sin(ka)
tan ¢ = _- = - -
B  ksin(ka)sin(k%%) + k°cosk®) cos(ka)
The di erential cross section is
d , sif(o)
d - k2

which will have zeros if
k°cot(k%) = k cot(ka):

R

We can compute the total scattering cross section using the relabn d P-(cos )P9cos ) =
4 “
r+1 O

Z

_ PN
ot = d jf(; )j

Z # X0 #

X
d % (2 +1)e ®sin( (k)P (cos ) % 2%+ 1)e ' °® sin( 9(k))PYcos )

4 X . )
= @ @+Dsin( (k)

It is interesting that we can relate the total cross section to the sattering amplitude at = 0, for
which P- (1) = 1.

1 X )
f((=0;) = o @+1e Wsin(-(k)
1 X
(=05 )] = @ +Dsin?( (k)
w = M =0; )]

The total cross section is related to the imaginary part of the forward elastic scattering amplitude.
This seemingly strange relation is known as theDptical Theorem . It can be understood in terms
of removal of ux from the incoming plane wave. Remember we have & incoming plane wave plus
scattered spherical waves. The total cross section correspda to removal of ux from the plane wave.
The only way to do this is destructive interference with the scattered waves. Since the plane wave is
at =0itis only the scattered amplitude at = 0 that can interfere. It is therefore reasonable that
a relation like the Optical Theorem is correct, even when elastic and ielastic processes are possible.

We have not treated inelastic scattering. Inelastic scattering can be a complex and interesting
process. It was with high energy inelastic scattering of electronsrém protons that the quark

structure of the proton was \seen". In fact, the electrons appeared to be scattering from essentially
free quarks inside the proton. The proton was broken up into somémes many particles in the

process but the data could be simply analyzed using the scatter elgon. In a phase shift analysis,
inelastic scattering removes ux from the outgoing spherical wave.

) Xp______ 1 ik = 2) (k) Lk = 2)
lim = 4 (20 +1)i i © (k)e? (¢ Yo
.
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Here 0< - < 1, with O represent complete absorption of the partial wave and 1 epresenting purely
elastic scattering. An interesting example of the e ect of absorpion (or inelastic production of

another state) is the black disk . The disk has a de nite radius a and absorbs partial waves for
" < ka. If one works out this problem, one nds that there is an inelastic sattering cross section
of inel = a?. Somewhat surprisingly the total elastic scattering cross sections eas = a?. The

disk absorbs part of the beam and there is also diraction around the sharp edges. That is, the
removal of the outgoing spherical partial waves modi es the planewave to include scattered waves.

For high energies relative to the inverse range of the potential, a pdial wave analysis is not helpful
and it is far better to use perturbation theory. The Born approximation is valid for high energy
and weak potentials. If the potential is weak, only one or two termsin the perturbation series need
be calculated.

If we work in the usual center of mass system, we have a problem witone particle scattering in a
potential. The incoming plane wave can be written as

1 i
(1= pzet
The scattered plane wave is
1
1(F) = p=e™
\Y
We can use Fermi's golden rule to calculate the transition rate to rst order in perturbation theory.

z
2 VER .. -
Rirr = & (Z—)Sflh (V@I i’ (B E)
The delta function expresses energy conservation for elastic sttaring which we are assuming at
this point. If inelastic scattering is to be calculated, the energy of he atomic state changes and
that change should be included in the delta function and the change irthe atomic state should be
included in the matrix element.

The elastic scattering matrix element is

12 z 1
hejvRj ii= g dre M rvmetr= o dre V(R = SV ()
where ™= RK; K;. We notice that this is just proportional to the Fourier Transform of the potential.

Assuming for now non-relativistic nal state particles we calculate
Y4

2 “ vd (k?dke 1 2 h%k?
Rl!f ? WW V(7 2— EI
z
_ 2 1 2
= F(Z )S\Z/ d fkf V(7 hzkf
1

= ——— diks V

YT t kKt V(Y

We now need to convert this transition rate to a cross section. Ourwave functions are normalize
to one particle per unit volume and we should modify that so that there is a ux of one particle
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per square centimeter per second to get a cross section. To doithwe set the volume to beV =
(L cm?)(vie )1 second. The relative velocity is just the momentum divided by the reduced
mass.

1 z
——— d ks V
42h3\i€' t ke V(Y
1
S a 000V0
d 2
a oz U

This is a very useful formula for scattering from a weak potential @ for scattering at high energy
for problems in which the cross section gets small because the Faar Transform of the potential

diminishes for large values ok. It is not good for scattering due to the strong interaction since ¢oss
sections are large and do not typically decrease at high energy. Netthat the matrix elements and
hence the scattering amplitudes calculated in the Born approximatia are real and therefore do not
satisfy the Optical Theorem. This is a shortcoming of the approximdion.

30.1 Scattering from a Screened Coulomb Potential

A standard Born approximation example is Rutherford Scattering, that is, Coulomb scattering of a
particle of chargeZ;ein a screened Coulomb potential (r) = %e =8| The exponential represents
the screening of the nuclear charge by atomic electrons. Without @eening, the total Coulomb
scattering cross section is in nite because the range of the forci in nite.

The potential energy then is

Z21Z,€°
r

V(r)= e ™

We need to calculate its Fourier Transform.
z e
V(Y= Z1Z,6¢ dPre T

Since the potential has spherical symmetry, we can choose to ben the z direction and proceed
with the integral.

A Z1 r=a
V(Y = Z1Z,€’2  r?dr d(cos )e ' 'cos ¢

0 1 '
A . x=1 _

= 2122622 r2dr € I " e ™
. iro T
A

= lezeziz— drel "™ " g™

0
5> 2 h i
212,25 dr e GO g (x D
i
0
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2 " (z+i) T (% I)r#l
e ‘\a e \a
= +
212,¢ i 1y L
a a 0
2 1 1
= iz i L+ .
a a
_ 2 0 Lo
= 717,€° i a—
2 2i
= Z]_Zzezl— T n 2
a2
477,82
Since™= RK; K, we have 2= k?+ k? 2k;k;cos . For elastic scattering, 2=2k?(1 cos).
The di erential cross section is
d 2
_ = - \7
d zzme VO
_ 2 47,7, @ °?
4 2h* L +2k2%(1 cos)
2
_ Z 17,
2“—;5 + p?2(1 cos)
2
_ 717,
N +4E sin? 5

In the last step we have used the non-relativistic formula for energand 1 cos = %sin2 5.

The screened Coulomb potential gives a nite total cross section. It corresponds well with the
experiment Rutherford did in which  particles were scattered from atoms in a foil. If we scatter
from a bare charge where there is no screening, we can take the limit which a!1

212262
4E sin? 5

The total cross section diverges in due to the region around zerocattering angle.

30.2 Scattering from a Hard Sphere

Assume a low energy beam is incident upon a small, hard sphere of radiug. We will assume that
hkro < h so that only the * = 0 partial wave is signi cantly a ected by the sphere. As with the
particle in a box, the boundary condition on a hard surface is that the wavefunction is zero. Outside
the sphere, the potential is zero and the wavefunction solution willhave reached its form for large
r. So we set

e ilkio "=2) 2 (dkio =2 = g iko g2iokgkro =g

2 o(k) = g 2ikro
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o(k)=kro
3— = 13 @ W sin( - (k)Po(cos ) i
g— = ki e o sin(kro) >
d _ sin?(kro)
d k2

For very low energy, kro << 1 and

d ke 0
The total cross section is then =4 r 3 which is 4 times the area of the hard sphere.

d (kro)? _ (2

30.3 Homework Problems

1. Photons from the 3 ! 1s transition are observed coming from the sun. Quantitatively
compare the natural line width to the widths from Doppler broadening and collision broadening
expected for radiation from the sun's surface.

30.4 Sample Test Problems

1. Calculate the di erential cross section, g— for high energy scattering of particles of momentum
p, from a spherical shell delta function

V(= (r ro)

Assume that the potential is weak so that perturbation theory can be used. Be sure to write
your answer in terms of the scattering angles.

2. Assume that a heavy nucleus attractK o mesons with a weak Yakawa potentiaV (r) = %e r.

Calculate the di erential cross section, g— for scattering high energyK, mesons (massng )
from that nucleus. Give your answer in terms of the scattering antg .



426

31 Classical Scalar Fields

The non-relativistic quantum mechanics that we have studied so far developed largely between
1923 and 1925, based on the hypothesis of Plank from the late 19tbentury. It assumes that a
particle has a probability that integrates to one over all space and hat the particles are not created
or destroyed. The theory neither deals with the quantized electromagnetic eld nor with the
relativistic energy equation.

It was not long after the non-relativistic theory was completed that Dirac introduced a relativistic
theory for electrons . By about 1928, relativistic theories, in which the electromagnetic eld was
guantized and the creation and absorption of particles was possiblehad been developed by Dirac.

Quantum Mechanics became ajuantum theory of elds , with the elds for bosons and fermions
treated in a symmetric way , yet behaving quite dierently. In 1940, Pauli proved the spin-
statistics theorem which showed why spin one-half particles should &have like fermions and spin
zero or spin one particles should have the properties of bosons.

Quantum Field Theory  (QFT) was quite successful in describing all detailed experiments inlec-
tromagnetic interactions and many aspects of the weak interactios. Nevertheless, by the 1960s,
when our textbook was written, most particle theorists were doutiful that QFT was suitable for
describing the strong interactions and some aspects of the weak teractions. This all changed
dramatically around 1970 when very successful Gauge Theories of the strong and weak
interactions  were introduced. By now, the physics of the electromagnetic, wdq and strong in-
teractions are well described by Quantum Field (Gauge) Theories tht together from the Standard
Model.

Dirac's relativistic theory of electrons introduced many new ideas scgh as antiparticles and four
component spinors. As we quantize the EM eld, we must treat the popagation of photons rela-
tivistically. Hence we will work toward understanding relativistic QFT.

In this chapter, we will review classical eld theory, learn to write our equations in a covariant way
in four dimensions, and recall aspects of Lagrangian and Hamiltoniarformalisms for use in eld

theory. The emphasis will be on learning how all these things work andn getting practice with

calculations, not on mathematical rigor. While we already have a gooddeal of knowledge about
classical electromagnetism, we will start with simple eld theories to get some practice.

31.1 Simple Mechanical Systems and Fields

This section is areview of mechanical systems largely from the point of view of Lagrangian
dynamics. In particular, we review the equations of a string as an eample of a eld theory in one
dimension.

We start with the Lagrangian of a discrete system  like a single particle.
Lg=T V

Lagrange's equations are
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where the g are the coordinates of the particle. This equation is derivable from he principle of

least action .
Z2

L(g;q)dt=0
Similarly, we can de ne the Hamiltonian
X
H(g:p)= pg L
i

where p; are the momenta conjugate to the coordinatesy .

pi = oL
e
For a continuous system, like astring , the Lagrangian is an integral of a Lagrangian density function.
z
L= Ldx
For example, for a string, " #
L = 1' 2 Y @ ?
2 - @x

where Y is Young's modulus for the material of the string and is the mass density. TheEuler-
Lagrange Equation for a continuous system is also derivable from the principle of least amn
states above. For the string, this would be.
e _a ,e _a a
@x Q@ =@x Ot @@=Qt @

Recall that the Lagrangian is a function of and its space and time derivatives.

0

The Hamiltonian density ~ can be computed from the Lagrangian density and is a function of tle
coordinate and its conjugate momentum.

H=& |

In this example of a string, (x;t) is a simple scalar eld . The string has a displacement at each
point along it which varies as a function of time.

If we apply the Euler-Lagrange equation, we get a di erential equation that the string's
displacement will satisfy.
" H
_ 1 @
L = 5 - Y @x
e _a ,0e _a @ _ 5
@x Q@ =@x Ot @@ =Qt @
& = Y@
Q@@ =@x @x
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L
Q@ =@t -
@
Y——+ +4+0 = 0
@x
.- YO
@x
This is the wave equation for the string . There are easier ways to get to this wave equation, but,

as we move away from simple mechanical systems, a formal way of geeeding will be very helpful.

31.2 Classical Scalar Field in Four Dimensions

Assume we have aeld de ned everywhere in space and time . For simplicity we will start
with a scalar eld (instead of the vector... elds of E&M).
(1)

The property that makes this a true scalar eld is that it is invariant under rotations and
Lorentz boosts

(R = A4t

The Euler-Lagrange equation derived from the principle of least adbn is

_ @x @@-08 @Ot @@=0t @

Note that since there is only one eld, there is only one equation.

Since we are aiming for a description of relativistic quantum mechanicst will bene t us to write our
equations in acovariant way . | think this also simpli es the equations. We will follow the notation
of Sakurai . (The convention does not really matter and one should not get hug up on it.) As
usual the Latin indices like i;j; k::: will run from 1 to 3 and represent the space coordinates. The
Greek indices like ; ; ; ::: will run from 1 to 4. Sakurai would give the spacetime coordinate
vector either as

(X1;X2; X35 Xa) = (X;y; Z;ict)
or as

(Xo; X1;X2;X3) = (;X;Y;2)

and use the former to do real computations.

We will not use the so called covariant and contravariant indices. Insead we will put an i on the
fourth component of a vector which give that component a sign in a dot product.

x x =x2+y?+ 2722 t?

Note we can have all lower indices. As Sakurai points out, there is noeed for the complication of a
metric tensor to raise and lower indices unless general relativity coes into play and the geometry of
space-time is not at. We can assume thel in the fourth component is a calculational convenience,
not an indication of the need for complex numbers in our coordinate gstems. So while we may
have said \farewell to ict" some time in the past, we will use it here beause the notation is less
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complicated. Thei here should never really be used to multiply ani in the complex wave function,
but, everything will work out so that doesn't happen unless we makean algebra mistake.

The spacetime coordinatex is a Lorentz vector transforming under rotations and boosts asdllows.
x°=a x

(Note that we will always sum over repeated indices , Latin or Greek.) The Lorentz transfor-
mation is done with a 4 by 4 matrix with the property that the inverse is the transpose of the
matrix .

al=a

The a; and ays are real while the ay; and aj4 are imaginary in our convention. Thus we may
compute the coordinate using theinverse transformation

X =a X

Vectors transform as we change our reference system by rotag or boosting. Higher rank tensors
also transform with one Lorentz transformation matrix per index on the tensor .

The Lorentz transformation matrix to a coordinate system boosted along the x direction is.

0 ooi !
B O 10 O
a‘%}o 010X
i 00

The i shows up on space-time elements to deal with thé we have put on the time components of
4-vectors. It is interesting to note the similarity between Lorentz boosts and rotations. A rotation
in the xy plane through an angle is implemented with the transformation

0 cos sin 0 01

_ sin cos 0 O0OC.
a =@ 0 0 1 :
0 0 0 1

A boost along the x direction is like a rotation in the xt through an angle of where tanh =
Since we are in Minkowski space where we need a minus sign on the timensponent of dot products,
we need to add ani in this rotation too.

0 COSi 0 O sini 10 cosh 0 O isinh 10 0 0 i 1
_ 0 10 0 _ 0 10 0 _ 0 1 0 O
a‘%)o 01 og‘%)o 01 og‘%)o 01 og
sini 0 0 cod isinh 0 0 cosh [ 00
E ectively, a Lorentz boost is a rotation in which tan i = . We will make essentially no use

of Lorentz transformations becausewe will write our theories in terms of Lorentz scalars
whenever possible. For example, our Lagrangian density should bevariant.

LYx9 = L(x)
The Lagrangians we have seen so far have derivatives with respett the coordinates. The 4-vector
way of writing this will be @;@x. We need to know what the transformation properties of this are.
We can compute this from the transformations and the chain rule.
= a x°

X
@ @ex @_, @
@2 @2 @x @x
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This means that it transforms like a vector . Compare it to our original transformation formula
for x .
x=a x

We may safely assume that all our derivatives with one index transfam as a vector.

With this, lets work on the Euler-Lagrange equation to get it into covariant shape. Remember that
the eld is a Lorentz scalar.

e @ @ _a (C
. @x @@=@y @t @e=@t @
X @ @ , @ @ @ _,
. @ @@=@y @c) @@=@) @
@ _ @ (C
@x @@ =@x% @
This is the Euler-Lagrange equation for a single scalar eld . Each term in this equation is a
Lorentz scalar, if L is a scalar.
Q 4@ __ Q =0
@x @@ =@x) @
Now we want to nd a reasonable Lagrangian for a scalar eld . The Lagrangian depends on
the and its derivatives. It should not depend explicitly on the coordinates X , since that

would violate translation and/or rotation invariance. We also want to come out with a linear wave
equation so that high powers of the eld should not appear. The only Lagrandgan we can choose
(up to unimportant constants) is
L= 1 @@,
2 @x @x
The one constant sets the ratio of the two terms. The overall constant is not important except to
match the TV de nition. Remember that is a function of the coordinates.

2 2

With this Lagrangian, the Euler-Lagrange equation is.

@ @ , .
@x @x
QQ 2 0
@x @x
2 2 =0
This is the known as theKlein-Gordon equation . It is a good relativistic equation for a massive

scalar eld . It was also an early candidate for the relativistic equivalent of the hmdinger equation
for electrons because it basically has theelativistic analog of the energy relation inherent in
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the Schredinger equation. Writing that relation in the order terms appear in the Klein-Gordon
equation above we get (lettingc = 1 brie y).

p?+E2 m2=0

Its worth noting that this equation, unlike the non-relativistic Schr edinger equation, relates the
second spatial derivative of the eld to the second time derivative . (Remember the Schredinger
equation hasi times the rst time derivative as the energy operator.)

So far we have the Lagrangian and wave equation for &ree" scalar eld . There areno sources
of the eld (the equivalent of charges and currents in electromagetism.) Lets assume the source
density is (x ). The source term must be a scalar function so, we add the term to the Lagrangian.

L = } g@ + 22 4
2 @x @x
This adds a term to the wave equation.
2 z =

Any source density can be built up from point sources so it is usefuld understand the eld gen-
erated by a point source  as we do for electromagnetism.

(xt)= (x )= G 3(x)
This is a source of strengthG at the origin. It does not change with time so we expect a static eld.

@

@t °

The Euler-Lagrange equation becomes.
r? 2 =G 3%
We will solve this for the eld from a point source below and get the result

Ge "

(9= 4r

This solution should be familiar to us from the scalar potential for an dectric point charge which
satis es the same equation with =0, r 2 = = Q 3(x%). Thisis a eld that falls o much
faster than % A massive scalar eld falls o exponentially and the larger the mass, the faster
the fall o. (We also get a mathematical result which is useful in severalpplications. This is worked
out another way in the section on hyper ne splitting) r 2% = 4 3(x%):

Now we solve for the scalar eld from a point source by Fourier trangorming the wave equation.
De ne the Fourier transforms to be.

4
1

@),

— 1 3 ik x ~
(%) = 2) Bk &% * <(k)

d3xe iR % (‘X)

(®)

Njw

Njw
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We now take the transform of both sides of the equation.

. r2 2 = G S(X)Z

1 . d3x e ik x-(r 2 2 ) - 1 . d3x e ik G 3(’)()
@)F, @)
13 d3xe iRX(r 2 2 ) - G3
@)7f, @)
13 d3xe iRX( k2 2) - G3
2 )2 2 )2

G

k2 2y~ — .
( ) L

G _ 1
)% (k2+ 2

To deal with the r 2, we have integrated by parts twice assuming that the eld falls o fast enough
at in nity.

We now have theFourier transform of the eld of a point source . If we cantransform back
to position space , we will have the eld. This is a fairly standard type of problem in quant um
mechanics.

Z
1 ; G 1
- d3k iR x
™ 2 )3 @)k 9
Z )
= _G dSkeIk7)e
@) (k2+ 2)
2G z ) z eikr CoS
= (2 )3 k<dk l mdcos k
Z Z1
G k2 ;
= @y @D ek’ ©os kdcos dk
1
— G ‘ k2 1 ikr cos g ! dk
T @) KEr 9 ke .
G z k
_ ik ik
R A
A
G k ikr ikr

dk

T 2y k+igk 1) ¢ ¢
0

This is now of a form for which we can use Cauchy's theorem focontour integrals . The theorem
says that an integral around a closed contour in the complex plane is equal to 2i times
the sum of the residues at the poles enclosed in the contour. Contio Integration is a powerful
technique often used in quantum mechanics.

If the integrand is a function of the complex variable k, a pole is of the form - wherer is called the
residue at the pole. Theintegrand above has two poles ,one atk = i andthe otheratk= i .
The integral we are interested in is just along the real axis so we want the integral along
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the rest of the contour to give zero. That's easy to do since the intgrand goes to zero at in nity on
the real axis and the exponentiajg go to zero either at positive or ngative in nity for the imaginary

part of k. Examine the integral W e¥" dk around a contour in the upper half plane as
shown below.
Imaginary
i} e N
// \\\
// \\\
/ \
ole |, .
/ P X im \
/ \
_ Real Axis
X -im
The pole inside the contour is atk = i . The residue at the pole is
kelkr e " 1,
K+i o i+ 2

The integrand goes to zero exponentially on the semicircle at in nity © only the real axis contributes
to the integral along the contour. The integral along the real axiscan be manipulated to do the
whole problem for us.

K o ke
CEED NS R = R
2
K o e T
kriyk )¢ 9% = 2070
70 2
k ikr k ikr — 1— r
K+iyk 1) ° dk+0 Grijk )¢ 9 = 2ize
K=k
20 2
k° ik r K ikr _ : r
iy e )¢ (M e Ty @k = e
2 . 2
km':_ > e ikordk0+ kz-l: 5 eikl’ dk - |e r
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k = k°
2 K 2
ik ik -
me”dk+ e ;e'dk = ie '
0 0
2 2
k iK k ik .
e 5 € dk e 5 e " dk ie '
0 0
2
k ikr ikr dk = ; r
Wy 2 € e = e
0
This is exactly the integral we wanted to do.
Plug the integral into the Fourier transform we were computing.
2
- G k ik ik
(x) = 2 )zir k2+ 2 e e ™ dk
0
G .
S D
Ge '
=

In this case, it is simple to compute theinteraction Hamiltonian from the interaction Lagrangian
and the potential between two particles . Lets assume we have two particles, each with the same
interaction with the eld.

(x)= (x)= G 3

Now compute the Hamiltonian.

Linn =
@_.
Hinn = —f@l_m Lint =L int =
z
Hine = Hint dSXZ
z Z
w2 3y, — Ge " .3 s, _ G’e '®
H. = d°x; = ——G d°xg = —
int 1 207°X2 ar (%2)d°x2 TR
We see that this is a short-range, attractive potential.
This was proposed by Yukawa as the nuclear force . He predicted a scalar particle with a mass

close to that of the pion before the pion was discovered. His predian of the mass was based on the
range of the nuclear force, on the order of one Fermi. In some see, his prediction is approximately
correct. Pion exchange can explain much of the nuclear force butaks not explain all the details.
Pions and nucleons have since been show to be composite particles lwinternal structure. Other
composites with masses larger than the pion also play a role in the foechetween nucleons.

Pions were also found to come in three charges:*, , and °. This would lead us to develop a
complex scalar eld as done in the text. Its not our goal right now sowe will skip this. Its interesting
to note that the Higgs Boson is also represented by a complex scalagld.
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We have developed a covariantlassical theory for a scalar eld . The Lagrangian density is a
Lorentz scalar function. We have included an interaction term to provide a source for the eld
Now we will attempt to do the same for classical electromagnetism.
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32 Classical Maxwell Fields

32.1 Rationalized Heaviside-Lorentz Units

The Sl units are based on a unit of length of the order of human size originally relad to the
size of the earth, a unit of time approximately equal to the time between heartbeats, and a unit of
mass related to the length unit and the mass of water. None of thes depend on any even nearly
fundamental physical quantities. Therefore many important physical equations end up with extra
(needless) constants in them likec. Even with the three basic units de ned, we could have chosen
the unit of charge correctly to make o and o unnecessary but instead a very arbitrary choice was
made ¢ = 4 10 7 and the Ampere is de ned by the current in parallel wires at one mete
distance from each other that gives a force of 2 10 7 Newtons per meter. The Coulomb is set so
that the Ampere is one Coulomb per second.With these choices SI units make Maxwell's
equations and our led theory look very messy.

Physicists have more often usedCGS units in which the unit of charge and de nition of the eld
units are set so that ¢ = 1 and ¢ = 1 so they need not show up in the equations. The CGS
units are not perfect, however, and we will want to change them sliptly to make our theory of the
Maxwell Field simple. The mistake made in de ning CGS units was in removirg the 4 that show
up in Coulombs law. Coulombs law is not fundamental and the 4 belonged there.

We will correct this little mistake and move to Rationalized Heaviside-Lorentz Units by making
a minor modi cation to the unit of charge and the units of elds. With t his modi cation, our eld
theory will have few constants to carry around. As the name of tre system of units suggests, the
problem with CGS has been with . We don't need to change the centimeter, gram or second to x
the problem.

In Rationalized Heaviside-Lorentz units we decrease the eld strength by a factor ofp 4 and
increase the charges by the same factor, leaving the force unchged.

E
E | p—
4
B
B | p—
4
A
A | p—
IO4
e ! e 4
¢, € 1
" hc¢ 4 hc 137

Its not a very big change but it would have been nice if Maxwell had stated with this set of units.
Of course the value of cannot change, but, the formula for it does because we have reaed the
chargee.

Maxwell's Equations  in CGS units are
~ B
, 1@B
c @t

1
o

r E
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- E
1@E
c @t

4
4 g~
e
The Lorentz Force is

F= eE+ :—év B):

When we change toRationalized Heaviside-Lorentz units , the equations become
 B=0
- e+ 1@y
c @t
- E=
l1@E_ 1
F B _@ = _]"'
c@t c
F= eEH+ i B)

That is, the equations remain the same except the factors of 4in front of the source terms disappeatr.
Of course, it would still be convenient to setc = 1 since this has been confusing us about 4D geometry
and c is the last unnecessary constant in Maxwell's equations. For our caldations, we can setc =1
any time we want unless we need answers in centimeters.

32.2 The Electromagnetic Field Tensor

The transformation of electric and magnetic elds under a Lorentz boost we established even before
Einstein developed the theory of relativity. We know that E- elds can transform into B- elds and
vice versa. For example, a point charge at rest gives an Electric eld If we boost to a frame in which
the charge is moving, there is an Electric and a Magnetic eld. This meas that the E- eld cannot
be a Lorentz vector. We need to put the Electric and Magnetic elds together into one (tensor)
object to properly handle Lorentz transformations and to write our equations in a covariant way.

The simplest way and the correct way to do this is to make the Electricand Magnetic elds com-
ponents of arank 2 (antisymmetric) tensor

O o B, By IiEx"
B B, 0 By IiE,
F _%By By O iEZ2

The elds can simply be written in terms of the vector potential , (which is a Lorentz vector)
A =(AKi).

_ @A @A
~@x _ @x
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Note that this is automatically antisymmetric under the interchange of the indices. As before, the

rst two (sourceless) Maxwell equations are automatically satis ed for elds derived from
a vector potential. We may write the other two Maxwell equations in terms of the 4-vector
j =(Tic ).

@F _j

@x c

Which is why the T-shirt given to every MIT freshman when they take Electricity and Magnetism
should say

\... and God said g2 2~ %—ﬁ = L_ and there was light.”

Of course he or she hadn't yet quantized the theory in that statenent.

For some peace of mind, letserify a few terms in the equations . Clearly all the diagonal terms
in the eld tensor are zero by antisymmetry. Lets take some examge o -diagonal terms in the eld
tensor, checking the (old) de nition of the elds in terms of the pot ential.

B = ¢ A
- 1@X
E = T ‘ot
= @ @: r~ =
Fio = @x @x (r K);=Bg;
= @ @: r~ =
Fiz = @x @x (F A)y By
= @A @A_1@A @)_ . 1@A @ _ @ ,1eA _
4 @ @x ic @t @x c @t @x @x c @t '

Lets alsocheck what the Maxwell equation says for the last row in the tensor.

@F _ |
@x
@&
@x

@iE;)
@x
Q@F
@x
r E

IS

o|5'°|

We will not bother to check the Lorentz transformation of the eld s here. lIts right.
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32.3 The Lagrangian for Electromagnetic Fields

There are not many ways to make ascalar Lagrangian from the eld tensor . We already know
that )

@F _ 1

@x c

and we need to make our Lagrangian out of the elds, not just the arrent. Again, x cannot

appear explicity  because that violates symmetries of nature. Also we want a linear agation and

so higher powers of the eld should not occur. A term of the formmA A is a mass term and would
1

cause elds to fall o faster than :. So, the only reasonable choice is

F F =2(B* E?:

One might consider
e FF =B E

but that is a pseudo-scalar, not a scalar. That is, it changes sign uder a parity transformation.
The EM interaction is known to conserve parity so this is not a real ogion. As with the scalar eld,
we need toadd an interaction with a source term . Of course, we know electromagnetism well,
so nding the right Lagrangian is not really guess work. The source 6the eld is the vector j , so
the simple scalar we can write isj A .

The Lagrangian for Classical Electricity and Magnetism we will try is.
1 1
L = F F +3 A
EM yl CJ

In working with this Lagrangian, we will treat each component of A as an independent eld

The next step is to check what the Euler-Lagrange equation gives &

g @ @ = 0
@x @@A=@Xx) @A
_ 1 1. 1 @A @A @A Q@A 1.
L= ZFF+EJA_Z@X @x @x @x roA
@ _ 1@ @A @A @A @A
@@A=@x) 4@@A=@x) @x @x @x @x
_ 1 @ 2@A @A 2@A @A
T 4@@A=@x) “@x @x ~@x @x
_ 1, @A @A
T4 @x @x
= F =F
@ Q _
@x @A
@ i
_@F = J_
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Note that, since we have four independent components oA as independent elds, we have four
equations; or one 4-vector equation. TheEuler-Lagrange equation gets us back Maxwell's
equation with this choice of the Lagrangian. This clearly justi es the choice of L.

It is important to emphasize that we have a Lagrangian based, forml classical eld theory for
electricity and magnetism which hasthe four components of the 4-vector potential as the
independent elds. We could not treat each component ofF  as independent since they are
clearly correlated. We could have tried using the six independent comonents of the antisymmetric
tensor but it would not have given the right answer. Using the 4-vetor potentials as the elds does
give the right answer. Electricity and Magnetism is a theory of a 4-vector eld A .

We can also calculate thefree eld Hamiltonian density , that is, the Hamiltonian density in
regions with no source term. We use the standard de nition of the Hamiltonian in terms of the
Lagrangian.

Ho @ @A | _ @ @A
Q@A=@dt @dt Q@A=@x) @
We just calculated above that
e .
Q@A=@Xx)
which we can use to get
e .
@@A=@Y) !
@A
H = (F4 )— L
(F 4) @x
_ @A 1
= F “@% + ZF F
_ @A 1
H=F “Ox + ZrF F

We will use this once we have written the radiation eld in a convenient form. In the meantime, we
can check what this gives us in general in a region with no sources.

1 > 2
= Z(E2+BY)+ Ei—
2( ) '@x
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If we integrate the last term by parts, (and the elds fall to z ero at in nity), then that term containsa f E
which is zero with no sources in the region. We can therefore dop it and are left with

1 5 >
H=Z= + :
S(E”+ BY):

This is the resblt we expected, the energy density and an EM dd. (Remember the elds have been decreased
by a factor of 4 compared to CGS units.)

We will study the interaction between electrons and the electromagetic eld with the Dirac equation.
Until then, the Hamiltonian used for non-relativistic quantum mechanics will be su cient. We have
derived the Lorentz force law from that Hamiltonian.

1 e 2
H=_"— p+ -&A + eA
Zmﬁ c 0

32.4 Gauge Invariance can Simplify Equations

We have already studied many aspects of gauge invariance (See 8en 20.3). in electromagnetism
and the corresponding invariance under a phase transformation irQuantum Mechanics. One point
to note is that, with our choice to \treat each component of A as an independent eld", we are
making a theory for the vector eld A with a gauge symmetry , not really a theory for the
eld F

Recall that the gauge symmetry of Electricity and Magnetism and the phase symmetry of electron
wavefunctions are really one and the same. Neither the phase of ¢hwavefunction nor the vector
potential are directly observable, but the symmetry is.

We will not go over the consequences of gauge invariance again hetmut, we do want to use gauge
invariance to simplify our equations.

Maxwell's equation is

@F _j
@x c
@ @A @A _j_
@x @x @x ¢
@@A @A _j
@x @x @R ¢

@A @ @A _ |

@% @x @x c

We can simplify this basic equation by setting the gauge according tote Lorentz condition

@A _
@x °
The gauge transformation needed is
Al A + g
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@A
2 = ==
@x gq

The Maxwell equation with the Lorentz condition now reads

2A = J—:
c

There is still substantial gauge freedom possible. The second derivative of is set by the

Lorentz condition but there is still freedom in the rst derivative wh ich will modify A. Gauge

transformations can be made as shown below.

which simpli es our equation.

This transformation will not disturb the Lorentz condition
We will use a further gauge condition in the next chapter to work with transverse elds.
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33 Quantum Theory of Radiation

33.1 Transverse and Longitudinal Fields

In non-relativistic Quantum Mechanics, the static Electric eld is rep resented by a scalar potential,
magnetic elds by the vector potential, and the radiation eld also th rough the vector potential.
It will be convenient to keep this separation between the large staic atomic Electric eld and the
radiation elds, however, the equations we have contain the fourvector A with all the elds mixed.
When we quantize the eld, all E and B elds as well as electromagneticwaves will be made up of
photons. It is useful to be able toseparate the E elds due to xed charges from the EM
radiation from moving charges . This separation is not Lorentz invariant, but it is still useful.

Enrico Fermi showed, in 1930, thatA together with Ay give rise to Coulomb interactions between
particles, whereasA-, gives rise to the EM radiation from moving charges. With this separaton, we
can maintain the form of our non-relativistic Hamiltonian,

X 1 e 2 X ee
H= = “Ro (%) + "
j 2m; Poc 2 (%)

4 % % rad

i>j

where Hyq is purely the Hamiltonian of the radiation (containing only A»), and A, is the part
of the vector potential which satises © A, = 0. Note that A, and A, appear nowhere in the
Hamiltonian. Instead, we have the Coulomb potential. This separation allows us to continue with
our standard Hydrogen solution and just add radiation. We will not derive this result.

In a region in which there are no source terms ,
j =0
we canmake a gauge transformation which eliminates Ap by choosing such that

1@ _
c @t

Since the fourth component ofA is now eliminated, the Lorentz condition now implies that

Ao:

r A=0:

Again, making one component of a 4-vector zero is not a Lorentz irariant way of working. We have
to redo the gauge transformation if we move to another frame.

If j 6 0, then we cannot eliminate Ag, since2Ag = 'F" and we are only allowed to make gauge
transformations for which 2 = 0. In this case we must separate the vector potential into the
transverse and longitudinal parts, with
A Ao + Ay
- A, 0
Ak = 0

=
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We will now study the radiation eld in a region with no sources so that © A = 0. We will use the
equations

A
1@x
c @t

Q|+~
Y 0 «

33.2 Fourier Decomposition of Radiation Oscillators

Our goal is to write the Hamiltonian for the radiation eld in terms of a s um of harmonic oscillator
Hamiltonians. The rst step is to write the radiation eld in as simple a wa y as possible, as a sum
of harmonic components. We will work in a cubic volumeV = L2 and apply periodic boundary
conditions on our electromagnetic waves. We also assume for now that there@no sources inside
the region so that we can make a gauge transformation to maké\o = 0 and hencerr A =0. We

decompose the eld into its Fourier components att=0
1 X X . .
A(x;t=0)= P N g (t=0)e¥*+ ¢, (t=0)e **
kK =1

where 4 ) are real unit vectors, and ¢ is the coe cient of the wave with wave vector K and
polarization vector A ). Once the wave vector is chosen, the two polarization vectors musbe
picked so that XV, A? and kK form a right handed orthogonal system . The components of
the wave vector must satisfy
(= 20
L
due to the periodic boundary conditions. The factor out front is sd to normalize the states nicely

since Z
3yniR x4 iRO%x _
v d°xe'* *e = Rko

and
AD) ACY = o

We know the time dependence of the waves  from Maxwell's equation,
o ()= o (0)e ™
where! = kc. We can now write the vector potential as a function of position and time

X X . .
A(xt) = plv AC) Ce (t)elkx + ¢ (t)e iR %
k =1

We may write this solution in several di erent ways, and use the bestone for the calculation being
performed. One nice way to write this is in terms 4-vectork , the wave number,

|
k = :(kx;ky;kz;ik):(kx;ky;kz;ié)

=|©
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so that
kx =k x=kK % It

We can then write the radiation eld in a more covariant way.

1 X X . )
A(xt) = p— N g (0" X + g (0)e M
Vi = ’
A convenient shorthand for calculations is possible by noticing that he second term is just the
complex conjugate of the rst.

1 X X2 .
A(xt) = p— N g (0)R X+ cic:
Vie a

1 X X )
A(xt) = p— N g (0)ek * + cc
Vi a

Note again that we have made this a transverse eld by constructim. The unit vectors N ) are
transverse to the direction of propagation. Also note that we areworking in a gauge with A4 =0,
so this can also represent the 4-vector form of the potential. The~ourier decomposition of the
radiation eld  can be written very simply.

1 X X )
A = p— (g (0)ek * + cc:
Vi 2

This choice of gauge makes switching between 4-vector and 3-vectexpressions for the potential
trivial.

Let's verify that this decomposition of the radiation eld satis es the Maxwell equation
just for some practice. Its most convenient to use the covarianform of the equation and eld.
2A :|O
1 X X . ' 1 X '
2 p— (g 0 * +cc: = p— ge (026X * + cc:
Vg a Vi =
1 X .
= p— o (0)( k k )k X +cci=0
Vie 2
The result is zero sincek k = k? k?=0.
Let's also verify that 7~ A =0.
!
1 X X . 1 X .
Fop—= Ng. ()e¥*+cci = p—= a (O FeR*+ ¢
Vi a Vik =
1 X )
= P= e (N ke X+ cie:=0
Vie 2

The result here is zero becausel” &k =0.
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33.3 The Hamiltonian for the Radiation Field

We now wish to compute the Hamiltonian in terms of the coe cients G (t). This is an
important calculation because we willuse the Hamiltonian formalism to do the quantization

of the eld . We will do the calculation using the covariant notation (while Sakurai outlines an
alternate calculation using 3-vectors). We have already calculatedhe Hamiltonian density for

a classical EM eld

@A 1
H=F. .22+ 2F F
‘@x 4

L . @h @A @A,1 @A @A @A @A

@x @x @% 4 @x @x @x @x
L . O@AQA 1 @QAGA Q@AQA
@x @x 2 @x @x @x @x

Now lets compute the basic element of the above formula for our decomposed radiation eld.
X , .
A = plv () Ck: (0)elk X 4 Ce. (O)e ik x
kK =1
X X _ _
@A _ oL O . Ok )& * + 6, (O ik Je * X
@x Vi =
@ _ 1 X () ik x ik x
ax |pv k o (0)€ ¢. (0)e
k =1
@A 1 X X " N
—— =  p= — G (0" * ¢, (0)e **
@x V., 4 ¢

We have all the elements to nish the calculation of the Hamiltonian. Before pulling this all together
in a brute force way, its good to realize thatalmost all the terms will give zero . We see that
the derivative of A is proportional to a 4-vector, sayk and to a polarization vector, say ). The
dot products of the 4-vectors, eitherk with itself or k with are zero. Going back to our expression
for the Hamiltonian density, we can eliminate some terms.

@A@A , 1 @A@A @AQA

H = @% @ 2 @x @x @x @x
- @A@A 1
Ho= Gy @x+2(0 0)
H = @@
@% @x%

The remaining term has a dot product between polarization vectorswhich will be nonzero if the
polarization vectors are the same. (Note that this simpli cation is possible because we have assumed
no sources in the region.)
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The total Hamiltonian we are aiming at, is the integral of the Hamiltonia n density.
Z
H= d®H

When we integrate over the volume only products likeek * e k X will give a nonzero result. So
when we multiply one sum overk by another, only the terms with the samek will contribute to the
integral, basically because the waves with di erent wave number areorthogonal.

z
i i 0
v d3xelkxe|kx = o
Z
H = d*xH
H = @A@A
@x @x%
@A 1 X X2 ) - 1 i«
— = — . (0)=e* X . (0)=e * X
o in IRRCHCH 6 (0)7
@A @A
H = dBx=——=—
@x% @x
H = z d‘?’xlx x Ck (0)!_eik X G (0)|_e ik X
Voo, c ; Cc
X X | 2
H = - G (o, (1) ¢, (o (1)
k =1
X X | 2
H = = & (o 0+ 6 (Moo (1)
k =1
X 12
H = < & (o )+ 6 (Mog (O
k;
This is the result we will use to quantize the eld . We have been carefuhot to commute ¢

and c here in anticipation of the fact that they do not commute.

It should not be a surprise that the terms that made up the Lagrangian gave a zero contribution
becauselL = %(E2 B?) and we know that E and B have the same magnitude in a radiation eld.

(There is one wrinkle we have glossed over; terms witk®=  R.)

33.4 Canonical Coordinates and Momenta

We now have the Hamiltonian for the radiation eld

H=" =7 o Mo 0+ g Mo
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It was with the Hamiltonian that we rst quantized the non-relativ istic motion of parti-
cles. The position and momentum became operators which did not commut e. Lets de ne
Cc to be the time dependent Fourier coe cient.

€&, = Cx;
We can then simplify our notation a bit
X 1 2
H= < C; G *+ G G
k;
This now clearly looks like the Hamiltonian for a collection of uncou pled oscillators ; one

oscillator for each wave vector and polarization.

We wish to write the Hamiltonian in terms of a coordinate for each oscilldor and the conjugate
momenta. The coordinate should be real so it can be represented/ta Hermitian operator and have
a physical meaning. The simplest choice for a real coordinates s+ ¢ . With a little e ort we can
identify the coordinate

1
Q = E(Ck + G )

and its conjugate momentum  for each oscillator,

il
P, = ?(Ck G )
The Hamiltonian can be written in terms of these
1 X
H = 5 Pc +17°Qg
K;
1 X 12 12
= E E (Ck; Ck; )2+ E (Ck; + Ck; )2
k;
1X 1 2
= E E (Ck; Ck; )2+(Ck; +Ck; )2
K;
1X 1 2
= 3 T 20 G *O G
k;
X 1 2
= E G G + G Ck

=

This veri es that this choice gives the right Hamiltonian. We should also check that this choice of
coordinates and momenta satisfy Hamilton's equations to identify them as the canonical
coordinates. The rst equation is

@H
e - ™
12Qq = %(Qk; S )
%(Ck; te, ) = %( e,  iley )
2 K
?(Ck; + Ck; ) - ?(Ck + Ck; )



449

This one checks out OK.

The other equation of Hamilton is
@H _
@r Qx;
1
Po = (& *&)
L ) = Zilek +iley )
c Ck; C; S ‘Ck
il il
?(Ck; G ) = ?(Ck; G )
This also checks out, sove have identi ed the canonical coordinates and momenta of our
oscillators.

We have a collection of uncoupled oscillators with identi ed canonical ®ordinate and momentum.
The next step is to quantize the oscillators.

33.5 Quantization of the Oscillators

To summarize the result of the calculations of the last section we haw the Hamiltonian for the
radiation eld

X 1 2
H = ~ G G TG G
1
Qr = (o + G, )
Il
Pe. = ?(Ck k. )
H = P2 +12Q%

1
2k;

Soon after the development of non-relativistic quantum mechanicsDirac proposed that the canonical
variables of the radiation oscillators be treated likep and x in the quantum mechanics we know. The
place to start is with the commutators. The coordinate and its corresponding momentum

do not commute.  For example Jpk; X] = *l‘— Coordinates and momenta that do not correspond, do
commute. For example py;x] = 0. Di erent coordinates commute with each other as do di erent
momenta. We will impose the same rules here.

[Qk: ;Pxo: o] = 1h ko 0
[Qk; ; Qko; 0] = 0
[Pk; ; Pko; 0] = 0

By now we know that if the Q and P do not commute, neither do thec and ¢ so we should continue
to avoid commuting them.
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Since we are dealing with harmonic oscillators, we want to nd the analg of the raising and
lowering operators . We developed the raising and lowering operators by trying to write he
Hamiltonian as H = AYAh! . Following the same idea, we get

91:(|Q kK, t iPk; )

a;

2h!
1 .
a)I:; = pZ—WOQ k; |Pk; )
1 , .
a ac = 5(Qik P )(IQk +iPg)
1 . .
= 5 (%QF +PE +iQ P P Q)
1 . _ h
= m(! 2Qf + P2 +ilQy Py il (Q Pr + i_))
1
= s 2Q2 + P2 h)
1 1
4 ac *3 = Fr*Q +PC)
y 1 | - 1 1 202 2 —
& At 5 ht = E(. Qv +P¢c )=H
1
= Y Lo+ = |
H & a; 5 h!
This is just the same as the Hamiltonian that we had for the one dimensional ha rmonic

oscillator . We therefore have the raising and lowering operators, as long asy ;a{; ]=1, as we
had for the 1D harmonic oscillator.

hak; ay. | = [%(!Q e+ Pk );%(!Q Kk 1Pk )l
= %{!Qk; +iPe 11Q K iPk ]
= o 1[Qc P 1+ Py 1Qx )
= %(h! +ht)
=1

So these are de nitely the raising and lowering operators. Of cours the commutator would be zero
if the operators were not for the same oscillator.

[ak; ;aio; o]= kk 0 0

(Note that all of our commutators are assumed to be taken at eqal time.) The Hamiltonian is
written in terms a and & in the same way as for the 1D harmonic oscillator. Therefore, eveithing
we know about the raising and lowering operators (See section 10.3gpplies here, including the
commutator with the Hamiltonian, the raising and lowering of energy egenstates, and even the
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. A o PR .
a jn i = TN jne i
a{; jl’lk; i = Ny +1 jnk; +1i
The ny

can only take oninteger values

as with the harmonic oscillator we know.
As with the 1D harmonic oscillator, we also can de ne thenumber operator

H

1 1
a{; a. + - h! = Nk; + =

h!
2
Nk; a{; ay:

The last step is to compute
coe cients

the raising and lowering operators in terms of the or
a;

1 .
= pﬁ('Q k +iPk )
1
Qk; = E(Ck + Ck; )
P

il
- ?(Ck Ck; )
il
= p—( 3 o) i
po—cl(o * G )+ (o
it

> C(Ck; + G, t 0

& )
& )

r

¢ )
!

W(ch; )

"o

ch;

hc?
o

Similarly we can compute that

r
hc? y
o

%

operators .

Since we now have the coe cients in our decomposition of the
the raising or lowering operator, it is clear that these coe cients have themselves become

eld eqal to a constant times

iginal
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33.6 Photon States

It is now obvious that the integer ny. is the number of photons in the volume with wave

number K and polarization X ). It is called the occupation number  for the state designated by
wave numberk and polarization X ). We can represent the state of the entire volume by giving the
number of photons of each type (and some phases). The state et@r for the volume is given by the

direct product of the states for each type of photon.

R OO Py IEEEX IS I I RN PSR e

The ground state for a particular oscillator cannot be lowered. Thestate in which all the oscillators
are in the ground state is called the vacuum state and can be written simply asj0i. We can
generate any state we want by applying raising operators to the vauum state.

. Y (g )M
INky: i NKg: Lo N il = — jOi

i Nk;; ¢

The factorial on the bottom cancels all the P n +1 we get from the raising operators.

Any multi-photon state we construct is automatically symmetric under the interchange of
pairs of photons . For example if we want to raise two photons out of the vacuum, we pply two
raising operators. Since :{1{; ;a{o; o] = 0, interchanging the photons gives the same state.

ay. . oj0i = &, oay jOi

So the fact that the creation operators commute dictates that photon states are symmetric
under interchange

33.7 Fermion Operators

At this point, we can hypothesize that the operators that create fermion states do not com-

mute . In fact, if we assume that the operators creating fermion states anti-commute (as do
the Pauli matrices), then we can show that fermion states are arisymmetric under interchange. As-
sumeb’ and by are the creation and annihilation operators for fermions and that they anti-commute.

foy;0/og=0

The states are then antisymmetric under interchange of pairs of fermions.

BYR/oj0i = BolYjOi

Its not hard to show that the occupation number for fermion states is either zero or one
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33.8 Quantized Radiation Field

The Fourier coe cients of the expansion of the classical radiation eld should now bereplaced by
operators .

r

| hc?
C; r 2—|ak
hc?
G ! > %
X 'tz
A= ops D ag A (e
) .

A is now an operator that acts on state vectors in occupation numbe space. The operator is
parameterized in terms ofx and t. This type of operator is called a eld operator  or a quantized
eld .

The Hamiltonian operator can also be written in terms of the creationand annihilation operators.

X 2

|
H = T & G *G &

X =

] zhCZh y y i
) T I

For our purposes, we may remove the (in nite) constant energy die to the ground state energy of
all the oscillators. It is simply the energy of the vacuum which we may @ ne as zero. Note that the
eld uctuations that cause this energy density, also cause the spntaneous decay of excited states
of atoms. One thing that must be done is tocut o the sum at some maximum value ofk. We
do not expect electricity and magnetism to be completely valid up to in nite energy. Certainly by
the gravitational or grand uni ed energy scale there must be impotant corrections to our formulas.
The energy density of the vacuum is hard to de ne but plays an important role in cosmology.
At this time, physicists have di culty explaining how small the energy d ensity in the vacuum is.
Until recent experiments showed otherwise, most physicists thoght it was actually zero due to some
unknown symmetry. In any case we are not ready to consider this blem.

X
H=  hIN
k;

With this subtraction, the energy of the vacuum state has been dened to be zero.

H joi =0
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The total momentum in the (transverse) radiation eld can also be computed (from the classical
formula for the Poynting vector).

P =

ol
N

S_X 1
E Bdx=  hk Ng +3
k;

This time the % can really be dropped since the sum is over positive and negativi, so it sums to
zero. X
P = hk Nk;

We can compute the energy and momentum of a single photon stateyboperating on that state with
the Hamiltonian and with the total momentum operator. The state f or a single photon with a given
momentum and polarization can be written asa{; joi.

Hay. j0i = & H+[H;a). ] joi =0+ hlaj. joi = hla}. jOi
The energy of single photon state ish! .
Pa{; joi = a{; P +[P;a{; ] j0i=0+ hka{; joi = hka}j; jOi

The momentum of the single photon state ishk. The mass of the photon can be computed.
E? = p?c®+(mc?)? )
p -
mc? = (h!)2 (hk)2c2=h 12 12=0

So the energy, momentum, and mass of a single photon state are ag& would expect.

The vector potential has been given two transverse polarizationas expected from classical Electricity
and Magnetism. The result is two possible transverse polarization vetors in our quantized eld. The
photon states are also labeled by one of two polarizations, that we dwve so far assumed were linear
polarizations. The polarization vector, and therefore the vectorpotential, transform like a Lorentz
vector. We know that the matrix element of vector operators (See section 29.9) is associated with an
angular momentum of one. When a photon is emitted, selection rules iticate it is carrying away an
angular momentum of one, so we deduce that the photon has spin @n We need not add anything to
our theory though; the vector properties of the eld are already included in our assumptions about
polarization.

Of course we could equally well use circular polarizations which are retad to the linear set we have
been using by

1 .
AC) = p_z(/\(l) |/\(2)):
The polarization ~ ) is associated with them = 1 component of the photon's spin. These are
the transverse mode of the photon,k ~ ) = 0. We have separated the eld into transverse and

longitudinal parts. The longitudinal part is partially responsible for s tatic E and B elds, while the
transverse part makes up radiation. Them = 0 component of the photon is not present in radiation
but is important in understanding static elds.

By assuming the canonical coordinates and momenta in the Hamiltonia have commutators like
those of the position and momentum of a particle, led to an understading that radiation is made
up of spin-1 particles with mass zero. All elds correspond to a paricle of de nite mass and spin.
We now have a pretty good idea how to quantize the eld for any particle.
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33.9 The Time Development of Field Operators

The creation and annihilation operators are related to thetime dependent coe cients in our
Fourier expansion of the radiation eld.
r

‘he2

C; (1) = 2—(,:ak
r _—_
hc?

G, (1) = 2—,31)2

This means that the creation, annihilation, and other operators ate time dependent operators as
we have studied the Heisenberg representation (See section 11.6) In particular, we derived the
canonical equation for the time dependence of an operator.

d [
GB0 = pHBO
[ i .
ac = plHia (01= o( hhac 0= iag ()
[ .
a, = H[H;a{; (O] =itay. (1)
So the operators have thesame time dependence as did the coe cients in the Fourier expan-
sion.
a; (1) = a; (0)e a
a (0 = a "

We can now write the quantized radiation eld in terms of the operators at t = 0.

r—
1 X hc2 . .
A = pv 2_(: () a (O)elk X 4 ai; (O)e ik x
‘ !
Again, the 4-vector x is a parameter of this eld , not the location of a photon. The eld

operator is Hermitian and the eld itself is real.

33.10 Uncertainty Relations and RMS Field Fluctuations

Since the elds are a sum of creation and annihilation operators, thg do not commute with the
occupation number operators

Nk; = az; ak; .
Observables corresponding to operators which do not commute lva an uncertainty principle between
them. So wecan't x the number of photons and know the elds exactly. Fluctuations in

the eld take place even in the vacuum state, where we know there @ no photons.
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Of course the average value of the Electric or Magnetic eld vectoris zero by symmetry. To get an
idea about the size of eld uctuations, we should look at the mean square value of the eld ,
for examplein the vacuum state . We compute lOjJE Ej0i.

. 1ox
E = ‘et
r
1 X he K x4 oAy ik x
A = F’v o a; (0)e +a. (0)e
} !
r
X 2 ) .
A = {3% r;_c|:/\( ) A (O)elk X 4 ai; (O)e ik x
5 !
r__
X 2 ) .
E = i% ];7 g_(':/\( ) la | (0)e|k X 4 !ai; (O)e ik x
i} !
RS . .
E = pv 7/\( ) a (O)G'k X ai; O)e ik x
k
_ R o o
Ejoi = P 7"() al. e * X joi
k
1 X h
ME Ejoi = = —1
) JOI vV, 2
. 1 X
IE Ejoi = v ht 11

(Notice that we are basically taking the absolute square of EjOi and that the orthogonality of
the states collapses the result down to a single sum.)

The calculation is illustrative even though the answer is in nite. Basically, a term proportional to
aa¥ rst creates one photon then absorbs it giving a nonzero contribution for every oscillator
mode. The terms sum to in nity but really its the in nitesimally short wa velengths that cause this.
Again, some cut o in the maximum energy would make sense.

The e ect of these eld uctuations on particles is mitigated by quantum mechanics. In
reality, any quantum particle will be spread out over a nite volume and its the average eld over
the volume that might cause the particle to experience a force. So & could average the Electric
eld over a volume, then take the mean square of the average. If & average over a cubic volume
V = I3, then we nd that
. . c
JE EjOi 7:
Thus if we can probe short distances, the e ective size of the uctiations increases.

Even the E and B elds do not commute . It can be shown that

q
[Ex(x);By(x] = ich (ds= (x x9 (x x9)

There is a nonzero commutator of the two spacetime points are carected by a light-like vector. An-
other way to say this is that the commutator is non-zero if the coordinates are simultaneous
This is a reasonable result considering causality.
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To make a narrow beam of light, one must adjust the phases of varioss components of the beam
carefully. Another version of the uncertainty relation is that N 1, wherephi is the phase of
a Fourier component andN is the number of photons.

Of course the Electromagneticwaves of classical physics usually have very large numbers

of photons and the quantum e ects are not apparent. A good condition to idertify the boundary
between classical and quantum behavior is that for the classical E& to be correct the number of
photons per cubic wavelength should be much greater than 1

33.11 Emission and Absorption of Photons by Atoms

The interaction of an electron (See section 29.1) with the quantizedeld is already in the standard
Hamiltonian

1 e_?
H = — p+-A +V(r
>m PTG (r)
e e
i = — + +
Hin (P AR B+ 5 A K
e
= —A + A A
me 7 2mez
For completeness we should add thénteraction with the spin of the electron H= -~ B.
e e eh
. - _ + — o~ o
Hin mc Pt ome® A omc

For an atom with many electrons, we mustsum over all the electrons . The eld is evaluated at
the coordinate x which should be that of the electron.

This interaction Hamiltonian contains operators to create and annihlate photons with transitions
between atomic states. From our previous study of time dependdrperturbation theory (See section
28.1), we know that transitions between initial and nal states are proportional to the matrix
element of the perturbing Hamiltonian between the states,mjHiy jii. The initial state jii
should include adirect product of the atomic state and the photon state . Lets concentrate
on one type of photon for now. We then could write

jii = g i
with a similar expression for the nal state.

We will rst consider the absorption of one photon from the eld . Assume there aren,.
photons of this type in the initial state and that one photon is absorbed. We therefore will need
a term in the interaction Hamiltonian that contains on annihilation oper ator (only). This will just
come from the linear term in A.

. .e . .
mMjHin jii = haing 1 %A :31 i;Ng.
e .1 he? i i . ,
= %h ns Ng. 1]97 TA( ) Ay: (0)e|k X+ a{; (0)e ko x BN |
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|

_ e 1 hc? . ; . .
minEi = Sph Wi, 4N pac @@t ng |
r_—
= % 1V leh I T 'ppWe"‘ “J N i
2
e 1 hn,. o o 4
= gPT g hal O ppie ™

Similarly, for the emission of a photon the matrix element is.

L . e . .
mMjHin jit = hoaing :11 A H N
. ity... e 1 he . i . .
jH ™ jii = ﬁp7 o hoing +1j8) pa. (0)e ™ *j iing i
s
e 1 h(ng +1) o o
= Hpv KTthe iR en( ) | iIel.t

These give the same result as our earlier guess to put am+ 1 in the emission operator (See Section
29.1).

33.12 Review of Radiation of Photons

In the previous section, we derived the same formulas for matrix elments (See Section 29.1) that
we had earlier used to study decays of Hydrogen atom states withamapplied EM eld, that is zero
photons in the initial state

2 )22 o
itn = %Jhnle Krea g ij? (En Ei+ hl)

With the inclusion of the phase space integral over nal states this became
Z

. X )
= M d pjh nje iIREA() Bei iij2

T T2 hZmec
The quantity K * is typically small for atomic transitions

E = pc= hkc Lo

2
r ap = L
mc
kr 1' ch_h = _
2 h mc 2

Note that we have take the full binding energy as the energy di erance between states so almost all
transitions will have kr smaller than this estimate. This makesk * an excellent parameter in which
to expand decay rate formulas.
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The approximation that e '** 1 is a very good one and is called theslectric dipole or E1
approximation . We previously derived the E1 selection rules (See Section 29.5).

= 1
m = 0; 1L
s = 0:
The general E1 decay result depends on photon direction and pola rization . If information
about angular distributions or polarization is needed, it can be pried ait of this formula.
Z
eZ(Ei En) X i
- SN\ =) d ih -ie iR ea( ) : |2
tot > h2m2c3 N nj ) il
z r—2 Z
13X 4 +i +
2sz d ? rsdarn‘ani‘i d Y‘nmn ZY10+ )gpi yY11+ sz
0
Summing over polarization and integrating over photon dire ction , we get a simpler formula

that is quite useful to compute the decay rate from one initial atomic state to one nal atomic state.

41 3

in

?jfni 2

tot =
Here f,; is the matrix element of the coordinate vector between nal and initial states.

For single electron atoms, we carsum over the nal states  with dierent m and get a formula
only requires us to do a radial integral.

2
41 3 H 2 +1
ot = 4o 2 Ryo0oRp 13 dr for 0= |
3c 3T 1

0

The decay rate does not depend on then of the initial state.

33.12.1 Beyond the Electric Dipole Approximation

Some atomic states have no lower energy state that satis es the E selection rules to decay to.
Then, higher order processes must be considered. The next ondterm in the expansion ofe ¥ * =
1 iR ++ :: wil allow other transitions to take place but at lower rates. We will att empt to
understand the selection rules when we include theik + term.

The matrix element is proportional to  ih »j(R #)(*( ) g)j ii which we will split up into two
terms . You might ask why split it. The reason is that we will essentially be computing matrix
elements of at tensor and dotting it into two vectors that do not depend on the atomic state.

R ohojege)j i O
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Putting these two vectors together is like adding to™ = 1 states. We can get total angular momentum
guantum numbers 2, 1, and 0. Each vector has three componentsThe direct product tensor
has 9. Its another case of

3 3=5g 3a 1s:

The tensor we make when we just multiply two vectors together can be reduced into
three irreducible (spherical) tensors . These are the ones for which we can use the Wigner-
Eckart theorem to derive selection rules. Under rotations of the oordinate axes, the rotation matrix
for the 9 component Cartesian tensor will be block diagonal. It can le reduced into three spherical
tensors. Under rotations the 5 component (traceless) symmeic tensor will always rotate into
another 5 component symmetric tensor. The 3 component anti s;mmetric tensor will rotate into
another antisymmetric tensor and the part proportional to the id entity will rotate into the identity.

1 1
R () p)= Sl(K HO P+(k PO ]+ Sl(K A0 9 ® PO )]
The rst term is symmetric and the second anti-symmetric by construction.
The rst term can be rewritten

2Nl A Bk BEO i = 2R bt e i )

2
1 im . oo

= 5K 4 -hajHo #f]) i )
im! AC)

This makes the symmetry clear. Its normal toremove the trace of the tensor : #! ++ %rz.
The term proportional to  gives zero becaus& ~ = 0. The traceless symmetric tensor has 5
components like an” = 2 operator; The anti-symmetric tensor has 3 components; and e trace term
has one. This is the separation of the Cartesian tensor into irreduible spherical tensors. The ve

components of the traceless symmetric tensor can be written as a linear combination
of the Yopn.
Similarly, the second (anti-symmetric) term can be rewritten slightly.

%[(k A gk A Pl=(k ) (¢ P

The atomic state dependent part of this, + P Is an axial vector and therefore has three
components. (Remember and axial vector is the same thing as an #rsymmetric tensor.) So this
is clearly an™ = 1 operator and can beexpanded in terms of the  Yi,. Note that it is actually a

constant times the orbital angular momentum operator C.

So the rst term is reasonably named the Electric Quadrupole term because it depends on
the quadrupole moment of the state. It does not change parity and gives us the selection rule.

j\n \ij 2 \n+ \i

The second term dots the radiation magnetic eld into the angular momentum of the atomic state,
so it is reasonably called themagnetic dipole interaction . The interaction of the electron spin
with the magnetic eld is of the same order and should be included togther with the E2 and M1
terms.

eh

k ANy -~
2mc( )
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Higher order terms can be computed but its not recommended.

Some atomic states, such as th&s state of Hydrogen , cannot decay by any of these terms basically
because the 2s to 1s is a 0 to O transition and there is no way to conse angular momentum and
parity. This state can only decay by the emission of two photons.

While E1 transitions in hydrogen have lifetimes as small as 10° seconds, theE2 and M1 transi-
tions have lifetimes of the order of 10 3 seconds, and the 2s state has a lifetime of about
1 of a second.

33.13 Black Body Radiation Spectrum

We are in a position to fairly easily calculate the spectrum of Black Bodyradiation. Assume there
is a cavity with a radiation eld on the inside and that the eld interacts with the atoms of
the cavity. Assume thermal equilibrium is reached.

Let's take two atomic states that can make transitions to each othe rrA! B+ and
B+ ! A. From statistical mechanics , we have

Ng _ e Ep=kT _ eh!=kT
NA e E a =kT

and for equilibrium  we must have

NB absorb = Na emit
NB _ emit
NA absorb
We havepreviously calculated the emission and absorption rates . We can calculate the ratio

between the emission and absorption rates per atom:

2
(. +1) P Bje ®rA ) gjAi
Ng _ emit _ ' i

N A absorb

P 2
n ~PAjgRnA) giBi

K
where the sum is over atomic electrons. The matrix elements are cledy related.
Bje * A gjAi = PAjg N )R TiBI = PAjeR AN giBi

We have used the fact thatk =0. The two matrix elements are simple complex conjugates
of each other so that when we take the absolute square, they are the same. Thefore, we may
cancel them.

Na  ng
1=n, (T 1)

1
Ng. = Fmd =
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Now suppose thewalls of the cavity are black so that they emit and absorb photons at any
energy. Then the result for the number of photons above is truedr all the radiation modes of the
cavity. The energy in the frequency interval ;v +d!') per unit volume can be calculated

by multiplying the number of photons by the energy per photon times the number of modes in that
frequency interval and dividing by the volume of the cavity.

h L ® .1
U )d = e 12 > 4k dkF
h! 1 % dk
| = - _ 2
uit)=8 gi=kT 1 2 T

8h ! 3 1
Y= — [
uet) c 2 ght=kt 1

d 8 h 3

U()=U)5

d - @& 1

This was the formula Plank used to start the revolution.
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34 Scattering of Photons

In the scattering of photons, for example from an atom, aninitial state photon  with wave-number
R and polarization ~ is absorbed by the atomand a nal state photon  with wave-number k° and
polarization ~° is emitted. The atom may remain in the same state (elastic scatteriny or it may
change to another state (inelastic). Any calculation we will do will usethe matrix element of the
interaction Hamiltonian between initial and nal states

Hi ;RO Vi i RAO

A A

e
Hine = %A(X) Bt S

The scattering process clearly requires terms irHj; that annihilate one photon and create
another . The order does not matter. The %ZA A is the square of the Fourier decomposition of
the radiation eld so it contains terms like a{o; ok and a. a{o; o Which are just what we want.

The =-A pterm has both creation and annihilation operators in it but not produ cts of them.
It changes the number of photons by plus or minus one, not by zer@s required for the scattering
process. Nevertheless this part of the interaction could contribte in second order perturbation
theory, by absorbing one photon in a transition from the initial atomic state to an intermediate
state, then emitting another photon and making a transition to the nal atomic state. While this

is higher order in perturbation theory, it is the same order in the elecromagnetic coupling constant
e, which is what really counts when expanding in powers of . Therefore, we will need toconsider

the %;K A term in rst order and the = A pterm in second order  perturbation theory

to get an order calculation of the matrix element.

Start with the rst order perturbation theory term. All the term s in the sum that do not annihi-
late the initial state photon and create the nal state photon give zero. We will assume that the
wavelength of the photon's is long compared to the size of the atomesthat €% © 1.
r—
X
he? )
|
. 2!
&€ 1 hc
2mec?2 VvV 2' 1o
- Z:szlzphfz—o, () (9 i 1t RO Vjji: RN O
&€ 1 hc o 0
= = () (g it 1Ot
e Epﬁ e 2mijii
L N S NPT
n

A (x)

b ac Q)¢ * +al (O *

%m;kw VA Aji RO

() ( O)m;kol\( 0)j a; a{O; ot a{O; 08k; gl KOx ji;k/\( )i

2mc2V T 1o !

This is the matrix element H; (t). The amplitude to be in the nal state jin; R 9§ is given
by rst order time dependent perturbation theory

Zt

5

D) = e v CHy (t9dt
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7t
1 €& 1 hc 0 0 0
Troo® = fmayPry T e
Lo .
& a
- 2imvaA( ) A @m0
Lo .

Recall that the absolute square of the time integral will turninto 2t (!, + 12 ). We will carry
along the integral for now, since we are not yet ready to square it.

Now we very carefully put the interaction term into the formula for second order time dependent
perturbation theory , again using€¥* 1. Our notation is that the intermediate state of
atom and eld is called  jli = jjjn,. ;n.. o wherej represents the state of the atom and we

may have zero or two photons, as indicated in the diagram.
r

e e 1 X hc? - -
= _— - _ MOAC) ) it y i't
Vs mc mcpvk 2!A Pac e g €
1 Zt Z2
() = e dia Vo (t2)€' 7 12 dtge’ 7V (ty)
%0 0
Zt
X 2
@) _ & 1 hc O () itt ( 9,y it % St
Cn;ko/\( 0)(t) T m2e2h? I VZP!— dizm; K™ (% Ta e PEn 8ico; o€ ) \liet

22
dte! i UH (N ae e M1 4AC O)ai{o; e °t1) i kRO

We can understand this formula as a second order transition fromtate jii to state jni through all
possible intermediate states. The transition from the initial state to the intermediate state takes
place at time t;. The transition from the intermediate state to the nal state tak es place at timets.

The space-time diagram below shows the three terms inc, (t) Time is assumed to run upward in
the diagrams.

Diagram (c) represents theA? term in which one photon is absorbed and one emitted at the same
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point. Diagrams (a) and (b) represent two second order terms. h diagram (a) the initial state

photon is absorbed at timet;, leaving the atom in an intermediate state which may or may not be
the same as the initial (or nal) atomic state. This intermediate stat e has no photons in the eld. In
diagram (b), the atom emits the nal state photon at time t;, leaving the atom in some intermediate
state. The intermediate state jl i includes two photons in the eld for this diagram. At time t, the
atom absorbs the initial state photon.

Looking again at the formula for the second order scattering amplitde, note that we integrate over
the timest; andt; and that t; <t,. For diagram (a), the annihilation operator ax. is active at time
t; and the creation operator is active at timet,. For diagram (b) its just the opposite. The second
order formula above contains four terms as written. TheaYa and aa’ terms are the ones described
by the diagram. The aa and a@¥a¥ terms will clearly give zero. Note that we are just picking the
terms that will survive the calculation, not changing any formulas.

Now, reduce to the two nonzero terms. The operators just give dactor of 1 and make the photon
states work out. If jji is the intermediate atomic state, the second order term reduces to

Zt Y. h
(2) e2 x i(|0+' ')t (0) () i('" ')t
G o) = P T dtp  dty € T Emn D gjing ) it b
S0 o 0 .
|
+ @Cn !)tzmj/\( ) 5 ihjj/\( ) ﬂ-iiei(! O 15 )ty
2 . .
X : (i Dt 2
(2) - e2 i(! 0+!nj Vo pnin0 i ili A s e
Tael) T mentre e € TMT AT A ey
0 " 4 3
NI
+ gCni !)tzmj/\ Hi ihjj"o gii
i(! 0+ !ji)
0
Zt .
X O Dits
(2) = e i1+ oy a0 i A i et 1
Cn;kvo(t) W j dt; e 12 mjre djing i gii D
0 " S0 H#
iCn "2 iAol ihi A0 i ’ Ltz 1
+ €t mj~ gjihjj™ gii ETETIT o 1)

The 1 terms coming from the integration overt; can be dropped. We can anticipate that the
integral over t, will eventually give us a delta function of energy conservation, goingo in nity when
energy is conserved and going to zero when it is not. Thosel terms can never go to in nity and
can therefore be neglected. When the energy conservation is saed, those terms are negligible and
when it is not, the whole thing goes to zero.

Zt
X
(2) = e im0 0 D)t pind giihiiA g 1
I e LA LU e
i(!ni+!0!)t . TRV T
+ € 2mjr gjihj v gii o)
@ € X mi gjinjj~ gii | it gjinj gii

Cn;k°“°(t) - 2ivm2h’ 1O i bi ! PO+ 1
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7t
dtzei(! ni +! 0 )t

We have calculated all the amplitudes. The rst order and second order amplitudes should

be combined

Cn (1)

¢ oot =

n ;ROAO

@ o) =

n ;ROAO
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je(t)j? =

je(t)j? =

, then squared
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_ 4 AN 1 X M it gii it gijin i i
" mh Lii ! 10+ i
]

\VARY et 5
(2c)34v2Zma21 O

d . et © Ao LX M gjihijr gii Mt gjing i g
d (4 )2vm2csr " mh . Vi ! PO+ 1y
Note that the delta function has enforced energy conservation@quiring that ! =1 1, but we

have left ! %in the formula for convenience

The nal step to a di erential cross section is to divide the transition rate by the incident ux
of particles . This is a surprisingly easy step because we are using plane waves dfopons. The

initial state is one particle in the volume  V moving with a velocity of ¢, so the ux is simply
C

v
2
d _ e’ Ao X M gjihijr gii Mt gjing i i
d (4 )2m2ctr " mh . Vi ! PO+ 1
The classical radius of the electron is de ned to be rg = % in our units. We will factor the

square of this out but leave the answer in terms of fundamental costants.

d _ @ C 0 o X mp® gjihjjt gii it pjinj gii
d 4mc 2 P mh L ! I +10
This is called the Kramers-Heisenberg Formula . Even now, the three (space-time)Feynman

diagrams are visible as separate terms in the formula.

2

P

(They show up like c+ (a+ b) .) Note that, for the very short time that the system is in an
i

intermediate state, energy conservation is not strictly enforced . The energy denominators in

the formula suppress larger energy non-conservation. The forala can be applied to several physical
situations as discussed below.



468

Also note that the formula yields an in nite resultif ! = ;. This is not a physical result. In fact
the cross section will be large but not in nite when energy is consergd in the intermediate state.
This condition is often refereed to as \the intermediate state beingon the mass shell " because of
the relation between energy and mass in four dimensions.

34.1 Resonant Scattering

The Kramers-Heisenberg photon scattering cross section, belgvmas unphysical in nities if an
intermediate state is on the mass shell

Ao X M gjihjjr gii L mir giihij gii
n mh !ji ! !ji +10
J

d 4mc 2

d 2 210
i

In reality, the cross section becomes large but not in nite. These innities come about because
we have not properly accounted for the nite lifetime of the intermediate state when we derived
the second order perturbation theory formula. If the energy widh of the intermediate states is
included in the calculation, as we will attempt below, the cross sectioris large but not in nite. The
resonance in the cross section  will exhibit the same shape and width as does the intermediate
state.

These resonances in the cross sectiaan dominate scattering . Again both resonant terms in the
cross sectionoccur if an intermediate state has the right energy so that energy is conserved.

34.2 Elastic Scattering

In elastic scattering, the initial and nal atomic states are the same , as are the initial and
nal photon energies.

d elasic _ € o0 LX HjO gjingjr gii L hijr djin i g
d 4mc2 " mh Li ! i + !

With the help of some commutators,the ; term can be combined with the others

The commutator [%; 9 (with no dot products) can be very useful in calculations. When the two
vectors are multiplied directly, we get something with two Cartesian indices.

Xipj  piXi = ihj

The commutator of the vectors isih times the identity. This can be used to cast the rst term above
into something like the other two.

Xipj pxi = ihj
AN = AN
i
; o — 0
ithh A2 = Ak pixi)

" 9P 0P %
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Now we need to put the states in using an identity, then use the commtator with H to changex
to p.

X
1 = hijjihjjii
ihn A0 = [ i 0 B (° B (0 9]
j
] _h
[Hix] = im P
h
ﬁ(’\ i = ( [Hix)j
= ht (* %
" %y = ﬁ(" Dij
ihn "0 = X i " Pi (/\0 )i i (AO )i (* Pii
i = j m Pi P)ii m Pij i
= T e 0 By 0 By
= j my Pi Pji my B 0 D
S N R T
j m! IJ 1) JI 1) JI
1X 1
A= mh W[(AO Di * B+ B (*° Pl

J
(Reminder: ! = E'h—E’ is just a number. (* ) = hj* gji is a matrix element between states.)

We may now combine the terms  for elastic scattering.

2
d oas  _ € 1,0 17X hi° miinir i K gijing gii
d 4mc 2 " mh J_ Li ! Lji + !
a0 = L% RO giiniin pji KN N s
! ~ mh Li Li
i i i
i + 1 _ !ji I+ i !
Ly Ly ! By (1) Bt 1)
2
dees _ € 2 1 ZX 1) gjinjjr gii  LHjA gjihj© g
d B 4mc 2 mh ]_ !ji(!ji 1) !ji(!ji"'!)
This is a nice symmetric form for elastic scattering . If computation of the matrix elements is

planned, it useful to again use the commutator to changep into .

2
d elas _ 62 me
d 4 mc 2 h

mi 2 X KO xjjihjjr ki RS i hj 0 il

!ji ! !ji+!
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34.3 Rayleigh Scattering

Lord Rayleigh calculated low energy elastic scattering of light from atoms using classical
electromagnetism. If the energy of the scattered photon is mucHess than the energy needed to
excite an atom,! <<! ; , then the cross section may be approximated.
Ui _ Ui _ P N !
T i (1 ) ¢ !ji) ! L
2
d elas e Zm 2 X Ui 70 sgjihjjn sgii Vg RN ogji hj o0 xjii
d 4mc 2 h ! ji ! ! i T !

2 2 X
¢ mT [(j™° xjji hjj~» i hij~ i hjj° xii)

4mc 2
| 2
+ 7 (HJ ji hjj~ i + Hj~ )i hjj*° i)

& “ma2 ,X 1

- !4 - ..I\O ae N ...+ VN ae ..I\O e

Ame 2 h T (RJ™ i hjj~ xjii + Hj~ xjji hjj™ xjii)
For the colorless gasses (like the ones in our atmosphere), the rst excited state in the UV, so the

scattering of visible light with be proportional to ! 4, which explains why the sky is blue and sunsets
are red. Atoms with intermediate states in the visible will appear to be colored due to the strong

resonances in the scattering.Rayleigh got the same dependence from classical physics.

34.4 Thomson Scattering

If the energy of the scattered photon is much bigger than the binéhg energy of the atom,! >> 1 eV.
then cross section approaches that foscattering from a free electron, Thomson Scattering

We still neglect the e ect of electron recoil so we should also requirg¢hat h! << m oc?. Start from
the Kramers-Heisenberg formula.

2

d _ @ P10 o 1 X mi® gjihijr gii | it gijin i g
d 4mc 2 ! n mh Li ! I +10
The h! = h! ° denominators are much larger thanmjmp”mw which is of the order of the

electron's kinetic energy, so we can ignore the second two termsEyen if the intermediate and nal
states have unbound electrons, the initial state wave function willkeep these terms small.)

2
4o o
d 4 mc 2
This scattering cross section is of the order of the classical radius of the el ectron squared ,

and is independent of the frequency  of the light.

The only dependence is on polarization. This is a good time to take a loolkat the meaning of
the polarization vectors  we've been carrying around in the calculation and at the lack of any
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wave-vectors for the initial and nal state. A look back at the calculation shows that we calculated
the transition rate from a state with one photon with wave-vector kK and polarization () to a nal
state with polarization ¢ 9. We haveintegrated over the nal state wave vector magnitude,

subject to the delta function giving energy conservation, but, we havenot integrated over

nal state photon direction yet, as indicated by the g— There is no explicit angular dependence
but there is somehidden in the dot product between initial and nal polarizat ion vectors,
both of which must be transverse to the direction of propagation. We are ready to compute
four dierent di erential cross sections corresponding to two initial polarizations times two nal
state photon polarizations. Alternatively, we average and/or sum if we so choose.

In the high energy approximation we have made, there is no dependee on the state of the atoms,
so we arefree to choose our coordinate system any way we want. Set thez-axis to be along

the direction of the initial photon and set the x-axis so that the scattered photon is in the
x-z plane (= 0). The scattered photon is at an angle to the initial photon direction and at
= 0. A reasonable set ofinitial state polarization vectors is
AN = ok
N2 = Ay

Picl0< A9’ to be in the scattering plane (x-z) de nqu as the plane containing both kK and k° a(}nd
N2)" to be perpendicular to the scattering plane. 4" is then at an angle to the x-axis. M is
along the y-axis. We can compute all the dot products.

AD AT = cos
A A2° = 0
N2 AD° =
N2 A2° = q

From these, we can compute any cross section we want. For exangy averaging over initial state

polarization and summing over nal is just half the sum of the squares of the above .
d @ %1
— = ——  Z(1+cos?
d 4mc? 2( )

Even if the initial state is unpolarized, the nal state can be polarized . For example, for = -,

all of the above dot products are zero except® A2° = 1. That means only the initial photons
polarized along the y direction will scatter and that the scattered photon is 100% polarized
transverse to the scattering plane (really just the same polarization as the initial state). The
angular distribution could also be used to deduce the polarization of e initial state if a large
ensemble of initial state photons were available.

For a de nite initial state polarization (at an angle to the scattering plane, the compo-
nent along Y is cos and along *? is sin . If we don't observe nal state polarization we sum
(cos cos )2+ (sin )? and have

d 2 2

T 7 Imez %(cos2 cog +sin? )

For atoms with more than one electron , this cross section will grow aszZ*.
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34.5 Raman E ect

The Kramers-Heisenberg formula clearly allows for theinitial and nal state to be dierent
The atom changes state and the scattered photon energy is notgeial to the initial photon energy.
This is called the Raman e ect . Of course, total energy is still conserved. A given initial photon
frequency will produce scattered photons with de nite frequendes, or lines in the spectrum.

35 Electron Self Energy Corrections

If one calculates theenergy of a point charge using classical electromagnetism , the result
is in nite, yet as far as we know, the electron is point charge. One ca calculate the energy needed
to assemble an electron due, essentially, to the interaction of thelectron with its own eld. A
uniform charge distribution with the classical radius of an electron , would have an energy of
the order of mec?. Experiments have probed the electron's charge distribution and déund that it is
consistent with a point charge down to distances much smaller than he classical radius. Beyond
classical calculations, theself energy of the electron calculated in the quantum theory of
Dirac is still in nite but the divergences are less severe.

At this point we must take the unpleasant position that this (constant) in nite energy should

just be subtracted when we consider the overall zero of energy (as we did for the eldnrergy
in the vacuum). Electrons exist and don't carry in nite amount of en ergy baggage so we just
subtract o the in nite constant. Nevertheless, we will nd thatt he electron’'s self energy may
change when it is a bound state  and that we should account for this change in our energy
level calculations. This calculation will also give us theopportunity to understand resonant
behavior in scattering

We can calculate the lowest order self energy corrections represe nted by the two Feyn-
man diagrams below.

In these, a photon is emitted then reabsorbed. As we now know, kb of these amplitudes are of
order €. The rst one comes from the A? term in which the number of photons changes by zero or
two and the second comes from theX pterm in second order time dependent perturbation theory.
A calculation of the rst diagram will give the same result for a free electron and a bound electron,
while the second diagram will give di erent results because the internediate states are di erent if



473

an electron is bound than they are if it is free. We will thereforecompute the amplitude from
the second diagram

e
Hiek = —
int mCA P
x ' T
1 . .
— () i(Rx It) y i(Rx It)
A= 97 2! " & € +ak; €

K

This contains a term causing absorption of a photon and another tem causing emission. We separate
the terms for absorption and emission and pull out the time dependace.

Hint — Hs;bse it + Hs;mit ei!t
K;
r ——
he '
H abs - ) elk x Al )
Comay e CP
Hemit - 2r:2e|2\/ az. e ik *13 A)

The initial and nal state is the same jni, and second order perturbation theory will involve a sum
over intermediate atomic states, jji and photon states . We will use the matrix elements of
the interaction Hamiltonian between those states.

Hin = HiH™ jni
Hy = mjHZsjji
Hn = Hjn

We have dropped the subscript orH;, specifying the photon emitted or absorbed leaving a reminder
in the sum. Recall from earlier calculations that the creation and annhilation operators just give a
factor of 1 when a photon is emitted or absorbed.

From time dependent perturbation theory, the rate of change ofthe amplitude to be in a state is
given by
ih @qt)

X il
“ar © MrOuwd

In this case, we want to use the equations for the the state we arstudying, ., and all intermediate
states, ; plus a photon. Transitions can be made by emitting a photon from |, to an intermdiate
state and transitions can be made back to the state ,, from any intermediate state. We neglect
transitions from one intermediate state to another as they are hidper order. (The diagram is emit a
photon from |, then reabsorb it.)

The di erential equations for the amplitudes are then.

. dg X : -
Ihd_(: - Hjn e|!t che it

K;
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. de, X X T
o Hoe " ge'»
K; ]
In the equations for c,, we explicitly account for the fact that an intermediate state c an
make a transition back to the initial state . Transitions through another intermediate state

would be higher order and thus should be neglected. Note that the rtrix elements for the transitions
to and from the initial state are closely related. We alsoinclude the e ect that the initial state

can become depleted as intermediate states are populated by usingc, (instead of 1) in the
equation for ¢;. Note also that all the photon states will make nonzero contributions to the sum.

Our task is to solve these coupled equations . Previously, we did this by integration, but needed
the assumption that the amplitude to be in the initial state was 1.

Since we are attempting tocalculate an energy shift, let us make that assumption and plug
it into the equations to verify the solution.

i Ent

Ch=e n
E. will be a complex number, the real part of which represents an energy shift , and the
imaginary part of which represents the lifetime (and energy width) of the state.
. dg X ; :
Ihd_clt - Hjn e|!t c,e il t
K;
i Enpt
Ch = €
Zt
X . i .
G(t) = % dtHj, € ‘e Pl it
K0
1 X 2 i1 I 1)t°
G = — di%Hj, ¢ tn et
R0,
X dl o I+ 1)t0
. (t - H:
G (t) ] R T !)0
X e'( ! nj n+!)t 1
C](t) = Hjn

h(ty + h 1)

Substitute this back into the di erential equation for c¢, to verify the solution and to nd out
what  E, is. Note that the double sum over photons reduces to a single sum baase we must
absorb the same type of photon that was emitted. (We have not eglicitly carried along the photon
state for economy.)

d X X . .
|hd—C{| - Hnj e ilt Cjel! nj t
R
X gl !'n ettt q
Cl(t) = Hjn

h(!nj+ I'n !)
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En = XX J.Hnjjzei(!ni+ I'n !)tei( o ot 1
I+ | I
- i h(. nj - n .)
X X i(ln + 'n It
En = anij:-]('?|+’ I )
- i ©nj ' n .

Since this acalculation to order  €® and the interaction Hamiltonian squared contains a factor of
€ we should drop the !, = Ep=hs from the right hand side of this equation.

X X i(ln !t
E, = jHn jZL
) h('n 1)

We have a solution to the coupled di erential equations to order €. We should lett ! 1
since the self energy is not a time dependent thing, however, the selt oscillates as a function of
time. This has been the case for many of our important delta functiams, like the dot product of
states with de nite momentum. Let us analyze this self energy expression for large time

We have something of the form

Zt

i & dt0=

0
If we think of x as a complex number, our integral goes along the real axis. In thepper half plane,
just above the real axis,x ! x + i , the function goes to zero at in nity. In the lower half plane it
blows up at in nity and on the axis, its not well de ned. We will calculate our result in the upper
half plane and take the limit as we approach the real axis.

1 eixt
X

. i
. lim
ti1 X 1o+ PO+ X+ i 10+ X2+4 2 x24 2

This is well behaved everywhere except aik = 0. The second term goes to1 there. A little
further analysis could show that the second term is a delta function

1 e 1
lim -
tll X X

i (x)

i Ent

Recalling that c,e BrFh = =7~ EntZh = ¢ 1(En*+ En)Eh the real part of E, corresponds
to an energy shift in the state  jni and the imaginary part corresponds to a width

_ JHnj
GBS R, D
&)
XX jHy 2 XX o

R; i K; i
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All photon energies contribute to the real part . Only photons that satisfy the delta
function constraint contribute to the imaginary part . Moreover, there will only be an
imaginary part if there is a lower energy state into which the state in question can decay. We can
relate this width to those we previously calculated.

2_( E)=X X 2 jHy 2
h i _ h
R; ]

(En E; h!)

The right hand side of this equation is just what we previously derivedfor the decay rate of state
n, summed over all nal states.

The time dependence of the wavefunction for the state n is modi ed by the self energy
correction .

(D)= a(x)e (Enr <l EDEN g
This also gives us theexponential decay behavior  that we expect, keeping resonant scattering
cross sections from going to in nity . So, the width just goes into the time dependence as
expected and we don't have to worry about it anymore. We can nowconcentrate on the energy
shift due to the real part of Ej,.

X X anij

En < ( En) S LLLUE N
n n . h(!y 1)
Ho = mjHZjji
LR
hez .
abs  _ iR %o A()
H 2m2Iv ©
e - _he X X jmjeRxp Ojjij?
" 2m2V o hi(ty 1)
_ e? Z vV Bk X X jhnje® xp ~)jjij2
T o2mv. (2 )3 ,- Pty 1)

@ X X 4 Kedkjmje®*p A jjij?
@)yem? ! (Il 1)

e? X X z q z 'ije'k*ﬂjl A )j2d|
(2 )32m2c (n 1) '

In our calculation of the total decay rate summed over polarization and integrated over photon
direction (See section 29.7), we computed the cosine of the angle theen each polarization vector
and the (vector) matrix element. Summing these two and integrating over photon direction we got
a factor of % and the polarization is eliminated from the matrix element. The same calculation
applies here.

% 1 jmje® * g

€ X ij 2
Ty 1) O

8
@ )am?c 3

En
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@ X % ijmiek*gji?

= U g
6 2m2c3 j ('np 1)
_2h X T ajmjek*gj |12d|
- 3m2c (n ')
Note that we wish to use theelectric dipole approximation which is not valid for large k = IE

It is valid up to about 2000 eV so we wish to cut o the calculation around there. While this
calculation clearly diverges, things are less clear here because ofetleventually rapid oscillation of
the € * term in the integrand as the E1 approximation fails. Nevertheless, he largest di erences
in corrections between free electrons and bound electrons occun the region in which the E1
approximation is valid. For now we will just use it and assume the cut-o is low enough.

It is the di erence between the bound electron's self energy and that for a free electron
in which we are interested. Therefore, we willstart with the free electron with a de nite
momentum p. The normalized wave function for the free electron isplve"a x=h,

Z Z )
2 h X ! ip %x=h o dp°%=h 43
= = = I
Efree 3m 2c2V?2 o0 (! i 1 ) € ’pé d°x d!
A Z 2
2 h , X ! (60 xh © xe
— (p” *=h p*—h)dS d!
3m 2y s Ca D © X
2 h , X z ! v di
= S — — 0-
3m ZCZVZJﬂ 0 (' )J el
_ 2 h 2 ! gl
= Fmealf 0w D7
= 2 h 2 b d 11
= gagif N

It easy to see that this will go to negative in nity if the limit on the integ ral is in nite. It is quite
reasonable tocut o the integral at some energy beyond which the theory we are using is invalid.
Since we are still using non-relativistic quantum mechanics, the cu should have h! << mc 2. For
the E1 approximation, it should be h! << 2 hc=1 = 10keV. We will approximate ar — » 1
since the integral is just giving us a number and we are not intereste in high accuracy here. We
will be more interested in accuracy in the next section when we compte the di erence between free
electron and bound electron self energy corrections.

EctZ ot =h
o = 20 o ze L
f = — d!
ree 3m 2¢2 . (o 1)
Ecut 7 oif =h
_ 2 h z d
- 3m ZCZJﬂ '
0
2 h

= m]ﬂ Ecut off =h
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2 .
mJﬂZEcut oft

= Cjg?

If we were hoping for little dependence on the cut-o we should be diappointed. This self energy
calculated islinear in the cut-o

For a non-relativistic free electron the energy% decreases as the mass of the electron increases,
so the negative sign corresponds to a positive shift in the electro n's mass, and hence an
increase in the real energy of the electron. Later, we will think of his as arenormalization of

the electron's mass . The electron starts o with some bare mass. The self-energy due to the
interaction of the electron's charge with its own radiation eld increases the mass to what is
observed .

Note that the correction to the energy is aconstant times p?, like the non-relativistic formula
for the kinetic energy

2
C 73 m 2c2 Ecut off
p2 - p2 Cp2
2Mobs 2Mpare
1 1
= 2C
Mobs Mpare
m
Mobs 12276‘;‘;% (1+2Cmpare)Mpare (L +2Cm)Mpgre
— 4E cut off
= (1+ W)mbare
If we cut o the integral at meC?, the correction to the mass is only about 0.3% , but if

we don't cut 0, its in nite. It makes no sense to trust our non-rela tivistic calculation up to in nite
energy, so we must proceed with the cut-o integral.

If we use the Dirac theory, then we will be justi ed to move the cut-o up to very high energy.
It turns out that the relativistic correction diverges logarithmically (instead of linearly) and the
di erence between bound and free electrons is nite relativistically (while it diverges logarithmically
for our non-relativistic calculation).

Note that the self-energy of the free electron depends on the nmentum of the electron, so we
cannot simply subtract it from our bound state calculation. (What p? would we choose?) Rather
me must account for the mass renormalization . We used the observed electron mass in

the calculation of the Hydrogen bound state energies. In so doing, we have alregdhcluded some
of the self energy correction and we must not double correct. Thiss the subtraction we must make.

Its hard to keep all the minus signs straight in this calculation, particularly if we consider the
bound and continuum electron states separately. The free partie correction to the electron mass is

positive. Because we ignore the rest energy of the electron in ourom-relativistic calculations, This

makes a negative energy correction to both the boundi = %7 2mc?) and continuum (E % .

Bound states and continuum states have the same fractional chage in the energy. We need to add
back in a positive term in E, to avoid double counting of the self-energy correction. Since the
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bound state and continuum state terms have the same fractionathange, it is convenient to just use
2 .
ZF’—m for all the corrections.

2 2

p p
2m obs 2m bare

E, + Cmjp?jni = E, +

2

Cp
2
3m22

E{obs) ————>Ecu ot Mjp?jni

Because we are correcting for the mass used to calculate the baseergy of the statejni, our
correction is written in terms of the electron's momentum in that state.

35.1 The Lamb Shift

In 1947, Willis E. Lamb and R. C. Retherford used microwave techniges to determine thesplitting
between the 28, and 2P, states in Hydrogen to have a frequency of 1.06 GHz, (a wavelength
of about 30 cm). (The shift is now accurately measured to be 1057@&! MHz.) This is about the
same size as the hyper ne splitting of the ground state.

The technique used was quite interesting. They made &eam of Hydrogen atoms in the 28%
state, which has a very long lifetime because of selection rulesMicrowave radiation with a
( xed) frequency of 2395 MHz was used to cause transitions to tk 233 state and amagnetic eld
was adjusted to shift the energy of the states until the rate was largest. The decay of the
2P; state to the ground state was observed to determine the transition rate. From this, they
were able to deduce the shift between the 81 and 2P1 states.

Hans Bethe used non-relativistic quantum mechanics to calculate the self-energy correction
to account for this observation.
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We now can compute the correction the same way he did.

P 2 P
ECP = E,+ Chmjpdni= E,+ Tz Bout o mijp?jni
E - _2h X7 1 jje® *gj UZd'
no 3m2c (g ')
2 h !cuZ off OX | 1
EC™ = 3m 22 @ ﬁjhnjeik*ﬁj ij >+ mjp?jniA di
. ' nj .
0 J
IcuZ off
2 h X v,
Ty ﬁJthe”‘*ﬂJu2+ hnjgj ihj jgini - d!
. s nj H
0 J
lCU 0
o X L
= 3m2a ﬁmme g+ jhnjgjij© d
. * nj .
0 J

It is now necessary to discusspproximations needed to complete this calculation. In particular,
the electric dipole approximation will be of great help, however, it is cetainly not warranted for large
photon energies. For a good E1 approximation we neefE << 1973 eV. On the other hand, we want
the cut-o for the calculation to be of order weyt off mc?=h. We will use the E1 approximation
and the high cut-o, as Bethe did, to get the right answer. At the end, the result from a relativistic
calculation can be tacked on to show why it turns out to be the right answer. (We aren't aiming for
the worlds best calculation anyway.)

!cuZ off
o = 2N L it i o
n 3m 2¢2 j (tn 1) .
0
!cuz off
2 h X B G I
_ ST ) I
T2 0, D jhnjgj ij <d!

0 J
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!cuz off
2h X Doi
= 2 hnjij ij 2dl!

2 h X Peut  off iz i 2
= gmez  nllogl el jnjgjij
i

_2 h X 1 H . . e s 2
= gm2z 0090 a) 10gCcur ot e JIINIA]
i
2 h 1 H . - ae wn 2
I 22 Prj [l09(! nj ) 109( cut off )]ibnjgijij
i
2 h X j! n'j .
= = 1 . J 2
Sm2z m o9 o —— imigji

The log term varies more slowly than does the rest of the terms in thesum. We canapproximate
it by an average . Bethe used numerical calculations to determine that the e ective average of
h!  is 89 2mc2. We will do the same and pull the log term out as a constant.

2 h i X

g (0bs) = lo
" 3m 2¢? g Peut off

! oy jnjgj ij 2
j

This sum can now be reduced further to a simple expression propadnal to the j ,(0)j? using a
typical clever quantum mechanics calculation . The basic Hamiltonian for the Hydrogen atom

. 2
isHo = £+ V(r).

(V= Trv

[p; Hol

.. . h,. ..
h j[®; Holjni Th” Vini
X . hX
tjgj ihj j[p; Holini T tjgji hjjr Vijni
j .
(Ei  En)mjgjihjjgni
i i

i
X X
hjgij ihj jr Vijni

This must be a real number so we may use its complex conjugate

0 1
X "« es e & 8 a2 @ X e« es o s 8 & &
@ (E; En)mjgjihjjgniA = (Ei  En)mjgjihjjgni
j j
h X
= 5 mjr Vijjihj jgini
2 3
X X
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h2
= —mje? 3(x)jni

2
eh?. :
= TJ n(0)j
Only the s states will have a non-vanishing probability to be at the or igin with j n00(0)j? =
n—jéag and ag = % Therefore, only the s states will shift in energy appreciably. The &ift will be.
E (obs) 2 h | njl ﬂi me. *
n 3m 2¢2 D cut off 2 n® h
4 1
— esz og -c.ut o.ff
3 2hns JU i
_ 4 Smc? Peut  off
~ 3n3 iy ]
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(obs) 52
= By _ __Mmcc log 1. 1:041GHz

2 h 12 2hc 89 2

This agrees far too well with the measurement, considering the approximations made and th
dependence on the cut-o. There is, however, justi cation in the relativistic calculation. Typically,
the full calculation was made by using this non-relativistic approach p to some energy of the
order of mc 2, and using the relativistic calculation above that. The relativistic free electron
self-energy correction diverges only logarithmically and a very high cuto can be used
without a problem. The mass of the electron is renormalized as aboveThe Lamb shift does not
depend on the cuto and hence it is well calculated. We only need the non-relativistic part &
the calculation up to photon energies for which the E1 approximationis OK. The relativistic part

of the calculation down to ! i, Yyields.

E, = ° log me? 1 mc?
3n3 2h! min 24 5
The non-relativistic calculation gave.
° min 2
En=mlog -y mc
So the sum of the two gives
5 2

The dependence on ! i, cancels. In this calculation, the mc? in the log is the outcome of the
relativistic calculation, not the cuto. The electric dipole approximat ion is even pretty good since
we did not need to go up to large photon energies non-relativistically ad no E1 approximation is
needed for the relativistic part. That's how we (and Bethe) got abaut the right answer.

The Lamb shift splits the 28% and ZP% states which are otherwise degenerate . Its origin
is purely from eld theory . The experimental measurement of the Lamb shift stimulated
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theorists to develop Quantum ElectroDynamics . The correction increases the energy of s
states. One may think of the physical origin as the electron becomig less pointlike as virtual
photons are emitted and reabsorbed. Spreading the electron ow bit decreases the e ect of being
in the deepest part of the potential, right at the origin. Based on the energy shift, | estimate that
the electron in the 2s state is spread out by about 0.005 Angstrom s, much more than the
size of the nucleus.

The anomalous magnetic moment of the electron , 0 2, which can also be calculated in eld
theory, makes a small contribution to the Lamb shift.



484
36 Dirac Equation

36.1 Dirac's Motivation

The Schedinger equation is simply the non-relativistic ener gy equation operating on a
wavefunction.
P Ly
E = + V(r
om T V()

The natural extension of this is the relativistic energy equation
E? = p?c® + (mc?)?

This is just the Klein-Gordon equation  that we derived for a scalar eld. It did not take physicists
long to come up with this equation.

Because the Schmedinger equation isrst order in the time derivative , the initial conditions
needed to determine a solution to the equation are just (t = 0). In an equation that is second
order in the time derivative, we also need to specify some informatiombout the time derivatives at
t = 0 to determine the solution at a later time. It seemed strange to give up the concept that all
information is contained in the wave function to go to the relativistically correct equation.

If we have a complex scalar eld that satis es the (Euler-Lagrange= Klein-Gordon) equations
2 m* =0
2 m2 = 0;

it can be shown that the bilinear quantity

s=n @ @
2mi @x @x
satis es the ux conservation equation
@s_h @ @ @ @ _ h 5, -
ex i exex 2 ) axex “amim! )=0

and reduces to the probability ux we used with the Schredinger equation, in the non-relativistic
limit. The fzourth component of the vector is just c times the probability density, so that's ne too
(using €™ "=h as the time dependence.).

The perceivedproblem with this probability is that it is not always positi ve. Because the
energy operator appears squared in the equation, both positiverergies and negative energies are
solutions. Both solutions are needed to form a complete set. With ngative energies, the probability
density is negative. Dirac thought this was a problem. Later, the vetor s was reinterpreted
as the electric current and charge density, rather than probabiliy. The Klein-Gordon equation
was indicating that particles of both positive and negative charge are present in the complex
scalar eld. The \negative energy solutions" are needed to form a omplete set, so they cannot be
discarded.

Dirac sought to solve the perceived problem by nding an equation that was somehow linear in the
time derivative as is the Schmdinger equation. He managed to do tls but still found \negative
energy solutions" which he eventually interpreted to predict antimatter. We may also be motivated
to naturally describe particles with spin one-half.
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36.2 The Schiedinger-Pauli Hamiltonian

In the homework on electrons in an electromagnetic eld, we showedhat the Schiedinger-Pauli
Hamiltonian gives the same result as the non-relativistic H amiltonian we have been
using and automatically includes the interaction of the ele ctron's spin with the magnetic
eld .

H= oo = [p+ SA(D] e (51)

" 2m

The derivation is repeated here. Recall thatf i; jg=2 j,[i; j1=2 i «,and that the momen-

tum operator di erentiates both A and the wavefunction.

~ [pt gﬁ(ﬁt)] ST i pip ot Ez—zAiAj + g(piAj +Aip)
= %(ij"’ji) pipj+§AiAj +§ij AjDﬁNDj‘*?%
= pipj+§2—2AiAj +§( i JAIR T ARt % i j%
= p2+§A2+§f i;ngjpi"'%%(ij"' ij)%
= p2+§A2+§2ijAjpi+%%(ij j i+2ij)%
= p2+§A2+2§A 13*'%(i ik Kkt ij)C(@@—/j;
= p2+§A2+2—CeA Pt %i ik k%i
H o= oolpt SAMWOP e R0+ o~ B(s)

We assume the Lorentz condition applies. This is a step in the right diretion. The wavefunction
now has two components (a spinor) and the e ect of spin is included. Note that this form of
the NR Hamiltonian yields the coupling of the electron spin to a magnetic eld with the correct g
factor of 2 . The spin-orbit interaction can be correctly derived from this.
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36.3 The Dirac Equation

We can extend this concept to use the relativistic energy equation (for now with no EM
eld). The idea is to replace pwith ~ p.

= p=(moy

% ~ P %+~p = (me)?

%@t+ih~ r %@@t i~ ~  =(mc)?
ih@—@i+ih~ r ih@—@:§ i~ - =(mc)?

This is again written in terms of a 2 component spinor

This equation is clearly headed toward being second order in the time erivative. As with Maxwell's
equation, which is rst order when written in terms of the eld tenso r, we can try to write a rst
order equation in terms of a quantity derived from . De ne

L -

(R) = 1 ih—@ ih~ (L)

Including the two components of (%) and the two components of (R), we now have four components
which satisfy the equations.

ih@—@:s+ih~ r ih@—@K i ) = (mg?2 ®
i@ . ine F R = 2 (L)
|h@—5+|h~ ~ mc = (mc)
ih@—@b+ih~ r R = mec®
ih@—@K i O = mc®

These (last) two equations couple the 4 components together ungs m = 0. Both of the above

equations are rst order in the time derivative. We could continue wit h this set of coupled equations
but it is more reasonable towrite a single equation in terms of a 4 component wave functio n.

This will also be a rst order equation. First rewrite the two equation s together, putting all the

terms on one side.

_ @
ih- 7 ih— ®M+mec®=0
@y
. . @
ih- © ih— ®4+mec®=0
@x
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Now take the sum and the di erence of the two equations.

ih- F( L (R) ih@_@;( (R) 4 Ly mo( B+ L)=g

ih- F( ® 4+ L) ih@_@;( L Rypmg B L)=g

Now rewriting in terms of o = R+ ML) agnd g = R (L) and ordering it as a matrix
equation, we get.

ih- F(®  ©) @R Ly mg B4 L)z
@
ih- (R4 Ly ih@_@;( R) Wyp me( B L)=g

ih@—@;( R) 4 L)) jhe F( R Oyyme R4 Ly=g
ih- (R4 Ly ih@—@x( R)  Wypme( B L)=g
ih@—@?s A ih= F g+mc o=0
ih~f‘A+ih@—@:s g+mc g =0
@ - A LA g

i~ r  ih2 B B

Remember that 5 and g are two component spinors sdhis is an equation in 4 components

We can rewrite the matrix above as a dot product between 4-vectes. The matrix has a dot product
in 3 dimensions and a time component

ih@—@; ih~ - h O -, @—@Z 0
i~ ih@ - 0 0 g%
- p 0O iy @ 10 @ __ @
i 0 @x 0 1 ©@x @x

The 4 by 4 matrices are given by.

_ 0 i
b [ 0

_ 1 O
47 0 1

With this de nition, the relativistic equation can be simpli ed a great de al.
. @ . — —~

ihgy ih @r A

ih~ ihgy B

1
o

+ mc

1l

>

@ o>
>0 P
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@
= 4+ =
h @x mc =0
The Dirac equation in the absence of EM elds is
Q + E =0
@x h

is a4-component Dirac spinor  and, like the spin states we are used to, represents a coordinate
di erent from the spatial ones.

The gamma matrices are 4 by 4 matrices operating in this spinor space. Note that there e 4
matrices, one for each coordinate but that the row or column of the matrix does not correlate with
the coordinate.

%0 0 o it 09 00 1! O o0 i ol 01 0 o
~BO O i O ~BO 01 O _BO 0 0 i ~BO 1 O
l‘E"—)o i 0 o2 2‘E"—)o 10 02 3_%}i 0 0 02 4‘%o 0o 1

i 0 0 O 100 O 0O i 0 O 00 O

n Qoo

>0 =

Like the Pauli matrices, the gamma matrices form a vector, (this time a 4vector).

It is easy to see by inspection that the matrices are Hermitian and traceless . A little compu-
tation will verify that they anticommute  as the Pauli matrices did.

f ; g=2

Sakurai shows that the anticommutation is all that is needed to deermine the physics. That is, for

any set of 4 by 4 matrices that satisfy f ; g=2
Q + E =0
@x h
will give the same physical result , although the representation of may be dierent. This is

truly an amazing result.

There are a few other representations of the Dirac matrices thatre used. We will try hard to stick
with this one, the one originally proposed by Dirac.

It is interesting to note that the primary physics input was the choice of the Schedinger-
Pauli Hamiltonian

[p+ gﬁ(f:t)]! ~ [p+ gﬁ(f;t)]
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that gave us the correct interaction with the electron's spin. We have applied this same momentum
operator relativistically, not much of a stretch. We have also written the equation in terms of four
components, but there was no new physics in that since everythingould be computed from two
components, say (-) since

R = L ih—@ ih~ 7 (L)

mc @y

Dirac's paper did not follow the same line of reasoning. Historically, theSchmdinger-Pauli Hamil-
tonian was derived from the Dirac equation. It was Dirac who produed the correct equation for
electrons and went on to interpret it to gain new insight into physics.

Dirac Biography

36.4 The Conserved Probability Current

We now return to the nagging problem of the probability density and current which prompted Dirac
to nd an equation that is rst order in the time derivative. We derive d the equation showing con-
servation of probability (See section 7.5.2), for 1D Schredinger tkeory by using the Schiedinger
equation and its complex conjugate to get an equation of the form

@Rxt) | @xt) _ .
@t @x '

We also extended it to three dimensions in the same way.
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Our problem to nd a similar probability and ux for Dirac theory is similar but a little more
di cult. Start with the Dirac equation.

@+E =0

@x h

Since the wave function is a 4 component spinor, we will use thélermitian conjugate of the
Dirac equation instead of the complex conjugate. The matrices are Hermitian.

@ mc

@+T =0
@y +E Y=0
@x ) h

The complex conjugate does nothing to the spatial component ok but does change the sign of
the fourth component. To turn this back into a 4-vector expresson, we can change the sign back by
multiplying the equation by 4 (from the right).

@Y @y mc , _

-+ + — Y=0
@ “ @ * h
@’ @’ mc
= = + —— Y , =
@x “* ax‘*t 4=0
@Y 4 @Y 4 mc
+ — Y, =0
ex “ ey ‘ h ¢
Dening = Y 4, the adjoint spinor , we can rewrite the Hermitian conjugate equation.
@ @ mc
- i + — =0
@ “ @' h
g + E =0
@x h

This is the adjoint equation. We now multiply the Dirac equation by  from the left and multiply
the adjoint equation by  from the right, and subtract.

Q+E +9 E =0
@x h @x h
g-}@ =0
@x @x
@ _
@x =0
j =
@. _
ax ~°
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We have found aconserved current . Some interpretation will be required as we learn more about
the solutions to the Dirac equation and ultimately quantize it. We may choose an overall constant
to set the normalization . The fourth component of the current should beic times the probability
density so that the derivative with respect to x4 turns into %f. Therefore let us set theproperly
normalized conserved 4-vector  to be

36.5 The Non-relativistic Limit of the Dirac Equation

One important requirement for the Dirac equation is that it repr oduces what we know
from non-relativistic quantum mechanics . Note that we have derived this equation from
something that did give the right answers so we expect the Dirac ecation to pass this test. Perhaps
we will learn something new though.

We know that our non-relativistic Quantum Mechanics only needed a twvo component spinor. We
can show that, in the non-relativistic limit, two components of the Dir ac spinor are large and two are
quite small. To do this, we go back to the equations written in terms of o and g, just prior to the
introduction of the  matrices. We make the substitution to put the couplings to the elecromagnetic
eld into the Hamiltonian.

36.5.1 The Two Component Dirac Equation

First, we can write the two component equation that is equivalent to the Dirac equat ion.
Assume that the solution has theusual time dependence e &% ", We start from the equation in
A and B -

. @ e
|h@— ih~ 7

e A eme A =0
ih~ f E|hm B B
T Eﬁ A+ me =0
~ P < B B

Turn on the EM eld by making the usual substitution ! p+ £A and adding the scalar potential
term.

0 1
@ 1E+eAr mc?) ~ ptEA 0
~ P+ A 1(E + eAg + mc?) B
1
E(E +eAy mc?) A=~ pt SA B
1
“(E+eAgtmc?) g =~ pt gﬁ A

These two equations can be turned into one by eliminating g.

1 e c e
Z(E + eA ) A=~ + =-A ~ + -A
c( Ao MC) A PT 2 (E + eAg + mc?) LS A
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This is the two component equation which is equivalent to the Dirac eqation for energy eigenstates.
The one di erence from our understanding of the Dirac equation is inthe normalization . We shall
see below that the normalization di erence is small for non-relativistic electron states but needs to
be considered for atomic ne structure.

36.5.2 The Large and Small Components of the Dirac Wavefunct ion

Returning to the pair of equations in , and . Note that for E  mc?, that is non-relativistic
electrons, A is much bigger than 5.

1 e
C(E+eAgtmc?) g =~ pt A 4
e pc
~ + -A
B 2ome? P c A Jmez A

In the Hydrogen atom, g would be of order 5 times smaller , sowe call 4 the large component
and g the small component. When we include relativistic corrections for tte ne structure of
Hydrogen, we must consider the e ect g has on the normalization. Remember that the conserved
current indicates that the normalization condition for the four com ponent Dirac spinor is.

jo= a4 = 4 4 =

36.5.3 The Non-Relativistic Equation

Now we will calculate the prediction of the Dirac equation for the non-relativistic ¢ oulomb
problem , aiming to directly compare to what we have done with the Schredinger equation for
Hydrogen. As for previous Hydrogen solutions, we will setX = 0 but have a scalar potential
due to the nucleus = Ap. The energy we have been using in our non-relativistic formulation is
E(NR) = E  mc2. We will work with the equation for the large component A. Note that
Ay is a function of the coordinates and the momentum operator will di erentiate it.

e c? e
T Pr A (E + eAg + mc2) ProA A

C2 -~
ﬁ(E + eAg + mc?)

(E+eAy mc?) a

(ENR) + eAg) A

Pa

Expand the energy term on the left of the equation for the non-rédativistic case.

c 1 2mc?
E+eAp+mc2  2m mc2+ E(NR) + eAy + mc?
1 2mc?
~ 2m 2mc2+ E(NR) + eAg
o 1
2m 14 EMNRI+eAq

2mc? |

1 1 E(NR) 4 eA0+ E(NR) 4 eAq

2m 2mc? 2mc?




We will be attempting to get the correct Schedinger equation to order
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4 like the one we used to

calculate the ne structure in Hydrogen. Since this energy term weare expanding is multiplied in
the equation by p?, we only need the rst two terms in the expansion (order 1 and orde 2).

1 ENR) + eAg
TP L T ome o T P = (B0 reA) 4
The normalization condition we derive from the Dirac equation is
jo= 4 = Y44 =Y = L A+ } g=1:
pc
B 2mez A
pc 2
AAT BB 2mc? A a=l
P y
amicz A ATl
p?
8m2cz A
p2
A 8m2c?

We've de ned
normalized, at least to order “. We can now replace

1

. p*
pZm

E(NR) + eA
8m2¢?

2mc2

, the 2 component wavefunction we will use, in terms of o so that it is properly

A in the equation

p2

= (ENR +en) 1 —
( 0) 8mec

This equation is correct, but not exactly what we want for the Schedinger equation. In particular,

we want to isolate the non-relativistic energy on the right of the equa

tion without other

operators. We can solve the problem by multiplying both sides of the quation by 1 Snf—zcz .
P g1 EMren P
8m2c¢? 2m 2mc2 8m2¢?
_ P (NR) p
= ENNR) + eA S
8m2c? ( 0) 8m?2¢?
~pp PP~ pp ~ pENRI+en, ~ p~p p
2m 8m2¢2  2m 2m 2mc? 2m  8m?2c?
2 2 2
_ NR p NR p p
(EN) + eAo) 4m202E( ! 8m2czeAO er8m202
P PP PENR e pA- p P PP
2m  8m2c¢22m  2m 2mc? 4m?2¢2 2m 8m?2¢?
2 2 2
= (E(NR)+er) p_E(NR) p—er erp—
4m2¢2 8m2¢? 8m?2¢?
P p e~ pAo~ P Ry P p?
— ——=— eA _ = E eA —
2m  8m3c? 0 4m2¢2 8m2cz ~ ° %8ma2c?
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We have only kept terms to order *. Now we must simplify two of the terms in the equation

which contain the momentum operator acting on the eld

PPAc = h%r2A, = h?F ((FAQ) + Aol )=
= h%(r ?Ag) +2ihE p + Aop?
h h
= PR~ P = 57 (FA0)~ PF Ac~ P~ P= o

h( i jEip)+ Aop2= ihi j «kEip +ihE p+ AOpZ:

Plugging this back into the equation, we can cancel several terms.
I

h?((r 2A0) +2(FAg) (F )+ Aor 2 )

—~ E~ p+ Aop® = ih( iEi jp)+ Aop?

h~ E p+ihE p+ Ap?

P oA p? L&~ E p iehE p eAop?
2m O 8m3c2 4m2¢2
!
_ EOR) h?(r 2Ag) + 2ihE  p+ Agp? oA p?
8mz2¢? 8m2c?
! !
P oA p* e~ E p iehE p E(NR) h?(r 2Ao) +2ihE p
2m 0 8m2e2 4m?2¢? 8m2¢?
!
p? p eh~ E p eh’F E (NR)
LA A, + = E
om0 Bmi@ 4m2¢2 8m2¢2

Now we canexplicitly put in the potential

due to the nucIeusf—;9 in our new units. We identify

+ pas the orbital angular momentum. Note that = E = = Ze 3(#). The equation can now be
cast in a more familiar form.
Ze
eA = e = S
0 4r
eh- E p_Ze’S + p Ze’C S
4m2c2~ 8m 2¢2r3 8m 2c2r3
eh’r E _ eh’Ze 3(r) Ze?h? 3)
8m2c2  8m2c? 8m2c2
!
2 2 4 2 212
P Ze p +Zel:S+Zeh () = EONR)
2m  4r 8m3c2  8m 2¢?r3  8m2c?

This \Schedinger equation”, derived from the Dirac equation

, agrees well with the one

we used to understand the ne structure of Hydrogen. The rst two terms are the kinetic and
potential energy terms for the unperturbed Hydrogen Hamiltonian. Note that our units now put a
4 in the denominator here. (The 4 will be absorbed into the new formula for .) The third term

is the relativistic correction to the kinetic energy
interaction

. The fourth term is the correct spin-orbit
, including the Thomas Precession e ect that we did not take the time to understand

when we did the NR ne structure. The fth term is the so called Darwin term  which we said

would come from the Dirac equation; and now it has.
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This was an important test of the Dirac equation and it passed with ying colors. TheDirac equa-
tion naturally incorporates relativistic corrections, the interaction with electron spin, and gives
an additional correction for s states that is found to be correct &perimentally. When the Dirac
equation is used to make a quantum eld theory of electrons and phtons, Quantum ElectroDy-
namics, we can calculate e ects to very high order and compare thealculations with experiment,
nding good agreement.

36.6 Solution of Dirac Equation for a Free Particle

As with the Schredinger equation, the simplest solutions of the Dirac equation are those for a free
particle. They are also quite important to understand. We will nd th at each component of the
Dirac spinor represents a state of a free particle at rest that we can interpret fairly easily.

We can show that a free particle solution can be written as aconstant spinor times the usual
free particle exponential . Start from the Dirac equation and attempt to develop an equation to
show that each component has the free particle exponential. We wildo this by making a second
order di erential equation, which turns out to be the Klein-Gordon equation.

@ mc
ex'n  7°
_@ _@+E =0
@x @x h
e e , @m _,
@x @x @x h
g_@ +E _@ =0
@x @x h  @x
_@g E 2 =0
@x @x h
_@Q E 2 =0
@x @x h
@ @ mc 2
( + )@@ 2 e =0
@ @ mc 2
@ @ mc 2
2@@ 2 s =0

The free electron solutions all satisfy the wave equation

Because we have eliminated the matrices from the equation, this is an equation for each component
of the Dirac spinor . Each component satis es the wave (Klein-Gordon) equation and a
solution can be written as a constant spinor times the usual expongial representing a wave.
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_ i(px Et)=h
p = Up€

Plugging this into the equation, we get arelation between the momentum and the energy
p>? E? mc 2
4+ i
h?  h%c? h
p’+ E?2 m?c*=0
E2 = p?c® + m2ct
E= p?c? + m2ct

=0

Note that the momentum operator is clearly still ?—r‘ and the energy operator is stiIIih@@t.

There is no coupling between the di erent components in this equatiom, but, we will see that (unlike
the equation di erentiated again) the Dirac equation will give us relations between the
components of the constant spinor . Again, the solution can be written as a constant spinor,

which may depend on momentumug, times the exponential.

p(x) - upei(px Et)=h

We should normalize the state if we want to describe one particle per nit volume: Y = Vi We
haven't learned much @about what each component represents yetWe also have the plus or minus
in the relation E = p2c2 + m2c* to deal with. The solutions for a free particle at rest will tell

us more about what the di erent components mean.

36.6.1 Dirac Particle at Rest

To study this further, lets take the simple case of the free particleat rest. This is just the p=10
case of the the solution above so the energy equation giv& = mc2. The Dirac equation can now

be used.

Q.pm 0
@x h
@ mc iEt= h
— + — =0
‘@ict)  h
E . me
e 07 ho0
mc? mc
he 4 0= 'y 0
4 0= 0

This is a very simple equation, putting conditions on the spinor .

Lets take the case of positive energy rst.
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01 0 0 010 1 OAl
%8 g.) 01 OX%AZ _+%)A2
0 0 O 1 Bz BZ
0 All OAll

&2 K=+ BgK

B, B,

81: BZZO

OAll

o:%%zg
0

We see that the positive energy solutions , for a free particle at rest, are described by the
upper two component spinor . what we have called 5. We are free to choose each component
of that spinor independently. For now, lets assume that thetwo components can be used to
designate the spin up and spin down states according to some quantization axis.

For the \negative energy solutions" we have.

01 0 o O10A11 OAll
01 0 O A C _ Az

0 0 1 02?@81&— %Blg
0 0 O 1 B, Bg
A= =
¢ ol
O
B1
B>

We can describe two spin states for the \negative energy soluti ons".

Recall that we have demonstrated that the rst two components of are large compared to the other
two for a non-relativistic electron solution and that the rst two co mponents, A, can be used as
the two component spinor in the Schredinger equation (with a normalization factor). Lets identify
the rst component as spin up along the z axis and the second as spidown. (We do still have a
choice of quantization axis.) De ne a 4 by 4 matrix which gives the z component of the

spin.

1
2—5(12 21)
T2 ix O iy O iy O iy O
-1 xy O yx O
2i 0 Xy 0 y X

i [ x; vl 0
2i 0 [ x; y]
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With this matrix de ning the spin, the third component is the one with spin up along the z
direction for the \negative energy solutions". We could also de ne 4by 4 matrices for the x and y
components of spin by using cyclic permutations of the above.

So the four normalized solutions for a Dirac particle at rest are.

0 11 0 01
1 Bo imc 2t= 1 R1 ime 2t=
@ = E=t mc2ishe2 = p:%)og e ime?t=h @ = E=t mc2: he2 = P— %)OX e ime?t=h
\% \%
0 0
0 Ol 0 Ol
1 0 i - 1 0 ; -
3 = E= me2iih=2 = pt%lg gtime 2t=h 4 = E= mez: he2 = p:%og gt imc 2t=h
Vv \%
0 1

The rst and third have spin up while the second and fourth have spin down. The rstand second

are positive energy solutions while thehird and fourth are \negative energy solutions" , which
we still need to understand.

36.6.2 Dirac Plane Wave Solution

We now have simple solutions for spin up and spin down for both positiveenergy and \negative
energy" particles at rest. The solutions for nonzero momentum are not as simple

Q.pm =0
@x h
p(x) - upei(p X )=h
ip mc
_t — =
h h 0
_ 0 i
T 0
1 0
T 0 1
0 P~ E o . o
b~ 0 * o £ + mc ue® X)) =0
E+mc® cp -~ _
cp ~ E +mc? Up =0
_ 01 _ 0 i _ 1 0
X710 Y7 i 0 70 1
O E+me 0 e (p ipy)ct
B 0 E+mc®  (pc+ipy)c PC €L g
pzC (x ipy)c E+mc? 0 P

(px + ipy)cC p;C 0 E + mc?
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We should nd four solutions. Lets start with one that gives a spin up electron in the rst two
components and plug it into the Dirac equation to see what the third and fourth components can
be for a good solution.

0 E+me 0 pzC (o ipy)ct 0,1
0 E+mc®  (px+ipy)C p,C 0C _
%) pzC (x ipy)c E+ mc? 0 X %)Blg =0
(Px + ipy)c p.C 0 E + mc? B,

E + mc? + Bip,c+ Bo(px ipy)Cl
% Bi(px + ipy)c  Bap.C ]
p;Cc+ B1(E + mc?)
(px + ipy)c+ B2(E + mc?)

=0

Use the third and fourth components to solve for the coe cients and plug them in for a check of the
result.

pzC
E + mc2
2 E + mc:2

Bl_

2 DC
E + mc Evmc?

0
%pz(pxﬂpy)c P (Px + D )c? §
E+mc 0

O

0 E+(mc2)+p221
~  E+mcZ
55 K-o
0

0

This will be a solution as long asE? = p?c® + (mc?)?, not a surprising condition. Adding a
normalization factor, the solution is.

1

_N%L§

E+ mc?
(Px+ipy)c

E+m62 1
1

Up=0 = N %8&

0

This reduces to the spin up positive energy solution for a particle at est as the momentum goes to
zero. We can therefore identify this as that same solution boostedo have momentum . The full
solution is.

1

0 1
(1) =N % p(z)c g(px Et)=h

E+mc?

(px+lpy)c
E+mc?
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We again see that for a non-relativistic electron, the last two compaents are small compared to
the rst. This solution is that for a positive energy electron . The fact that the last two
components are non-zero does not mean it contains \negative energy" solutions

If we make the upper two components those of apin down electron , we get the next solution
following the same procedure.

E + mc? 0 pzC (Px |py)Cl 0 o1
0 E + mc? (px + ipy)C pzC _
% pzC (px ipy)c  E+ mc? 0 K %Blg =0
(Px + ipy)c p,C 0 E + mc? B,

Bip.c+ Ba(px  ipy)C
B E+ mc2 * Bu(px +ipy)c BopcG
ipy)c+ B1(E + mc?)
IOzC+ B2(E + mc?)
B, = (P 1Py)C
E + mc?

_ pzC
B2 = E + mc2?

Pz (px__ipy)c? Pz(px ipy)c?
E+ mc?2

% E+mc2 —5E+mc § 0

O
0 1

2, 2y2, 122
B e ;Tgéz ¢ o
0
EZ — 82C2+(mc2£2

=N %(px lpy)c

E+mc

E+m6 1

Up=0 = N %(::L)X

0

0

This reduces to the spin down positive energy solution for a particle arest as the momentum goes
to zero. The full solution is.

0 1
0
(2) =N %(px |py)c§ i(px Et)=h
E+mc2
E+pnz1cZ
Now we take a look at the\negative energy" spin up solution in the same way.
0 E+me 0 p,C (px ipy)c1 0 All
0 E+mc?  (py+ ipy)c p:C A _

S T i o0 KBYK=0

(Px + ipy)c p.C 0 E + mc? 0
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0 A1( E + mc?)+ p.c !
B A E+m)t(potip)e €
A1p,c  Ax(px  ipy)c+(E + mc?)
Ai1(px + ipy)c+ Azp;C

pzC
Ap= — 2
! E + mc?

0 2 E +1mc2

0

B g -

E+mc2+(E+mC2) =0
Pz (P ¥ ipyer R p.C
0

%) E2+( mc92)2+ p?c? X =0

— P
E+ mc

E?= p2c2+(mc}

E+mc2
% (px+lpy)c
=N E+mc2
0 Ol
0
0

This reduces to the spin up \negative energy" solution for a particleat rest as the momentum goes
to zero. The full solution is

0 poe 1
E+mc?
= B -G G oo eom
P 1
0

with E being a negative number. We will eventually understand the \negative energy" solutions in
terms of anti-electrons otherwise known as positrons.

Finally, the \negative energy"”, spin down solution follows the same pattern.
0 E+me 0 p,C (px ipy)c1 0 All
0 E+mc?  (py+ ipy)c p:C A _
® b (b e Erme o° KBGR=0
(Px + ipy)c p.C 0 0 E* mc? 1
(px_ipy)c
Eernglc2
|S'4) - N% W gei(px Et)=h
1

with E being a negative number.
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We will normalize the states so that there is one particle per unit volume.

y = L
\Y
2
N2 1+ L = i
(JEj + mc2)2 \Y
N2 E?+ m2c* + 2JEjmc? + p?c? _1
(JEj + mc?)2 \Y
N2 2E? + 2jEjmc? 1
(JEj + mc?)2 Y,
5 2JEj 1
(Ej+me?) ~V
JEj + mc?
B 2jEjV
We have the four solutions with for a free particle with momentum p. For solutions 1 and
2, E is a positive number. For solutions 3 and 4,E is negative.
0 1 0 1
s 1 s 0
o - 17E1.+ .mCZ% - 9c §ei('” Et)=h @ - 17E1.+ .mC2 (Px ]i'py)cgei('” Et)=h
P 2EjV E+mc? P 2EjV “Evme?
(px+ipy)c pzC
0 mz_l 0 E+mc?
s e s_ (B ipy)e
iEj+ mc2ZB _(xtipy)c & iEi+ mc2B _.8 o
@ | J_ _ %Wﬁel(p* Et)=h @ - J_ _ % e §e|(px Et)=h
P 2iEjV 1 P 2iEjV 0
0 1

The spinors areorthogonal for states with the same momentum and the free particle waves are
orthogonal for di erent momenta. Note that the orthogonality ¢ ondition is the same as for non-
relativistic spinors

My 9 _ 0

It is useful to write the plane wave states as a spinorug) times an exponential. Sakurai picks a

normalization of the spinor so that uYu transforms like the fourth component of a vector. We will
follow the same convention. s

m  MC gpx EH=h
P JEjV P
0 1 0 1
r— 1 r 0
@) E + mc? 0 ) E + mc? 1
U™ = Pz & U" = ——— @ ipy)c
P 2mc? E+mc? P ome2 {px By
(px+ipy)c - p:c_
E+m +mc
r 0 EEZCZ C:f 0 (px_ipy)c
TErme iy FM———— o “Erme?
®) E + mc? % (px+|py)0§ @ E + mc2 % Pz C §
Us" = T oo E+mc? u.’ = _ E+mc?
P 2mc? 1 P 2mc2 0

0 1
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z
0 -
rest? In general, they are not. To have an eigenvalue of +1, a spiromust have zero second and
fourth components and to have an eigenvalue of -1, the rst and hird components must be zero. So
boosting our Dirac particle to a frame in which it is moving, m ixes up the spin states

Are the free particle states still eigenstates of , = as were the states of a particle at

There is one case for which these are still spin eigenstates. If theapticle's momentum is in the z
direction, then we have just the spinors we need to be eigenstatesf ,. That is, if we boost along
the quantization axis, the spin eigenstates are preserved. Thesare called helicity eigenstates
Helicity is the spin component along the direction of the particle. While it is possible to make
de nite momentum solutions which are eigenstates of helicity, it is not possible to make de nite
momentum states which are eigenstates of spin along some other dirtion (except in the trivial case
of p= 0 as we have shown).

To further understand these solutions, we can compute the coreved probability current. First,
compute it in general for a Dirac spinor

04,1
_ AxC
_%Blg_
B>
j = ic
o= ic Y,
O1 0 0 o
_ BO1 0 O
4‘?@00102
00 0 1
05,1
A
o= k(AL A, B By B’
B>
Op 0 o il 09 00 1! O 0 i ol
_ 0 i o0 B0 01 O ~BO O 0 i
1_%Oi 0 oE 2‘%@o 10 oE 3‘%% 0 oo2
i 0 0 O 100 0 0O i 0 O
0 1

j - C% |[Ale AlBZ AzBl+ AZBl]X
i[AjA1+ AyA2+ B B1 + B,B7]

@

Now compute it speci cally for a positive energy plane wave, P and a \negative energy" plane
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(©)
wave, .
1
@ _ N% g(px Et)=h
P E+ mc2
(px+lpy)c
E+mc?
i@ = NZc((B2+ By i[B2 B,li[Bi+ Bylii[l+ B;B1+ B,B2])
0 = N2 ® o 2od 2mdiE + m s P S ]
7 T Erme e E+ mc?
2c
i@ = 2_ & M
j N ez (PGB CiE)
1
E+ mc2
S) - N% (rg:;r})cyz)c d(px Et)=h
j® = N C([Az + Azl il Ag+ Aoli[Ag + AdLi[A AL+ AyAz +1))
22
L3 = 2 c ) . o 2 p
j N Ermc 2pxC; 2pyC; 2p,C;i[ E + mc+ Ermc mc2]
2c
i3 = 2 S
J N E + mC2 (pXCIpyC!pZC!IE)
Since E is negative for the \negative energy" solution, the probability density is positive but

the probability ux is in the opposite direction of the momentum

36.6.3 Alternate Labeling of the Plane Wave Solutions

Start from the four plane wave solutions: 1 and 2 with positive energ and 3 and 4 with negative.
There are four solutions for each choice of momentung.

0 1 0 1
s 1 s__ 0
jEj + mc? 0 : i, JEj + mc? 1 ' =
él) - J_ .mc % brc §e|(p* Et)=h l{32) - J. .mc by ipy)cgel(px Et)=h
2JEjV E+mc? 2EjV E+mc?
(px+ipy)c pzC
0 mz—l E+ mc?
S - s 0oy
© - JEIEMER Gdef e e 0o ELMER B € e
P 2[EjV 1 P 2iEjV 0
0 1

Concentrate on the exponential which determines the wave prop#y. For solutions 3 and 4, both
the phase and group velocity are in the opposite direction to the morentum, indicating we have a
problem that was not seen in non-relativistic quantum mechanics.

P T mia

Yphase = FQ: EF): b
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pc 5
P+ mich

Clearly, we want waves that propagate in the right direction. Perhaps the momentum and energy
operators we developed in NR quantum mechanics are not the wholday.

For solutions 3 and 4, pick the solution for pto classify with soILﬁ|ons 1 and 2 with momentum p

write everything in terms of the positive square root E = p2c+ m2ct.
0 1 0 1
- 1 r— 0
@ E*rmc mCZ% POC §ei(p* Et)=h @ . E*me me? %(p :ilp )C§ g(px Et)=h
P 2EV E+mc? P 2EV ﬁz—
(px+ipy)c
0 =g mc?l 0 1
_ Efw_ — (%Ex+ rfg)c
@ _ E+mc %%e i(px Et)=h @ _ JEJ+ mc % W e i(px Et)=h
P 2EV P - 2EjV
0

We have plane waves of the form

e i(p x )=h
which is not very surprising. In fact we picked the + sign somewhat randomly in the development
of NR quantum mechanics. For relativistic quantum mechanics, bothsolutions are needed. We have
no good reason to associate the (P X ) solution with negative energy. Lets assume it also has
positive energy but happens to have the - sign on the whole exponén

Consider the Dirac equation with the EM eld term included. (While we ar e dealing with free
particle solutions, we can consider that nearly free particles will hae a very similar exponential
term.)

_@ +E =0

@x h
g+i£ +E =0
@x hc h

The operatlng on the exponential produces ip =h. If we change the charge on the electron from

e to + e and change the sign of the exponent, the equation remains the samn Thus, we can turn
the negative exponent solution (going backward in time) into the corventional positive exponent
solution if we change the charge to 4. Recall that the momentum has already been inverted (and
the spin also will be inverted).

The negative exponent electron solutions can be recast as conve
solutions .

ntional exponent positron

36.7 \Negative Energy" Solutions: Hole Theory

Dirac's goal had been to nd a relativistic equation for electrons which was free of the negative
probabilities and the \negative energy" states of the Klein-Gordon equation. By developing and
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equation that was rst order in the time derivative , he hoped to have an equation that behaved
like the Schmdinger equation, an equation for a single particle. TheDirac equation also has
\negative energy" solutions . While the probability is positive, the ux that we have derived

is in the opposite direction of the momentum vector for the \negative energy" solutions.

We cannot discount the \negative energy" solutions since thepositive energy solutions alone

do not form a complete set . An electron which is localized in space, will have components of its
wave function which are \negative energy". (The in nite plane wave solutions we have found can
be all positive energy.) The more localized the state, the greater the \negative ener agy"
content .

One problem of the \negative energy" states is that an electron in apositive energy (bound or free)
state should be able toemit a photon and make a transition to a \negative energy" sta te.
The process could continue giving o an in nite amount of energy. Dirac postulated a solution to
this problem. Suppose thatall of the \negative energy" states are all lled and the Pauli
exclusion principle keeps positive energy electrons from making tragitions to them.

The positive energies must all be bigger thanrmc? and the negative energies must all be less than

mc?. There is an energy gap of Bic?. It would be possible for a\negative energy" electron to
absorb a photon and make a transition to a positive energy sta te. The minimum photon
energy that could cause this would be thc?. (Actually to conserve momentum and energy, this must
be done near a nucleus (for example)). Awole would be left behind  in the usual vacuum which
has a positive charge relative to the vacuum in which all the \negativeenergy" states are lled. This
hole has all the properties of a positron . It has positive energy relative to the vacuum. It has
momentum and spin in the opposite direction of the empty \neg ative energy" state
The process of moving an electron to a positive energy state i&e pair creation ; it produces both
an electron and a hole which we interpret as a positron. The discovgrof the positron gave a great
deal of support to the hole theory.

The idea of anin nite sea of \negative energy" electrons is a strange one. What about all
that charge and negative energy? Why is there an asymmetry in thevacuum between negative and
positive energy when Dirac's equation is symmetric? (We could also havsaid that positrons have
positive energy and there is an in nite sea of electrons in negative egrgy states.) This is probably
not the right answer but it has many elements of truth in it. It also giv es the right result for some
simple calculations. When the Dirac eld is quantized, we will no longer need the in nite \negative
energy" sea, but electrons and positrons will behave as if it were thre.

Another way to look at the \negative energy" solution is as a positive energy solution moving
backward in time . This makes the same change of the sign in the exponential. The pade would
move in the opposite direction of its momentum. It would also behave a if it had the opposite
charge. We might just relabel p! p since these solutions go in the opposite direction anyway and
change the sign ofE so that it is positive. The exponential would be then change to

g(px Et)=h | o i(px Et)=h
with e positive and p in the direction of probability ux.
36.8 Equivalence of a Two Component Theory

The two component theory with 5 (and g depending on it) is equivalent to the Dirac theory
It has a second order equation and separate negative and positivenergy solutions. As we saw in



507

the non-relativistic limit, the normalization condition is a bit unnatural in the two component
theory. The normalization correction would be very large for the \negative energy" states if we
continued to use .

Even though it is a second order di erential equation, we only need b specify the wave function and
whether it is negative or positive energy to do the time development.The Dirac theory has many
advantages in terms of notation and ease of forming Lorentz covéant objects. A decision must be
made when we determine how many independent elds there are.

36.9 Relativistic Covariance

It is important to show that the Dirac equation, with its constant matrices, can becovariant .
This will come down to nding the right transformation of the Dirac spinor . Remember that
spinors transform under rotations in a way quite di erent from nor mal vectors. The four components
if the Dirac spinor do not represent x, y, z, and t. We have already slved a similar problem. We
derived the rotation matrices for spin % states, nding that they are quite di erent than rotation
matrices for vectors. For a rotation about the j axis, the result was.

R( ):cos§+i ,—siné

We can think of rotations and boosts as the two basic symmetry transformati ons that we
can make in 4 dimensions. We wish to nd the transformation matricesfor the equations.

0 = Srot ()

= Shoost ()

We will work with the Dirac equation and its transformation. We know how the Lorentz vectors
transform so we can derive a requirement on the spinor transfor@tion. (Remember that a  works
in an entirely di erent space thando  and S.)

= 0+ W = 0
= WO+ ) = o
™) = s (v
e _ , @
@2 @x
a@—%s+$s 0
s ! a@—@:(8+$8 = 0
slsa@—%+%sls - 0
st sa 2 .M _,

@x h
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The transformed equation will be the same as the Dirac equation iS 1 Sa = . Multiply by
the inverse Lorentz transformation.
a (@) ! =
a a =
S! saa = a
st s = a
S! s= a

This is the requirement on S for covariance of the Dirac equation

Rotations and boosts are symmetry transformations of the coadinates in 4 dimensions. Consider
the cases of rotations about the z axis and boosts along the x diréion, as examples.

0 cos sin O 01
(rot) — sin cos O (()ﬁ
a ® 0 0o 1
0 0 0 1
0 OOilocosh OOisinh1
(boost)  _ 0 10 0¢._ 0 10 0
a & 0 01 05i & o 01 0 K
i 00 isinh 0 O cosh
The boost is just another rotation in Minkowski space through and anglei = itanh !
For example a boost with velocity in the x direction is like a rotation in the 1-4 plane by an angle
i . Let us review the Lorentz transformation for boosts in terms of hyperbolic fu nctions .
We de ne tanh =
tanh = u:
e +e
e +e
cosh = —/——
2
e e
sinoh = ————
! 2
i) 4@ i(i) +
cos(f ) = e 2e =& © = cosh
- i) elll) e e _.e e .
sinil ) = 5 = 5 =i > = isinh
- 5 1 — 1 — 1 =g ! _&*e€ =cosh
"T 2 "1 tanh? | (I+tanh )T tanh ) 2 _ 2 2
e +e e +e
= tanh cosh =sinh
0 cosh 0 0 isinh 1
(boost) — 0 10 0
a & o 01 O K
isinh 0 O cosh
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x§ = xicosh + ix4sinh
x% = x4+ i (ict)
x§ = xgcosh  ixjsinh

We verify that a boost along the i direction is like a rotation in the 4 plane through an anglei

We need to nd the transformation matrices S that satisfy the equation S ! S = a
for the Dirac equation to be covariant. Recalling that the 4 component equivalent of , is , =
Laial - -2, we will show that these matrices are (for a rotation in the xy plane and a boost in

2i
the x direction).

Siot = cos§+ 1gsin§

S = cosh=+i sinh =
boost 2 14 2

Note that this is essentially the transformation that we derived for rotations of spin one-half states
extended to 4 components. For the case of the boost the angle iow i

Lets verify that this choice works for a boost

1
cosh§+ i1 4sinh§ cosh§+ i1 4sinh§ =

cosh7 +i3 4sinh7 coshE +i 1 4sinh§ =

coshE i1 4sinh§ cosh§+ i1 4sinh§ =

coshE coshE +coshE i1 4sinh§ i1 4sinh§ coshE i1 4sinh§ i1 4sinh§ =
cosﬁ§+i 1 4cosh§sinhE i 14 coshisinh§+ 14 1 4sinh2§ =

The equation we must satisfy can be checked for each matrix. First check ;. The operations with
the matrices all come from the anticommutator,f ; g=2 , which tells us that the square
of any gamma matrix is one and that commuting a pair of (unequal) matices changes the sign.

4 o B . i 4+ . 2_ -
1 cosif 5 i11 4cosh25|nh2 i 14 1cosh23|nh2 141 1 4Sinh 5 a1
— —sinh= + i —sinh—= + inh2 — =
1cost?2 |4cosh23|nh2 i 4cosh25|nh2 1 sinh 5 a1
—+2i —sinh= + inh2 — =
1cosf?2 2i 4cosh25|nh2 1 sinh 5 a
costf = +sinh? = = }((e?+ e7 )2 +(e7 e7)?)= }(e +2+e +e 2+e )
2 2 4 4
1
= é(e +e ) = cosh

coshE sinhE = %((e? +e7)er e7))= %(e e )= %sinh
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coslif 5 sinh? 5= %((ef +e7)? (e7 e7)?)

=%(e+2+e e +2 e )

1cosh + i 4sinh

0 cosh 0 O isinh

_ 0 10 0
a‘?@o 0 1 o2

i sinh 0 O cosh
pcosh +i 4sinh = jcosh + i 4sinh

That checks for ;. Now, try 4.

4cosr?§+i 41 4cosh§sinh§ i 124 4cosh§sinh§+ 1441 4SiNK?= =

2

_ . i _ . i - . 2_ —
4cosr?2 i 1cosh25|nh2 i 1cosh23|nh2 4 Sinh 5

- i —si — + inh? — =
4cost?2 2i 1cosh25|nh2 4 sinh 5

4 COSh i 1sinh =

That one also checks. As a last test, try .

zcosh"§+i 5 1 4cosh=sinh— i 1 4 pcosh=sinh=+ 1 4 5 1 4Sinh?

The Dirac equation is therefore shown to beinvariant under boosts along the

N

2 2 2 2
zcosl?§+i )1 4cosh§ sinhE i 21 4cosh§ sinhz » sinh?

o N

we transform the Dirac spinor according to 0= Spuost  With the matrix

and tanh =

Shoost = coshE +i 4sinh§

The pure rotation about the z axis should also be veri ed.

1

cos=+ 1 2Sin= cos=+ 1 2Sin= =
2 2 2 2

COS— sin = cos— + sin = =
2 12 2 2 1 2 2

; ; 2 —
cog - + COS= Sin = COS= Sin = sin© - =
5 1 2€085s8IN5 12 5SN5 12 12

1
-

ag

ay
i sinh 1+ cosh

i sinh 1+ cosh

i sinh 1+ cosh

X;j direction if

4

4

4
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For =3o0r4,a = and the requirement is fairly obviously satis ed. Checking the requirement
for =1, we get.

1co§§+ 11 gcosésin5 12 1cos§sin§ 121128 = a
0 cos sin 0 01
_ sin cos 0 O
a = B 0 0o 1 0&
0 0 0 1
1co§§+2 gcosisiné 1sin2§ = cos 1+sin

1C0S + 5sin

cos i+sin

This also proves to be the right transformation of so that the Dirac equation is invariant

under rotations  about the k axis if we transform the Dirac spinor accordingto °= S,y  with
the matrix

Srot :cos§+ i ,—sin5

and ijk is a cyclic permutation.

Despite the fact that we are using a vector of constant matrices, , the Dirac equation is covariant

if we choose the right transformation of the spinors. This allows us ® move from one coordinate
system to another.

As an example, we might try our solution for a free electron with spin p along the z axis at rest.
0,1 0,1
1 1

W = E=+ mc2;+h=2 = p%%)gge ime *t=h P%%}gg gh x =h

The solution we found for a free particle with momentum p was.

r 70 1 1
™ _ E + mc? % poc §e‘p « =h
P 2EV E+ mo?
(Px+ipy)c
E+mc?
Imagine we boost the coordinate system along the x direction with £ = . We can transform the
momentum of the electron to the new frame.
0 oo i 1 0 o1 0 me 1
0 10 0 0 0
pO - a(boost)p - % 0 0 1 X %) X % X
[ 00 imc i mc

The momentum along the x direction isp, = mc = mcsinh . We now have two ways to get the
free particle state with momentum in the x direction. We can use our fee particle state
0 1
r

E + mc? 0
(€5 R i(px Et)=h
T2EVO. %) Ke

pxc
E+mc2
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0
7 1
E + mc? % 0 §ei('” Et)=h
0

- E+mc2% § i(px Et)=h
2EVO

1
r
_ E + m;:z% 8 §ei(px Et)=h
2EV sinh
cosh +1
0 1
r - 1
E + mc():2 % 0 § d(px Et)=h
2EV

2sinh - cosh »
0 cosh? 5 +sinh 2 ?fcosh 2 - sinh? >
1

r
_ E + m(():2 % 8 §ei(px Et)=h
2EV

2sinh » cosh »

0 2cosh?
r 1
E + mc? O i(
= e (px Et)=h
C2EVO % 2
tanh >

where the normalization factor is now set to bep%, de ning this as the primed system.

We can also nd the same state by boosting the at rest solution. Reall that we are boosting in the
x direction with , implying !

Sboost = €osh—= i 1 asinh—
2 2
%00 0o it%1 0 0o o?
.BO O i O 01 0 O .
= coshE |%)0I 0 OX%)O 0o 1 OXsmh—
i 0 0 O 0 0 O 1
%0 0 0 il
.BO 0 i OC .
= coshz |%0 i 0 0 smhz
i 0 0O
00 0 0 1t
0 0 1 oC .
= cosh§+ %)0 10 OXsth
1 000
Ocosh7 0 0 sinhf1
%} 0 cosh, sinh 0 g
sinh5  cosh 0

sinh 0 0 coshy



0 cosh 0 0
o - %) 0 coshs sinh
P 0 sinh cosh
sinhf 0 0
0 1
cosh

p%% 8 § g x =h

sinh =

§ 1

1 _ ip x =h
pv cosh2 % X €
tanh »

coshE

1

1+ cosh 1+&22— e +2+e

. 1
sinh

8 Xp%%)gge"’ X =h
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011

0

2 2 4
r r r

E + mc?

cosh— = l+cosh _ 1+
2 2 B 0 2

r 1
E + mc2

S 2me2

1

@
P 197

tanh 3

, 0 1 1

VAL 2mc?

tanh -
r

) Elerz\ng%) : fep xoh

tanh 5

In the last step the simple Lorentz contraction was used to setv? = Y.

matches the plane wave solution including the normalizatio

36.10 Parity

It is useful to understand the e ect of a parity inversion on a Dirac spinor

the Dirac equation and its parity inverted form in which x; !
same for the vector potential).

= 0+ T ()
= °(°) T ox9
%x%

@

a7

2mc?

%) 0 Xelpx—h

_ .1 E+m02% O Ee‘px'h

This boosted state
n.

. Again work with

Xj and x4 remains unchanged (the

Sp (X)
@
@x
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e _ @
@3 @x
J@—(@?("' 4@—@1( S +°s =0
1 @ mc
Sp J@—?("' "By Sp t T 0

Since 4, commutes with itself but anticommutes with the , it works ne.
Sp = 4
(We could multiply it by a phase factor if we want, but there is no point t o it.)

Therefore, under aparity inversion operation

°=S = 4
010 0 ot
Since 4 = %)8 é 01 8% the third and fourth components of the spinor change sign while
0 0 O 1

the rst two don't. Since we could have chosen 4, all we know is that components 3 and 4
have the opposite parity of components 1 and 2

36.11 Bilinear Covariants

We have seen that the constant matrices can be used to make @onserved vector current
j =ic

that transforms correctly under Lorentz transformations. Wit h 4 by 4 matrices, we should be able
to make up to 16 components. The vector above represents 4 ohose.

The Dirac spinor is transformed by the matrix S.
°=s
This implies that = Y 4 transforms according to the equation.
°=(S ) 4= Y,

Looking at the two transformations, we can write the inverse transformation.

Srot :cos§+ i sinE
S =cosh=+1i  4sinh=
boost 2 i 4 2

S l=cos= ;sin=
rot 2 [ | 2
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Shobst =cosh i 4sinh-

Sl =Cos5+ | isini =CoS5 i | sini

SYost =cosh§ i isinhE =coshE +i 4sinhE
aSly 4= OS5 i | sini = S,.f

4Shoost 4 :coshz i 4sinh§ =S,

S 4=81

0=(S )V 4= V448 4= V4St=8 1

This also holds forSp.

Sp= 4
Sg=4
1_
S,l= 4

1

4Sh 4= 444= 4=Sp

From this we can quickly get that is invariant under Lorentz transformations and hence is a
scalar.

00— S lS -
Repeating the argument for we have

© %= s !t s =a
according to our derivation of the transformations S. Under the parity transformation
0 0— S 1 S = 4 4

the spacial components of the vector change sign and the fourttomponent doesn't. It transforms
like a Lorentz vector under parity.

Similarly, for 6

forms arank 2 (antisymmetric) tensor

We now have 1+4+6 components for the scalar, vector and rank 2 atisymmetric tensor. To get an
axial vector and a pseudoscalar, wele ne the product of all gamma matrices

5= 1234
which obviously anticommutes  with all the gamma matrices.

f ; 50=0
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For rotations and boosts, 5 commutes with S since it commutes with the pair of gamma matrices.

For a parity inversion, it anticommutes with Sp = 4. Therefore its easy to show that 5
transforms like a pseudoscalar and i s transforms like an axial vector . This now brings
our total to 16 components of bilinear (in the spinor) covariants. Note that things like 5 12 =
i 12341 2= 1 3 4isjustaconstanttimes another antisymmetric tensor element, sats nothing
new.

Classi cation Covariant Form no. of Components

Scalar 1

Pseudoscalar 5 1

Vector 4

Axial Vector 5 4

Rank 2 antisymmetric tensor 6

Total 16

The matrices can be used along with Dirac spinors to make a Lorentz scalapseudoscalar, vector,

axial vector and rank 2 tensor. This is the complete set of covariants , which of course could be

used together to make up Lagrangians for physical quantities. Allsixteen quantities de ned satisfy
2=1.

36.12 Constants of the Motion for a Free Particle

We know that operators representingconstants of the motion commute with the Hamilto-

nian . The form of the Dirac equation we have been using does not have dear Hamiltonian. This
is true essentially because of the covariant form we have been usingor a Hamiltonian formulation,
we need to separate the space and time derivatives. Lets nd thédamiltonian in the Dirac
equation .

mc
@+

e "m0
j@—((?(+ 4@—((?0t+% =0
iBj 4%@@t imc =0

G ime) = 02
(4P imc 4) =%%t
ic 4 jpp+mc?, =E

_ 2
H=ic 4 p +mc 4

Its easy to see thepy commutes with the Hamiltonian for a free particle so that momentum will
be conserved .
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The components of orbital angular momentum do not commute withH .

[HiLz]=ic 4[ jpixpy  ypx] = hc 4( 1py 2Px)

The components of spin also do not commute withH .

_ Lol 1o
z 2i i
h h h
[H;S.] = [H;E z]=C§[4jpj: 12]=C§I0j[4j 12 124l

h h
CEDj[4jlz 412j]=C§pj4[112 12 1= hcal 2px 1py]

However, the helicity , or spin along the direction of motion does commute.

[H:S ®g=[H;S] p=hcsp ~ p=0

From the above commutators H;L ;] and [H; S;], the components of total angular momentum
do commute with H.

[H;dz]=[H;L ]+ [H;S;]1=hc 4( 1py  2px)+ hc 4] 2px 1py] =0

The Dirac equation naturally conserves total angular momentum but not conserve the orbital
or spin parts of it.

We will need another conserved quantity for the solution to the Hydrogen atom; something akin to

the inj=" % we used in the NR solution. We can show that H; K ] = 0 for
h
K= 4,2~ T > 4

It is related to the spin component along the total angular momentum direction. Lets compute the
commutator recalling that H commutes with the total angular momentum.

H = ic 4~ p+ mc? 4
KD = [H 5 D)+ a1 T
[H: 4] = ic[ 4~ P 4]=2ic~ p
LH; zi] = 2c4f 2px  1Py]
H;,~ = 2 4~ P
K] = 2ic- B T 0 2 p T
pC =0

- h-—
To= bty

K] = 2¢ it~ B ) ~ p T i 9
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- 9 I
i m n mnj
-9 I

H;K]

[H; K]
[H; K]
H:K]
[H; K]

H:K]

i
iPi ij:7piJj i m n mn
2( i 5 4% ik k)
iPidi(ij 54t ik k)= is54p T i~ pJT
.h
2C 54p J+~ pJT ~ pJT |§(~p)
.h

2C 12344p T I§(~ﬁ)

.h
2c 12313\]- I§(~ ’p)

h .h
2c 12 3P (E+§7 I§(~ 3)

h .
205 12397 (=9

200 (ip ~ i(~ B)=0

It is also useful to show that [K; J] = 0 so that we have a mutually commuting set of operators to
de ne our eigenstates.

Ky JT=1[ 4~

DR IR aE R i B FE

This will be zero if [ 4;J]=0and [~ J;J]=0.

h
4T
h
- T
h
- CJ

Ml4T=0

[T EJII+[T = J3]1=[" GJ]+[38:J]=[" L J]

h
[ 4T+ ETZ
h
[Li"'z

h h

sl =t gLd+ S ghl= glkobd+ S0 gy

: h . . .
e gL+ 2iz g kb = ThCic Lt g kL) = 0 gL g kL) = (i

So for the Hydrogen atom,H, J2, J,, and K form a complete set of mutually commuting operators
for a system with four coordinatesx, y, z and electron spin.

36.13 The Relativistic Interaction Hamiltonian

The interaction Hamiltonian
for now is to just use the same interaction term that we had for eletromagnetism

for the Dirac equation can be deduced in several ways. The simplest

1.
Hine = EJ A

and identify the probability current multiplied by the charge (-e) as t he current that couples to the

EM eld.

jEEM) = ejc

i Lk
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Removing the Y from the left and  from the right and dotting into A, we have the interaction
Hamiltonian.

Hin = i€ 4 A
Note the di erence between this interaction and the one we used in lhe non-relativistic case. The
relativistic interaction has just one term, is linear in A, and is naturally proportional to the coupling
e. There isno longer an A? term with a dierent power of e. This will make our perturbation
series also a series in powers of.

We may still assume that A is transverse and that Ay = 0 by choice of gauge.

Hine = ie 4 kAx

36.14 Phenomena of Dirac States
36.14.1 \Velocity Operator and Zitterbewegung

We will work for a while in the Heisenberg representation in which the operators depend on time
and we can see some of the general behavior of electrons. If wenkdn a state of de nite energy,
the time dependence of the operators is very simple, just the usui@xponentials.

The operator for velocity  in the x direction can be computed from the commutator with the
Hamiltonian.

i i :
x= pHix] = el 4 jpix]=ic 4 1

Vj:IC4j

The velocity operator thenisv; = ic 4 j.

Its not hard to compute that the velocity eigenvalues (any component) are c.
%10 0 0'% 0 0 it %00 0 1!

: _..B0O1 0 O 00 i O0cC_ 0 01O
'C“"C%oo 1 OX%)Oi 0 0 ‘C%)01oo£
0 0 O 1 i 0 0 O 1 000

0y g g 110,12 0,1

0 01O bC _ b

C?@o 10 O&?@CX— CES@cg

1 000 d d

0 O 1

0 1 0 _

0 1 0 =0
1 0 O

[ (» 1 N 1 ()+1w)=0

4 22%2+1=0

(2 12=0
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Thus, if we measure the velocity component in any direction , we should either get plus or
minus c. This seems quite surprising, but we should note that a component fothe velocity operator
does not commute with momentum, the Hamiltonian, or even the othe components of the velocity
operator. If the electron were massless, velocity operators wddi commute with momentum. (In
more speculative theories of particles, electrons are actually thaght to be massless, getting an
e ective mass from interactions with particles present in the vacuun state.)

The states of de nite momentum are not eigenstates of velocity fo a massive electron. Thevelocity
eigenstates mix positive and \negative energy" states equally.

0 00110a1 Oal

0
By 0 o wBXK= B
1

0 0O d d
Odl Oal
o b
B% = BOR
a d
011 001 011 001
=B u=BIE u-BOK  u-BLK
1 0 1 0

Thus, while momentum is a constant of the motion for a free electronand behaves as it did in NR

Quantum Mechanics, velocity behaves very strangely in the Dirac tieory, even for a free electron.
Some further study of this e ect is in order to see if there are phy#cal consequences and what is
di erent about the Dirac theory in this regard.

We may get the di erential equation for the velocity of a free electron by computing the derivative
of velocity. We attempt to write the derivative in terms of the const ants of the motion E and p.

v, = IH[H;VI']: Iﬁ( 2Hv; + fH;vjg) = Iﬁ( 2Hv; + fvjp + mc? 4;vQ) = Iﬁ( 2Hv; + fvip;v;0)

i [ i i
= E( 2HVj + ij Pj ;v g) = E( 2HVj +2Vj pj)= E( 2HVj +2Vj2pj)= E( 2HVj +2(:2pj)

This is a di erential equation for the Heisenberg operatorv; which we may solve.
vi ()= P =E+(v;(0) c’p=E)e ="
To check, di erentiate the above

v (t) = ZiTE(v,- (0) Pp=E)e =N = iﬁ( 2Ev; (0) + 2 Ppj)e 2E=N
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and compare it to the original derivative.

W) = L( 2By +28p)= L( ZE(@RE+(Y(0) Cp=E)e 2N +2p)

[ Ete i i
=+ 2Pp +( 2By (0)+2¢p)e 2N +20%y) = (1 2By (0)+2¢%p)e T
This checks so the solution for the velocity as a function of time is caect.

vi(t)= Pp=E+(vj(0) c?pj=E)e ZE=N

There is a steady motion in the direction of the momentum with the corect magnitude c. There
are also very rapid oscillations with some amplitude. Since the energy tludes mc?, the period of
these oscillations is at most2.1, = —he = (3:148%;7;\;7"\2';\” ) = 1200F=c= 20 102 =4 102
seconds. This very rapid oscillation is known as Zitterbewegung. Ohbwusly, we would see the same
kind of oscillation in the position if we integrate the above solution for the velocity. This very rapid
motion of the electron means we cannot localize the electron extrealy well and gives rise to the
Darwin term. This operator analysis is not su cient to fully understa nd the e ect of Zitterbewegung
but it illustrates the behavior.

36.14.2 Expansion of a State in Plane Waves

To show how the negative energy states play a role in Zitterbewegum it is convenient to go back to
the Schredinger representation and expand an arbitrary statein terms of plane waves. As with non-
relativistic quantum mechanics, the (free particle) de nite momentum states form a complete

set and we can expand any state in terms of them.

s
4
X X mc? (1) g(px Et)=h

(1) = jEWCp;r Uy

p r=1

The r = 1,2 terms are positive energy plane waves and the = 3;4 states are \negative energy".
The di ering signs of the energy in the time behavior will give rise to rapid oscillations.

The plane waves can be purely either positive or \negative energy"however,localized states have
uncertainty in the momentum and tend to have both positive an d \negative energy"”
components . As the momentum components become relativistic, the \negative aergy" amplitude
becomes appreciable.

C3;4 pc

G2 E+mc?

Even the Hydrogen bound states have small \negative energy" cmponents.
The cross terms between positive and \negative energy" will give rie to very rapid oscillation of

the expected values of both velocity and position. The amplitude of he oscillations is small for
non-relativistic electrons but grows with momentum (or with localization).
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36.14.3 The Expected Velocity and Zitterbewegung

The expected value of the velocity in a plane wave state can be simplyatculated.

z
i = Y(ic 4 «) d3x
0 1
00 0 0 11, 1
. @ _ 00182 E+mc2% 0 §
IC u =cC —_— z
(ic 4 1)u, %’o 10 2EV Er e
1.0 0 O (Px+ipy)c
E+mc?
r (px+ipyz)c
) E+mc2%EJE’ZWéc §
c =c ——— E+mc?
(ic 4 1)uy 2EV 0
1
(pEX+|pyz)c
@y, @ _ E + mc? p;C (px_ipy)c % —E:E; §
Up (ic 4 l)up - WC 10 E+mc?2 E+mc?
1
Wy, @ _ E+mc®  2pc _ pxe
u IC u = -
po (€ 4 1)U, 2EV E+ mc2  EV
. c?
h/kl = —pkE

The expected value of a component of the velocity exhibits strangédehavior when negative and

positive energy states are mixed. Sakurai (equation 3.253) compes this. Note that we use the fact
that u®% have \negative energy".

VA
i = Y(ic 4 «) d3x
XX 2 X XX 3h e
hvei = Jcprlzpll(E ~—— CoyoCpr U 4k u;(ar) e 2iEjt=h
p r=1 IE] p r=1 r°=SJ J

[
+ Cpyr 0Cyy U Y 4K u(f) g2iEjt=h

The last sum which contains the cross terms between negative andgsitive energy representsex-
tremely high frequency oscillations in the expected value o f the velocity , known as Zit-
terbewegung . The expected value of the position has similar rapid oscillations.

The Zitterbewegung again keeps electrons from being well localized ia deep potential raising the

energy of s states. Its e ect is already included in our calculation ast is the source of the Darwin
term.

36.15 Solution of the Dirac Equation for Hydrogen

The standard Hydrogen atom problem can be solved exactly using tativistic quantum mechanics.
The full solution is a bit long but short compared to the complete e ort we made in non-relativistic
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QM. We have already seen that (even with no applied elds), while thetotal angular momentum
operator commutes with the Dirac Hamiltonian , neither the orbital angular momentum
operator nor the spin operators do commute withH. The addition of a spherically symmetric
potential does not change these facts.

We have shown in the section on conserved quantities that the opator

- h
K= 4,2~ T 45
also commutes with the Hamiltonian and with J. K is a measure of the component of spin

along the total angular momentum direction. We will use K to help solve problems with spherical
symmetry and ultimately the problem of hydrogen. We therefore have four mutually commuting
operators the eigenvalues of which can completely label the eigenstates:

H; 3% 3 KU ong; j; my;

The operator K may be written in several ways

h h h 3h h
= - — = - + — 4= = — = - + — —
K VI 45 4~ C 5 4 4% 4~ C 4 4%
- ~ C+h 0
= + =
e brha 0 ~C h
Assume that the eigenvalues of K are given by
K = h:
We now compare theK ? and J? operators.
K2 = 40 C+h) 4" E+hg)=(" C+hy)?
= T L~ C+2h™ C+h®= |L; jLj+2h™ C+h?
11 = 2323= 2233=1
12 = 2331= 21= 12=1i 3
o= gtk ok
K2 = LiLi(j +ij «)+2h™ C+ h?
= L?+i~ (C C)+2h~ C+h?
(C E)o= XiPjXmPn ik mnl ko = O+ i—Xi im Pn ik mnl ko = i_Xipn ijk jnl ko
= TXiPn ji i Ko = i—Xipn( in K il kn) Ko

h h h )
TXiPi o + TXiPk ko = TXiPk ko = ihL,
K2 = L? h~ C+2h~ C+h?=L%+h~ C+h?
h2

3
J2 = L?+h” C+-h*=K?
4 4



524

22 P 2
he — = j({ +1)h
7 jG+1)
1
2 - 2,4 %
J J yl
1
= + —
(+3)
1
= + —
K (+3)
The eigenvalues oK are
1
= j+ - h:
1732
We may explicitly write out the eigenvalue equation for K for = j+ % h.
_ _ ~[C+h 0 A _ 1 A
K= h = 0 ~LC h B I 2 h B

The di erence betweenJ?2 and L2 is related to ~ L.

3
2- 72 phe o
L J h~ C 4h

We may solve for the e ect of~ [ on the spinor , then, solve for the e ect of L2. Note that since
A and g are eigenstates ofl? and ~ [, they are eigenstates ol ? but have di erent eigenvalues.

~ C+h 0 Ao (G+3)a
0 ~ T h B ( G+3) 8
~C 0 Ao ((j+% 1) a
0 -~ o (G+1 1)
N A _ (G+% 1) a
oo "M g+t 1,

2 A _ 2 A 2 ((G+3 1) a 3, A
Loy T ishhe R ((J+§ Ds 2 s

w2 3 A (G+%: 1)a
=D 7 0 (+f Do
o2 GG+ 2 (i 1) A
=M Gaen oG+l 1)
2 G2+) § i+l 3,
RERLEES B S
C oo %+ ) i+l a
RELLREIS BT S O



Note that the eigenvalues for the upper and lower components hathe same possible values, but are
opposite for energy eigenstates. We already know the relation = j

check that it is the same here.

1, ., . 1
)= + —
)=+ 5]

CHD=(] i+ 5

1.1
2l 271

525

1 ., . .1
-+t -=]74+] J é+

It is correct. So A and g are eigenstates of L2 but with di erent eigenvalues

2
h\(\

=]

NI =

+1) A
+1) B

Now we apply the Dirac equation

and try to use our operators to help solve the problem.

@ ie mc _
e T 7O
@ @ ie . mc
i—+ 44—+ 42 —I1Ag+ — =0
'‘@x ‘@x  ‘hc’ " h
@ . @ ee mc>  _
Cigx ‘@t ‘hrtn O
hc 4 i@—@; ihgt+ V(ir)+me2 4 =0
he 4 i@—@:( = ihgt V() me®4 =0
1 O 0 i @ _ .. @ 2 _
hc 0o 1 i 0 @x Ih@t V(r) mc° 4 =0
0 ih @ .. @ 2 _
c ih | 0 @x Ih@t V(r) mc® 4 =0
c 0 ip _ ihg V() mc? 0 A
i O 0 ihg V(r)+ mc? B
c 0 iPi A _ E V() mc? 0 A
i 0 B 0 E V(r)+ mc? B
The Dirac Equation then is.
o B _ E V() mc? 0 A
P A 0 E V(r)+ mc? B

We can use commutation and anticommutation relations to write ~

angular and radial operators

1
SCi+ g kiR

1 X

iR jR nPn = i jRR npn =

nPh = iRi jR nPn =

rr

—(j nXjpn)=

1
nPn = 52 i RiR nPn = nPn
1 ixi1

rTr E(j nXjPn +

% from NR QM. We simply

N

p in terms of separate

n anpj)
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1 ixi1 i 1 :x 1 .
= F Irli(j anpn+( i nt2i njk k)anj): F lrl(é(j nXjPnt+ nxnpj)""njk anpj)
1 ixi. 1 . 1 :x 1 .
= F lr I(E( i nXjPnt n ijpn)+I k njk anj): F%(é( i nt n j)ijn+| kLk)
1 x;i. 1 . 1 X .
(G2 xipa i kb = 2= 0p T kL)
1~ % L. @ .
~ - -_ =% &,
P C T |hr@r i~ C
1~ .
~ P= ZI X |hr@@r+ i~ C

Note that the operators =* and i~ [ act only on the angular momentum parts of the state. There
are no radial derivatives so they commute with ihr@@r. Lets pick a shorthand notation for the
angular momentum eigenstates we must use. These have quanturumbersj, m;, and *. A will
have " = "o and g must have the other possible value of which we label 5. Following the

notation of Sakurai, we will call the state jjm; ai Y jr‘n;i\ =Y im; 1oe Yo m, U (Note
that our previous functions made use ofm = m- particularly in the calculation of and .)
1- x .. @ . B _ E V() mc? 0 A
¢ g -t L 0 E V(@)+me2 g
- . . if 2 2 ymi
c}—x |hr—@+ i~ C () f? = E V(ro) me E v 0 + me? .?(r) Ih
ror @r a(r)Yy . (r)+ mc it (r)Y;,
The e ect of the two operators related to angular momentum can be deduced. First~ C
is related to K . For positive , A has™ =+ 3. Fornegative , A has’=j 1. Foreither, g
has the opposite relation for’, indicating why the full spinor is not an eigenstate of L 2.
~ C+h 0
K= 0 ~C+ h
~ C+h 0 A
= = = + —
K h 0 ~[C h B J h B
(~ C+h) A = h a
~LC A = ( 1)h A
(~C he = h s
~Ce = ( 1h s

Second, =* is a pseudoscalar operator. It therefore changes parity and thearity of the state is
given by ( 1) ; so it must change’.

T Xym o= cy™
r J A ] B
- 2. . . .
The square of the operator =* " is one, as is clear from the derivation above, so we know the e ect

of this operator up to a phase factor.

iYmJ = ei YmI
r J A B
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The phase factor depends on the conventions we choose for thtates Y}"" . For our conventions,
the factor is 1.

~ Kym; m;
VY.l = )
; YJA Y]B

We now have everything we need taget to the radial equations

~ ' mi 2 m
AT X i @ np TOY, B V() me o v,
rroy @r a(r)Y; 1 0 E V(r)+ mc if (r)Y"

. @ i . m; )
A xg Met BHOYL B v me 0, oY
rr ihr&+i~ © g(r)y! 0 E V(r)+ mc if (r)Y;"!
JA-x g (0 Dh FY, _ B V() me 0 anY™
ror ihr &+ i( Hh g(n)Y™ 0 E V()+me® if ()Y
1~ %
hc-——
rr
r& (D fmy _  E V() me 0 anY
irQ i@+ ) g(r)Yﬂ; 0 E V()+ mc® if (r)yrj?;
hel re+( 1) f(f)er;]; _  E V() me 0 , g(r)Yj\mL‘
rooir&+i@+ ) gy 0 E V(r)+ mc if (r)Y;"!
hel r2+( 1) f(r) _  E V() me 0 g(r)
r ro@r+(C;Lf+ () ?)(r) 1 0 E V()+ mcz f(r)
@ @F T A _ (E V mdg
@9y 1+ )g - (E V + mc)f
@r r

This is now a set of two coupled radial equations. We can simplify them abit by making the
substitutions F = rf and G = rg. The extra term from the derivative cancels the 1's that are with
s.

1@F , F F F G
he f@teti & - (E Vo md)?
186 G 4+ 64+ G (E V+me)E
F, F

- g+ L _ (E V mdG
ger & (E V+ mc?)F

@F F_ me® E+V

85, ¢& = 2% VG

Y >~ +
@r+r mc L E E

These equations are true for any spherically symmetric potential. Mw it is time to specialize to

the hydrogen atorl‘gl for which X = Z-. We dene k; = mCS—C"E and k, = mC;C E and the
dimensionless = ~ kjkyr. The equations then become.

@F F z

$,.6 = L.
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0 1 0 gqg_— 1
@F F_ ke Z @
@@ A:@qk_l A
gee o e
0 o q— zz 1
@ _ F ke Z g
@ @ q X A=o
_@+_G k_1+z_|:

@ 2

R X

E=e s am m= e am s+m
m=0 m=0

SX m R s+m

G=e bh m=e bm :
m=0 m=0

The exponential will make everything go to zero for large if the power series terminates. We need
to verify that this is a solution near = 0 if we pick the right ag, by, and s. We now substitute these
postulated solutions into the equations to obtain recursion relations

@ ke Z
= - F 22 G=0
@ K1
r !
@ ki Z
=+- G 2e S F=o0
@ Kz
% "% |
s+m s+m 1 s+m 1 Q s+m stm 1 _—
am +am(s+ m) am b +bnz 0
m=0 1 |
r
h"n 5+m+hﬂ(s+m) s+m 1+h"n stm 1 am ﬁ s+m amZ stm 1 =0
m=0 kz . |
ko
am + am+1 (S+ M+1)  ama bm k—"'bm+1Z =0
r_l !
h"n"' bm+l(s+ m+1)+ h~n+1 am % am+1Z =0
2
"%
mt(s+tm+l  Jama b+ Zbma =0
1
r _—
bn +(s+m+1+ )b %am Zamp+ =0
2
"
am +(s+m+1 )am+1 k—zbm"'meﬂ:O
r 1
Kan Zama byt(stmel+ )y =0
2

For the lowest order term S, we need to have a solution without lower powers. This means that we
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look at the m = 1 recursion relations with an = by, = 0 and solve the equations.

(s Jao+Zbo=0
Zaogt(s+ )p=0

=0

SZ 2+22 2:O

Note that while is a non-zero integer,Z? 2 is a small non-integer number. We need to take the
positive root in order to keep the state normalized.

p

s=+ 2 722

As usual, the series must terminate at some m = n, for the state to normalizable. This can be
seen approximately by assuming either thea's or the b's are small and noting that the series is that
of a positive exponential.

Assume the series folF and G terminate at the same  n,. We can then take the equations in the
coe cients and set a,, +1 = by, +1 = 0 to get relationships betweena,, and b, .
r

ko

an, = k—thr
1
"

h"'r = k_ia‘nr

These are the same equation, which is consistent with our assumptio

The nal step is to use this result in the recursion relations for m=n, 1to nda condition
on E which must be satis ed for the series to terminate. Note that this choice of m connectsay,
and by, to the rest of the series giving nontrivial conditions onE. We already have the information
from the next step in the recursion which givesa,, +1 = by, +1 = 0.

r__

am +(s+m+1 )am+1 %bm"'meﬂ:O
rk_ !
an Zama bn+(s+mels Yo =0
2 r__
k2
an, 1+(s+n  ay, k—hqr 1+Zbn =0
rk_ !
a,, 1 Zan by 1+(s+n + )by, =0
ko
rk_ rk_ rk_
an, 1+(s+n ) Zla,, by 1+Z  thy, =0
kz r k2 k2
ki
Ya,, 1 Zan, I 1+(s+n + )b, =0
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At this point we take the di erence between the two equations to ge one condition.
| |

r : r
(s+n ) ﬁ+Z an, + Z K (s+n+ ) b =0
k2 I(2
rk_ 'rk_ rk_ !
(s+ne ) = Z  Zhy+ Z = (s+n+ ) by =0
ko k1 ko
rk_ I’k_
(s+ ny ) Z 247 -1 (s+n + )=0
k1 ko

(s+ n; )pm Zko+Zk 1 (s+n + )pm=0
2(s+n;) kike+Z (ki kp)=0
2(s+ny) kiko=2Z (ki ke)
2(s+ n;) m2c* E2=2ZE
(s+n) m2c* E2=ZE
(s+ nr)z(mzc“ EZ):ZZ 2g2
(s+ ny)?(m?c*) = (Z? 2+(s+ n,)?)E?
(S"'nr)2
((s+nr)2+ 22 2)
5 m2C4

(m204) — E2

- 72 2
(1 + (stn;)?
mc?

72 2
1 (ny +9)?

mc?

E=4 72 2
—pc
1+ (n,+ 2 z2 2)2

mc?

E==s

2 2
TN L
ne (R 2

Using the quantum numbers from four mutually commuting operators, we have solved the radial
equation in a similar way as for the non-relativistic case yielding the exat energy relation for
relativistic Quantum Mechanics.

E- s mc?

2 2
1+ p z - 2
ne+ (j+3)° z2 2

We can identify the standard principle quantum number in this case asn = n, + j + % This
result gives the same answer as our non-relativistic calculation to ater # but is also correct to
higher order . It is an exact solution to the quantum mechanics problem posed but does
not include the e ects of eld theory , such as the Lamb shift and the anomalous magnetic moment

of the electron.
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Relativistic corrections become quite important for high Z atoms in which the typical velocity of
electrons in the most inner shells is of ordeiZ ¢ .

36.16 Thomson Scattering

The cross section forThomson scattering illustrates the need for \negative ener gy" states
in our calculations . Recall that we got the correct cross section from the non-relavistic calcula-
tion and that Thomson also got the correct result from classical EQM.

In the Dirac theory, we have only one term in the interaction Hamiltonian ,
Hine = ie 4 kA

Because it is linear inA it can create a photon or annihilate a photon. Photon scattering is herefore
second order (and proportional toe?). The quantized photon eld is
r

1 X hc? () ik x y ik x
A (x)= 97 o ag (0)e +a. (O)e
. !
The initial and nal states are de nite momentum states , as are the intermediate electron states.
We shall rst do the calculation assuming no electrons from the \nega tive energy" sea

participate , other than to exclude transitions to those \negative energy" states. The initial and
nal states are therefore the positive energy plane wave states g) for r = 1;2. The intermediate
states must also be positive energy states since the \negative ergy" states are all lled.

The computation of the scattering cross section follows the sametsps made in the development
of the Krammers-Heisenberg formula for photon scattering. Thee is no A? term so we are just
computing the two second order terms

7t
X 1 he? 0. ; 0 ; O ynsi s (B0 EOC
Coroonl®) = 7y dePYORN i e n(f e €FX T | e g FEligE E
| '
A2

dtlei(Eoo E)tl:hhji 4 o g )ak; g(Rx 1ta) o go)aio; oei( Rx+!0t1))jpr;k/\( )j

0 n

X i O0pn iR?%;i=000 0G; iR %
@ _ ehc? hp¥9i 4 0 ne " Xjp2%hpPt i 4 o n€F *jpri
Coroeon() = WWMH_Z E® E hi
' #
, o . o #
N WY Gi 4 0 n€F XjpP2%%npo?%i 4 o Qe *Xjpri T gt,el(E° E+hi® hi)ta=h
EW E+nlo h

0

As in the earlier calculation, the photon states have been eliminatedrbm the equation since they
give a factor of 1 with the initial state photon being annihilated and the nal state photon being
created in each term.

Now lets take alook at one of the matrix elements . Assume theinitial state electron is at
rest and that the photon momentum is small

me(f‘o?i 4n neik xjﬁri
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For p=0 and R = 0, a delta function requires that p®°= 0. It turns out that ug‘”’y 4 nul) =0, s0

that the cross section is zero in this limit.

_ 0 (I
T i 0
_ 1 0
4 - 0 1
_ 0 i
4= i, 0

This matrix only connects r = 1;2 spinors tor = 3; 4 spinors because of its o diagonal nature. So,
the calculation yields zero for a cross section in contradiction to theother two calculations. In fact,
since the photon momentum is not quite zero, there is a small contrilition, but far too small.

The above calculation misses somenportant terms due to the \negative energy" sea . There
are additional terms if we consider the possibility that the photon can elevate a \negative energy"”
electron to have positive energy.

In one term, the initial state photon is absorbed by a \negative enegy" electron, then the initial

state electron lIs the hole in the \negative energy" sea emitting the nal state photon. In the other

term, even further from the mass shell, a \negative energy" eleabn emits the nal state photon
and moves to a positive energy state, then the initial state electra absorbs the initial photon and
lIs the hole left behind in the sea. These terms are larger because th 4, ; matrix connects positive
energy and \negative energy" states.

i X 0G; Op RO %iapi ; iR %; 5060
@ I % 4 0 ne " Xjprihp¥Gi 4 n n€® X2
Cl3°;r °;k°’\)(t) - W 000023 4 EO EO00

#
. e _ o Zt
hp%%i 4  n€F xjo’gflhﬁzf(ﬁlh4on Qe Fxjpog0q dt,e(E® E+hi® hi)toh
E EO%+ h!
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The matrix element is to be taken with the initial electron at rest , hk << mc , the nal electron
(approximately) at rest, and hence the intermediate electron at est, due to a delta function of
momentum conservation that comes out of the spatial integral.

Let the positive energy spinors be written as

)
uf) = 0
and the \negative energy" spinors as
o 0
u§? = %

The matrix 4 ; connect the positive and \negative energy" spinors so that the amlitude can be
written in terms of two component spinors and Pauli matrices.

0 i
41T i, 0
00y, o 0 ; (r) o
ug 0)y| 4 iu(or) = 0; (r®y | 0' 0 = %y i (r)
@ - ie? X 00; 0inpi ; ioro9 00; PP 0:0r99
pororo%(t) = W i 4, SjorihorGi 4 o njor® + ror%i 4  njorinori 4 » 2jor04]
Tt oro0=3;4
Zt
dtzei(Eo E+h! © hi)ta=h
0 .
@ ) = _iepz_ X h( Oy~ D Oy Oy A Dy Iy A Oy e D (r"O))I
Cporr oo 4mv’ 1o
r00=3:4
Zt
dtzei(Eo E+h! © hi)ta=h
0 .
@ ie? x h Oy~ A Oy Oy_ % () Oy~ % Oy Oy_ A (1) !
on(® = P (- )( W= 0Oy Dy )( W~ A )
r00=3:4
Zt
dtzei(Eo E+h! © hi)ta=h
0
. ; Zt
@ = ie? (r°)yh A /\I ) i((E® E+hl © hl )tp=h
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. Zt
) ie? ) N1 i(E E+hl © hi )tp=h
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. . e 1.
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~ @ 22 % viedy A a0
T 2mv 1o 2 )3 e (F71)
— e2 22 }Z vd N ’\12
B 2mcV c @) e
d € 2. V1V
=z = 2 = in g2
d 2mcV cc(2 )3J B e
d € i
d_ - 4 mc 2 J /q rr 0

This agrees with the other calculations and with experiment. The\negative energy" sea is
required to get the right answer in Dirac theory. There are alternatives to the \negative energy"
sea. E ectively we are allowing for the creation of electron positronpairs through the use of the
lled negative energy states. The same result could be obtained witlthe possibility of pair creation,
again with the hypothesis that a positron is a \negative energy" ele¢ron going backward in time.

36.17 Hole Theory and Charge Conjugation

Dirac postulated that the \negative energy" sea was entirely lled with electrons and that an anti-
electron would be formed if one of the \negative energy" electronsvere elevated to a positive energy
state. This would yield a positive energy electron plus a hole in the \negtive energy" sea. The hole
also has positive energy compared to the vacuum since it is lacking theegative energy present in
the vacuum state. Therefore, both the electron and the positrm would have positive energy. This
describes the process gbair creation

Similarly, any positive energy electron could make a transition to the row empty \negative energy"
state. Energy would be given o, for example by the emission of two otons, and the system would
return to the vacuum state. This is the process ofpair annihilation

The tables below compare an electron and a positron with the same momentum and spin.
For simplicity, the tables assume the momentum is along the z directionso that we can have spin
up and spin down eigenstates. The electron and positron have oppie charge so the standard
Electromagnetic currents are in opposite directions. The last row 6 the table shows the \negative
energy" electron state that must be unoccupied to produce the psitron state shown in the row above
it. A hole in the vacuum naturally produces a positron of opposite charge, momentum,
and spin . Because the probability ux for the \negative energy" electron states is in the opposite
direction of the momentum, (and the charge and momentum are oppsite the positron) the EM
current of the positron and of the \negative energy" state are in opposite directions, due the product
of three signs. This means thevelocities are in the same direction
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charge | mom. | = Energy S, |TEM) | v spinor
spin up, positive energy electron e p2 +; p2cZ + m2c* | + % 2 | +2Z u® (p)
spin up, positive energy positron +e p2 | + p2c2+ m3ct | + % +2 |+ v (p)
(spin down \negative energy" hole) n
spin down, \negative energy" electron e p2 " p2c2 + m2ct % 2 | +2 u®( p

We have de ned the positron spinor v to be the one with positive momentum and spin up.
Note that the minus sign on u® is conventional and will come from our future de nition of the
charge conjugation operator.

Similarly we can make a table starting from a spin down electron.

charge| mom. |  Energy S, |TEM) | v | spinor
spin down, positive energy electron e p2 +; p2c2 + m2ct % 2 | +2 | u@(p
spin down, positive energy positron| +e p2 |+ p2c2+ m2ct % + | +2 | v@(p
(spin up \negative energy" hole)
spin up, \negative energy" electron e p2 " p2c2+ m2ct | + % 2 | +2 [ u®( p

We have now alsode ned the spinor, v, for the spin down positron

36.18 Charge Conjugate Waves

Assume that, in addition to rotation, boost and parity symmetry, t he Dirac equation also has a
symmetry under charge conjugation . We wish to write the Dirac equation in a way that makes
the symmetry between electron and positron clear. Start from tke Dirac equation and include the

coupling to the EM eld with the substitution that p! p+ SA .

_@ +E =0
@x h
@ ie mc
@+RA +T =0

The strategy is to try to write the charge conjugate of this equation then show that it is equivalent
to the Dirac equation with the right choice of charge conjugation ogerator for . First of all, the
sign ofeA is expected to change in the charge conjugate equation. (Assuntke equation, including
the constant e is the same but the sign of the EM eld A changes.) Second assume, for now, that
the Dirac spinor is transformed to its charge conjugate by the operation

C=SC

where we are motivated by complex scalar eld experience.Sc is a 4 by 4 matrix. The charge
conjugate equation then is

@ ie mc

@ R SC + TSC =0:
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Take the complex conjugate carefully remembering that x4 and A4 will change signs.

@ e @ ie mc
= 4+ ZA. ) + = — + =
@x hCAl i SC @X hCA4 4SC h SC O
Multiply from the left by S. .
@  ie 1 @ e 1 mc
+ . . _ JE— + — =
@x hCAl SC i SC @x hCA4 SC 4SC h 0

Compare this to the original Dirac equation

@ ie mc
—+ —A + _— =0
@x hc h
@ e @ ie mc
@x he™ T @y th™ ¢4 Th 7O

The two equations will be the same if the matrix ~ Sc satis es the conditions.

Recalling the matrices in our representation,

09 0 o it 09 00 1! O o0 i ol 01 0 o0
RO O i O RO 01 O _BO O 0 i RO 1 O
l‘%’90 i 0 02 2‘?@0 10 o2 3‘%% 0 0 og 4_%0 0o 1

i 00 O 100 0 0 i 0 0 00 O

note that ; and 3 are completely imaginary and will change sigh upon complex conjugatio, while
2 and 4 are completely real and will not. The solution in our representation (©nly) is

Sc=Sc '=Sc=S:"'=

It anti-commutes with 1 and 3 producing a minus sign to cancel the one from complex conjugation.

It commutes with , giving the right + sign. It anti-commutes with 4 giving the right - sign.

The charge conjugate of the Dirac spinor is given by.

Of course a second charge conjugation operation takes the statack to the original

Applying this to the plane wave solutions gives.

s s s
@ _ mc? U dpx E)=h mc? U@ g px+E)=h mc? v@ g px+E=h
P T JEV | EV e EV Y

s s s
@ - M @ gex E=h me? @ J( px+Et)=h MC? ) g( px+Et)=h

P JEJV P =V JEJV

Qoo

>0 =
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s s
@ - M @ gexeiEin=n M2 @ §( pxi Ein=h
P JEjV P ' JEjVv — P
S S
@ - M @ gexeiEin=h MC® (@ &( pxi Ejn=Nh
P JEjV P JEjv P
The charge conjugate of an electron state is the \negative en ergy" electron state, the
absence of which would produce a positron of the same energy, momentum, spin, and

velocity as the electron.  That is, the conjugate is the hole needed to make a positron with the
same properties as the electron except that it has opposite chaeg

Let us take one more look at a plane wave solution to the Dirac equatio, for example W and its

charge conjugate, from the point of view that a positron is an electron moving backward in
time . Discard the idea of the \negative energy" sea. Assume that we hae found a new solution to
the eld equations that moves backward in time rather than forward.

s s s
@ _  mc? u® @(px EO=h mc? U@ @( px+rE=h mc? v @( px+E)=h

T ' JEjV " P JEjV P

The charge conjugate of the electron solution is an electron with te same charge e, opposite

momentum g, and spin opposite to the original state. It satis es the equation with the signs of the

EM elds reversed and, because the sign of thé&et term in the exponential is reversed, it behaves
as a positive energy solution moving backward in time, with the right manentum and spin.

Our opinion of the \negative energy" solutions has been biased by livig in a world of matter. We
know about matter waves oscillating as ~ €(®* EO="_ There is asymmetric set of solutions for

the same particles moving \backward in time" oscillating as e( Px*E=" These solutions
behave like antiparticles moving forward in time . Consider the following diagram (which
contributes to Thomson scattering) from two points of view . From one point of view, an electron

starts out at t;, lets say in the state él). At time t3, the electron interacts with the eld and makes
a transition to the state ;2 which travels backward in time to t, where it again interacts and makes

atransition to Y. From the other point of view, the electron starts out at t1, then, at time t2, the
eld causes the creation of an electron positron pair both of which popagate forward in time. At
time ts, the positron and initial electron annihilate interacting with the eld. The electron produced
at t, propagates on into the future.
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No reference to the \negative energy" sea is needed . No change in the \negative
energy" solutions is needed  although it will be helpful to relabel them with the properties of
the positron rather than the properties of the electron moving backward in time.

The charge conjugation operation is similar to parity. A parity operation changes the system to a
symmetric one that also satis es the equations of motion but is di erent from the original system.
Both parity and charge conjugation are good symmetries of th e Dirac equation and

of the electromagnetic interaction. The charge conjugate solution is that of an electron going
backward in time that can also be treated as a positron going forwad in time.

36.19 Quantization of the Dirac Field

The classicalfree eld Lagrangian density for the Dirac electron eld is.

@ 2
L= ch — mc
@x

The independent elds are considered to be the 4 components of and the four components of .
This Lagrange density is aLorentz scalar that depends only on the elds. The Euler-Lagrange
equation using the independent elds is simple since there is no derivative of in the Lagrangian.

g 4@-_ @:O
@x @@=@x) @
L:O
Q@=@x )
@
= -0
@
ch @ mc> =0

@x
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This gives us the Dirac equation  indicating that this Lagrangian is the right one. The Euler-
Lagrange equation derived using the elds is the Dirac adjoint equation

@ @ Q

ex @e=ey @ _°
@ 2 _
@ ch + mc =0
@ mc
@ 0

again indicating that this is the correct Lagrangian if the Dirac equation is assumed to be
correct .

To compute the Hamiltonian density , we start by nding the momenta conjugate to the elds
Q 1

= = ch 4.—:ihy44:ihy
@ c
@ G '

There is no time derivative of so those momenta are zero. The Hamiltonian can then be computed.
@ |
@t

@ @ 2

ih Y=+ ch — +mc

@t @x
@ @

ch y@—+chy44g+ch — +mc?

@x “@x

@
he Y 4 k— +mc? Y,

@x

@
Y he 4 k— + mc? 4

7 @x

@
Y hc 4 k— + mc? 4 d3x

@x

H

I
1

We may expand the eld inthe complete set of plane waves either using the four spinorsug)

forr =1;2;3;4 or using the electron and positron spinoraj“) andv{") forr =1;2. For economy of
notation, we choose the former with a plan to change to the later one the quantization is completed.

s
4
X X mc? (1) g(px Et)=h

(X;t): jEJV Cﬁ?" uﬁ

p r=1
The conjugate can also be written out.

s _
4
X mc? yMY @ i(ex Et)=h

Y(x:t) =
(1) TEjv S Up

p r=1
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Writing the Hamiltonian in terms of these elds , the formula can be simpli ed as follows
Y4
@ 2 3
H = Y hc 4 k— + mc® 4 d °x
@x
Zx o x ¥ ° oo o @ 3
H = . C u(r )Y e i(px Et)=h o = me? il ) u(r) g(px Et)=hg3y
T A ‘s “ax tOgEV P
s s
H = X XX X mc? ey e iex ED= pe ip_k+ mc2 mc? . ulD) gex E=hgsy
p r=1 o r0=1 jEOjV pore " 4K h N jEjV Cp’r P
s s
ZX XX X mc? (% 4 i(px Et)=h 2 c? (1) i(px Et)=hg3
H = —— C e - ic + mc — : e -
s it g rom JEIV PO o tOEv P e ”
ic 4 jpp+mc?, =E
Zx xx % ° oo i
H = me” . U @ i(px Et)=h (E) mc G u") @(px Et)=h 3y
p r=1 po r0=1 jEOjV pore " jEjV e
X X X X S 2 S 2
H = mes ey (E) me . u®
b r=l g rom1 JEG Tp%ro Tpo iEj Gor Us ™ ppo
X X X me?
o= e G B )
p r=1r0=1
. i
Ug)y UI(; ) = —rJT]CJZ rr 0
o= X XX me?E iEj
= _— . . _— 0
p r=1ro=1 JEj Cpir oo mc2 "
X X
H = E Cp Cpir
p r=1

where previous results from the Hamiltonian form of the Dirac equaton and the normalization of
the Dirac spinors have been used to simplify the formula greatly.

Compare this Hamiltonian to the one used to quantize the Electromagnetic eld

X 1 2

H = E G; G *+ G G
k;

for which the Fourier coe cients were replaced by operators as ftlows.

r_
hc?

o

r
_ he?
“% T %

Cy; =
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The Hamiltonian written in terms of the creation and annihilation opera tors is.

1 X h i
H = > hi a a. +a ag
k;

By analogy, we can skip the steps of making coordinates and momeatfor the individual oscillators,

and just replace the Fourier coe cients for the Dirac plane waves by o perators .
X X
- (1) 1)
H = E bp bp
p r=1
S

X X me2

. _ (r) ,,(r) Li(px Et)=h
(1) = EV Uy’ €
P s
y XX me (y )y iex Bt
%1 = — u e -
( ) - JEjV bp 14

(Since the Fermi-Dirac operators will anti-commute, the analogy is inmperfect.)

The creation an annihilation operators bg)y and bg) satisfy anticommutation relations
(1), 1 (r%’ —
fbp ’bﬁo g = mo gpo
;679 = o

HHYg = 0
(ry _ (r)Y (1)
Ng” = by

Né” is the occupation number operator. The anti-commutation relations constrain the occupation
number to be 1 or O

A state of the electrons in a system  can be described by the occupation numbers (0 or 1 for each
plane wave). The state can be generated by operation on the vacun state with the appropriate set
of creation operators.

36.20 The Quantized Dirac Field with Positron Spinors

The basis states in our quantized Dirac eld can be changed eliminatelie \negative energy" states

and replace them with positron states . Recall that we can replace u(‘% with the positron spinor

vél) and u(% with véz) such that the new spinors are charge conjugates of the electraspinors.

Scuff) = vff) s=1;2

The positron spinor is actually just the same as the negative energgpinor when the momentum is
reversed.
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We name the creation and annihilation operators for the positron state s to be dl(;)y and
dl(;) and identify them to be.

L _ (4)Y
dp - bﬁ

2 _ ©
dp - bp

Theseanti-commute  with everything else with the exception that

(s). 4(s9Y , _
5 9= w0 oo

The Dirac eld and Hamiltonian can now be rewritten

r
X X ‘me2 , _
(1) = = (s) ul(:) g(px Et)=h | dl(:)y vé,s) e i(px Et)=h
p s=1
r
X X ‘me2
Y (3 = (s)y ,(s)y 4 i(px Et)=h (s) \[(S)Y Li(px Et)=h
(1) = V] bp u,~ e +dp Vo €
p s=1
X X
H = E oEY  dPd
p s=1
X

x
= E B0+ d g 1
p s=1

All the energies of these states are positive

There is an (in nite) constant energy, similar but of opposite sign to the one for the quantized
EM eld, which we must add to make the vacuum state have zero eneggy. Note that, had we
used commuting operators (Bose-Einstein) instead of anti-commiing, there would have been no
lowest energy ground state so this Energy subtraction would not ve been possible Fermi-Dirac
statistics are required for particles satisfying the Dirac equation .

Since theoperators creating fermion states anti-commute , fermion states must be antisym-
metric under interchange. Assumety and by are the creation and annihilation operators for fermions
and that they anti-commute.

foy;b/og=0

The states are then antisymmetric under interchange of pairs of fermions.
BRcjOi =  bfolyjOi
Its not hard to show that the occupation number for fermion states is either zero or one
Note that the spinors satisfy the following equations
(i p+ mc)ués) =0

(i p +mc)vés)=0

Since we changed the sign of the momentum in our de nition ofv’®, the momentum term in the
Dirac equation had to change sign.
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36.21 Vacuum Polarization

Vacuum polarization is an important e ect in e ectively reducing the c harge on a particle. The
reduction is dependent on distance and hence on the energy scale.

The term Vacuum Polarization  is descriptive of the e ect. A charged particle will polarize the
vacuum in a way analogous to the way a dielectric is polarized. Avirtual electron positron pair

in the vacuum will be a ected by the charge. If the original charged source is a nucleus for example,
the virtual electron will be attracted and the virtual positron rep elled, causing a net polarization of
the vacuum which screens the nuclear charge . At very short distances from the nucleus, the bare
charge is seen, while at long distances the screening is important. T causes the basic coupling
to vary a bit with distance and therefore with energy. This polarization of the vacuum is similar
to the polarization of a dielectric material. In this case, what is being plarized are the virtual
electrons and positrons in the vacuum. Of course other particleshtan the electron can be polarized
in the vacuum so theenergy variation of the coupling \constant" is an interesting subject for
research.

The e ect of vacuum polarization on Hydrogen would be to lower the aergy of s states relative
to others since they are close to the nucleus and therefore see anscreened charge. This e ect is
actually rather small even compared to the Lamb shift and of oppoge sign. Vacuum Polarization
has larger e ects at higher energies at which shorter distances arprobed. In fact we can say that the
electromagnetic coupling varies slowly with the energy scale, increasy (logarithmically) at higher
energies. This is referred to as the running of the coupling constdn

We can get some qualitative understanding of the origin oZitterbewegung from the idea of virtual
pair production in the eld of the nucleus. The diagram below shows a fhoton from the Coulomb
eld of the nucleus producing an electron positron pair. The original real electron from the atom
then anihillates with the positron, coupling to another eld photon. T he electron from the pair is
left over and becomes the new atomic electron, however, it need hde in the same place as the
original electron.
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We can estimate the distance an electron might jump as it undergoethis process. First the time for
which the virtual pair exists can be estimated from the uncertainty principle. Energy conservation is
violated by 2mc? at leastso t = %5 (which is approximately the reciprocal of the Zitterbewegung
frequency). The distance the electron appears to jump then is othe order ofc t = %5 =0:002
Angstroms. This is the aproximate size of the fast back and forth notion of Zitterbewegung.

36.22 The QED LaGrangian and Gauge Invariance

The LaGrangian for electrons, photons, and the interaction betveen the two is the LaGrangian of
Quantum ElectroDynamics.

@ mc 1 .
L= h 2, me FF A
¢ @x |~ h ] '€

QED is our rst complete example of an interacting Quantum Field Theory. It taught us a great
deal about the laws of physics.

The primary di erence between Quantum Mechanics and Quantum Fidd Theory is that particles

can be created and destroyed. The probability to nd an electron a a photon integrated over space
does not have to be one. It can change with time. We have written tle elds of the photon and the
electron in terms of creation and annihilation operators.

r_—

1 X hc? i i
A = p7 2_' () a: (t)e'k*+ a{; (t)e iR %

. !
r
X X ‘me2

. — (s) ,,(s) Li(px Et)=h (s)y ,,(s) i(px Et)=h

(x1) = ) = U,” € +dp v, €
p s=

r
X X ‘mec2

Y(x%;1) b|(95)y uld g i(px Et)=h dés) Vés)y g(px Et)=h

EV P

p s=1

Note that in the interaction term ie A  photons can be created or destroyed singly but that
electrons must be created and destroyed along with a positron.

Phase (or Gauge) symmetry can be studied very simply from this LaGangian. We have shown that
the phase transformation

1 g ™

hc @ (x)
e @x

leaves the Schredinger equation invariant. This can be most diredy studied using the LaGrangian.
We can deduce from the above transformation that

el ®
_@A @A, he @@Kx) @@

T @x @x e @x @x @x @x
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The transformed LaGrangian then can be computed easily.

The exponentials from and cancel except for the term in which is di erentiated.

: @ . hc @ _
L'L ihc @ ie T@ =L

This all may seem fairly simple but imagine that we add a mass term for tle EM eld, m2A A .
The LaGrangian is no longer gauge invariant. Gauge invariance implies ero mass photons and
even maintains the massless photon after radiative corrections. &uge invariance also implies the
existence of a conserved current. Remember that electric curng in 4D also includes the charge
density. Gauge invariance implies conservation of charge, anothemportant result.

This simple transformation ! € ) s called a local U(1) symmetry where the U stands for
unitary.

The Weak interactions are based on an SU(2) symmetry. This is just local phase symmetry times an
arbitrary local rotation in SU(2) space. The SU(2) group is familiar to us since angular momentum
is based on SU(2). In the weak interactions, there are two particle that are the symmetric (much
like a spin up and a spin down electron but NOT a spin up and spin down eldgcon). We can rotate
our states into di erent linear combinations of the symmetric partic les and the LaGrangian remains
invariant. Given this local SU(2) symmetry of the fermion wave functions, we can easily deduce
what boson elds are required to make the LaGrangian gauge invariat. It turns out we need a
triplet of bosons. (The weak interactions then get messy becausef the Higgs mechanism but the
underlying gauge theory is still correct.)

The Strong interactions are based on the SU(3) group. Instead fohaving 3 sigma matrices to do
rotations in the lowest dimension representation of the group, SUB) has eight lambda matrices.
The SU(3) symmetry for the quark wavefunctions requires an octt of massless vector boson called
gluons to make the LaGrangian gauge invariant.

So the Standard Model is as simple as 1 2 3 in Quantum Field Theories.

36.23 Interaction with a Scalar Field

Yukawa couplings to a scalar eld would be of the form G while couplings to a pseudoscalar
eld would be of the form iIG g
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37 Formulas

h=1:05 10 ?’ ergsec | c=3:00 10 cm/sec e=1:602 10 *° coulomb
1eV = 1:602 10 *2 erg = £ =1=137= ;5 (SI) | hc=1973 eV A= 197.3 MeV F
1A=1:0 10 ®cm 1Fermi=1:0 10 *cm a = - =0:529 10 %cm
mp = 938.3 MeV/ ¢? m, = 939.6 MeV/ ¢? me =9:11 10 ?® g =0.511 MeV/ ¢
ke =1:38 10 erg=K | g =2+ - g =56 )
R LIL| I
Bohr = s = 0:579 10 ® eV/gauss dx f (x) (g(x)) = E’i_jf (x) .
R 2 _ P — @
dxf(x) (x a)=f(a) dxe & =" - use g, for other forms
1
I.l.) An . n n_ 1 I.l.) n n
= AL sin = —=( 1) cos = ar( 1)z
n=0 n=1;3;5:: n=0;2;4::
_ 1 x2=2 2 R Ng ar — _n! — P N2 4 202
P(X)= p5—e drre & = 5 E= m2c*+ pc
0
GENERAL WAVE MECHANICS
E = = h! = h=p p= hk
p x o A B hL[ABIi A=" PAZ h A?
R o R L
(x)= p5— dp (p) =" (p)=p3— dx (x)e ™"
2 h 1 2 h 1
Pop = 1 & Eop = ih& Xop = ih &
Hu; (x) = Eju; (X) j6t) = uje EiEn | P04 y(x) = ihE
(x) continuous ‘;—X continous if V nite
&= (@for V(x)= (x a)
R P
hji= dx (X)) (x) | huijuji = juiihujj =1
1 i
P - -
= au a = huij i (x) = Ixj i
I
hjAj i=hjA i =M ji=h]jAji (p)=hpj i
[e(p+ $A)>+ V()] (F)= E () H =E
Px]= 0 [Lx;Ly] = ihL, [L%L,]=0
Aj = huijAjy;i dRL = h@Ai + LHH; A

i = huj
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= 2p_+ m! 2x2 = hIAYA+ 1h!  10.1 En=(n+ Hh! n =0;L,2: 103
o p
un(x) = ayke V' | awe = i a y=" Tx
P P ,
A=( T%_X"" Pt—r) AY = ( TTZT'h_x ir=2—) | [AAY]=1
AYini=" (n+1) jn+1i | Ajni = (n)jn 1i Uo(X) :(rﬁ_!)% e mix *=2h
ANGULAR MOMENTUM
[Li;Lil=ih j Lk [L%Li]=0 |-(Y‘m Yoomod = 7 0 pmo
L2Ym = “(C +1)h®*Yp L;Y'm = mhY+ m
L =L, iLy L Ym 2h CHD) mm DY s
Yoo = P Y= 2 € sin Yio= 7 cos
q4_ - g— - —
Y= € sin Yo = ¢ sin cos | Yoo= 2 (3cog 1)
Y- 3¢ sin Y m=( DY Yo i *+)=( 1 Yl )
NP 2
7= &+ 8 Re(+ V() + GPT Re(r)= ERn (1)
jo(kr) = Snikr) no(kr) = <Slkr) h® (kr) = j- (kr) + in (kr)
H=H, -8 = it -
Si=1% [ j]1=20 ik « fi;;9=0
_ 01 _ 0 i _ 10
i é 0 T 1 ’ h 0 i 1 i OO 1 1
0 #5 O 0 »3 O 10 0
Sc=hws 0 &K |[s,=hBss 0 sk |5,=h@ 0 0A1
0 s 0 0 & 0 00 1
HYDROGEN ATOM
2 2 2 2
H=5 Zri2 nm = R (NYm (5 ) En= 255 BB ev
n=n+ " +1 aozcL ‘:On;]_;"';n 1
P - 9
R ()= o K ‘e 72 | A = gaiiriez i = =&
—Zr
Rio = 2( 5—0)% e o Roo = 2( E)E(:]_ Zao) ezao R, = p_(zao) ( ) eZao
— . 2 2
Royn 2/ 1" 1g Zr=na, = —mml%i-mmzz h 'm JTJ nm b= nzzeao = Z nzc
4
Hy = e Hz = smfomS € Eio= 5w 'm(Fr 4
Hs = sopeeS M 3(r) | Es= %(f (F+1) 1l +1) 3)
Hg = 22 (L, +2S,) Eg = 21 sio)mforj=" 1
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ADDITION OF ANGULAR MOMENTUM

J=C+S|j s j “+s L~ 132 L2 8?9
P . P
jmj's = C(ij, m«smS)Y«m\ sms = hm] Sj m\SmS|Y\m‘ sme
m-ms q g_mms
pmi = ceimed T O Yo+ + 72 Yom 41 for s= } and any"
=1 -
= = - “+m+l
pmp = tmei T e Ym o+ I Yo 41 fors= 1 and any"

PERTURBATION THEORY AND RADIATIVE DECAYS

T 5 P oA L2 TRTTITY
E() h njH1j ni Er(1) = o ]_Ekg])) “Elio)u Cgk) - Ego'g IIIES)‘)I
R _
Gi(t)= F  di0dEn EDNh v (9 i
0
Fermi's Golden Rule: ir = 2jh (jVj iij? 1 (E)
IR ZT (Vzdﬁ)pk)JMfij2 3(momentum conservation) (Energy conservation)
ﬁ? K = Tm 22 d p! kmijh mje REA 5] kij2
EL = d 3 dh mi® il = 1, s=0
ml kg 2c? p' kmIN ml™ H k) :
A= (Yot —79—+§|le1+ —P—Xﬂile 1) q " K=0 q
1)/ ﬁw collision ip % (!—!)DOpler = nli_zf
R . R —
(4-)BorRN = 7377 ’:)_fimf mijv () j* | V(7)) = d*re T FV(r) | = R
ATOMS AND MOLECULES
Hund: 1) max s 2)max ~ (allowed) 3) min j ( % shell) else max;j

</~ 2
Erot = 5= i eV |Ew =(n+ Hht  Eev




